

/ 

^TuricTioN 5 > rfT ^ms+hT / 

>o»-tE. 

A 


Lck* .N 

‘1 

.,|3 , ^ ^ fv* 

tt 

*T\k 

i\ 

*%" “ CirTKH 

II 



K * "Wi 



a 


« 

‘Cd«:«cl 

H 

• S»c 

M 

= V 5 »K> 

»♦ 


K 

' &s»»c. 

II 

■» ^KjtjSHfi. 

II 

G>VC<S 


» viuQsm 


‘Q^exuec. 


* B»ia»c 

u 


; CL » c ■ b Ta« a 

J ^ ‘ C G5»H \ 'Cb’TAiH A 


b » C -SiH C>* ®* ' 

: • TSit% • “dht 




Hr?: i 


5^1 4 W'Hir 


9m 













ANALYSIS OF 
RIGID FRAMES 





ANALYSIS 

OF 

RIGID FRAMES 

(an application of slope deflection) 


BY 


A. AMIRIKIAN, CL E. 

Pmdptd Eitffmer 
Bmnmi ^ Ymd^ aMT Mt$ 
Nmy 


Wmkim0m, D. C. 



UNITSD STATES 

GOVSRKMCKT FRIKHNO OFfICE 


WAsamerm e 






X \VY Department, 

BfREAE OF Yards and Docks. 

Washingti^n, D. C.. March 2^, 1942. 
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materials, cannot be overemphasized. To Uiia end, this book is 
presented as a contributkm to National Defmse as veU as to engineer- 
iiig literature. 

B. Morsbul, 

Bear Admiral (CEC), U. S. N., 
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PREFACE 


During the past decade great progress has been made in the field 
of continuous structures. With the increased use of welding, as now 
extensively utilized in a large variety of steel framings, few structures, 
built of steel or reinforced concrete, could justly be classified outside 
the scope of rigid framing. 

This progress in construction technique has placed special emphasis 
on the importance of the quality of design. Faulty analysis or a 
design bas^ on ready-made, easily-applied, rule-of-thumb methods 
of computation can no longer be tolerated — from the standpoint of 
economy as well as of structural adequacy. 

A rigidly connected framing constitutes an elastic unity. For a 
satisfactoiy design, we must have a clear concept of its dastic behavior 
under loading. Fortunately, an understanding of Bueh an action is 
not as difficult or coingplex as is generalliy assumed, imnided the 
dedgns* is willing to do a little exploration in the fundiunentab of the 
theory involved. The purpose of this book is to provide an oj^r- 
tunity for such an exploration to one underiaki]^ the study of 
statically indeterminate structures. 

For convenient study, the bonk is divided into four parts. Part I 
deals with the fundamentals of elastic deformation and the prineiplee 
of slope defiedion. Part II contains the analysis of continuous beams 
and simple framing, including a simplified method of solution of 
simultaneous equations. Part III presents a broad and original 
application of slope defieetion to the analysis of frames invfdring side 
sway, covering a large group of bents representative of modem build- 
ing framing. Part, IV consist.R of a detailerl di«ciission of some factors 
of analysis of minor importance in design. 

Unlike many works of this character, where the practical application 
is only incidental to the theory, here, in nearly all cases, the aiudyds 
of each particular type of bent, and the derived formulae, c<H>stitut« 
a systematized presentation of an actual fratsoing problmi, in oonnee- 
tion with the design of a definite inoject in the Bureau. 
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PREFACE 


The many lUns^trativu txamples and numerous working problems, 
answers of which arc given at the end of the book, render it partic- 
ularly suitable as a reference text for self-study. The author has 
usetl the material in Iiis special classes for engineers and obtained good 
results. It has also been used by several universities for post-graduate 
courses in structural framing. 

The author is greatly indebted to Rear Admiral B. Moreell, Chief 
of the Bureau, and to Capt. C. A. Trexel, Director of Planning and 
Design, for their interest in the work and for many helpful suggestions. 
The opportunity of this task is traceable directly to their inspiring 
leadership in the field of continuous frames and welded structures. 

Messrs. E. R. Slade and E. G. Odley of the Bureau’s Designing 
Engineers' staff checked the solution of the majority of the illustrative 
examples and the answers to the problems and rendered valuable 
assistance in the final preparation of the book. 

A. Amibikian. 

Washington, D. T., 

March 1942^ 
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NOTATIONS 


/i, jB, C . . . 4 E times true values of deflection angles 6a, 6m, 6c . . joints 
_ A,B,C.. A=:iE0A; B=4jE:5b; C-4£6c . . . 

A Area of simple beam bending moment diagram. 

Ai Modified area of simple beam bending moment diagram. 

Ac Cross sectional area of member. 

E Modulus of elasticity in tension and compression. 

F Concentrated horizontal load. 

Fa Joint coeflacient, equal to the sum of the stiffness factors of all 

members meeting at joint A. 

FMab Fixed-end moment at end A of member AS, 

G Modulus of elasticity in shear. 

H Horizontal component of reaction; horizontal shear at joint. 

HMab Fixed-end moment at end A of member AB when end B is hinged. 

I Mcsnent of inertia of member. 

K Stiffness ratio of member, j. 


L 

M 

Ma 

Mab 

M*ab 

P 

Qa 

Q 

R 

S 

V 

V'a 

^ AB 


S 

Sa 

Sab 

k 

k 

I 

m 

n 

P 


Length of member. 

Bending moment. 

Moment ai center Ai of support A, 

Moment ai end A of mem^ .<iB. 

Moment traasmitted through joint A d meadier AB. 
Ccmeentrmted vertieal loadL 

Sum of load constants In the joint expresaion for joint A. 

Modified area of shear diagram due to external loading. 

iSEA 

Simplified deflection term or deflection, -r— . 

X# 

Total cross-sectional shear. 

Vertical component reactk>n. Vertical shear at joint. 

Simple end reaction at face of support A due to external loading. 
Shear couple oomsponding to end mcmienta Mab Mai- 
Blatanee of eonoentrated horizontal load, F, from joint. 

Distance of cone»)trated vertical load, P, from joint. 

Else of gable. 

CoefScient of deflection angle ^ in a Joint equation. 

CoefScient of correction to be multiplied by suceeasive values of A 
to obt&in corresponding increments of B. 

Height story or vertical leg of gable bent. 

OrossHsectional constant of shearing deformation. 

Length of span. 

Eatio of spread legs trapezoidal bent to distance between 
legs at base. 

Eatio of spread of legs of trapezoidal bent to length of top »Maber. 
Area of modified moment diagram for a span lengUi of unity and a 
lestmint zemmmit at the left support 
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XIV 


DOTATIONS 




V 

T 

U 

P 


y 


A, S 


9At 9a> 9c 


f* 


Area of modified moment diagram for a span length of unity and a 
restraint moment at the right support equal to unity. 

Sum of the load constants in shear expression used in solution for 
R values. 

Modified area of shear diagram for a span length of unity and a 
unit shear. 

Radius of gyration of cross-section of member. 

Centroid distance of area p from left support. 

Centroid distance of area q from right support. 

Intensity of uniform loading per linear foot 

Rectangular coordinates. 

Centroid distance of area A from right support. 

Centroid distance of modified area lAi from right support. 
Simplified connection constants for member ABia^2 EKKa\ 
/ 5=2 EK\b. 


Unit shearing deformation, 


Deflection of joint or of a point on a member from its original 
positbn. 

Unit strain or elongation. 

Total strain in element Sx in length. 

True deflection angles, in radians, at joints A, B, C , 
Connection constant or “dip” of coimection of joint A due to the 

4 9 A— 9a 

transfer of a unit moinent,JL«- 




AB 


Poisson’s ratio. 

Radius of curvature. 

Unit tensile or compressive stress. 
Unit shearing stress. 



ANALYSIS OF RIGID FRAMES 

(AN APPLICATION OF SLOPE DEFLECTION) 


PAST L jFUNDAMENTAL RELATIONS 


Chapter I 

MOMENT ABEA THEORY 

1. Elastic (hirre and Badins of Cnrratnre. — The neutral axis of a 
beam in bending takes the form of a curve, referred to as the elastic 
curve of the beam, composed of a series of small arcs with varying 
radii. 

The radius of curvature at any location along the length of this 
curve is a function of the moment M at the section, the moment of 
inertia I of the cross section, and the modulus of elasticity E of the 
material. 

The simple rdatkm between these terms is readily obtained horn 
fig. 1, which refatsents a segment of dx in length, cut from a beam 



subjected to bending. Here the parallel lines AD and BC indicate 
the two sections limiting the segment dx in the free position of the 
beam. During bending, the top fibers stretch by an amount i and the 
point B moves into B'\ likewise, due to contraction «' of the bottom 
fibers, the point C moves into C\ There is no change in l^igth at the 
neutrid axis. Then the inclined line B‘C’ indicates the poeitkm of BC 

1 
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in bending, relative to AB; and the line OX, obtained by the inter- 
section of the extended lines AD and B'C', represents the radius of 
curvature p for the segment dx. From symmetry of the triangles 
XiBB' and <9*V*Vi we have: 


c being the distance of the outermost fiber from the neutral axis. But 
e is the total strain at B, corresponding to the length dx and to a unit 
fiber stress <7 at the same point, and may be expressed 


-_dxff_ dxMc 
^~E~ El 


( 2 ) 


Substitution of this value of e in eq. (1) will give 


or. 


Mdx _dx 
EI~ p' 

M_l 
EI~~p • 


(3) 


Eq. (3) is the fimdamental expression for curvature. In this equation 
dx 

the ratio — represents the tangent of the angle NONi, and since it is 
p 


a very small angle, the tangent maybe replaced by the angle itself. 
The resulting equation, 

M 

' i 


is the important expression 
of a beam s^pnent in bending. 


curvature or deflection angle 


3. Properties of Homent Area. — An enlarged and much exaggerated 
view of this ai^le is shown in Fig. 2. It is seen that the central angle 
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XOXi is equal to the angle made by the lines TX and Ji.Vi, drawm 
tangent to the curve XXi — representing the bent position of the 
neutral axis of the beam — at the ends X and A'j. respectively. We 
may, therefore, define the angle of curvature of a beam segment in 
bending as the angle formed by two end tangents of the curve repre- 
senting the neutral axis of the segment. 

The angle d6 in Fig. 2 corresponds to a small length <h. and a bend- 
ing moment M which is asstimed to be consiuiu along -Y.Vi. To rfx a 
sunilarly small segment dxi has been added in Fig. 3. If the bending 



moment of the latter segment be indicated by Mi, then the angle of 
curvatiure becomes 




Aftdii. 

~W’ 


and for the total angle, corresponding to the curve AWiNj and fmrmed 
by the end tangents TX and TaX^, we have: 


or. 


B=--d9+d9i 


Mdx , Mtdx) 
El El ’ 



Mdx 

'W 


(5) 


Eq. (5) defines the first principle of moment area theory; namdy, 
the angle formed by the tangents drawn at any two points on the 
elastic curve, representing the neutral axis of a beam in bending, is 


M 


equal to the sum of the areas of small strips contained between the 


two points. 


SHOl 0-46-2 
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3. Deflection Angle. — Since the tangents are drawn to the curved 
or deflected position of the neutral axis, the angles of these tangents 
with respect to the unstrained position of the axis are called deflection 
angles, and, hence, the angle made by two tangents represents the 
change in deflection angle between the two points on the elastic curve. 

To determine the change in deflection angle between two points, it 


M 


is necessary, therefore, to compute the area of the ^ diagram between 


the points desired. This area may be considered as a transformed 

. 21if 

moment diag ram in which moments are replaced by their values. 


Consider, for example, the cantilever beam shown in Fig. 4. The 
cross section of the beam is constant and the supported end is held fixed 



(a) 



<b) 

Fis. 4. 


M 


in the wall. The moment of inertia being constant, the ^ diagram 


in (6) is of the same shape as the moment diagram due to the con- 
centrated load P at the free end. That part of the beam which is 
built into the wall is restrained and the neutral axis for that portion 
remains a straight line, coinciding with the tangent to the elastic 


curve at the support. 


M 


Then the area of the ^ diagram between the 


support A and any other point B on the span, representing the change 
in deflection angle betwe^ the two corresponding points on the 
elastic curve, indicates also &e slope or deflection angle of the tangent 
to the elaslic curve at B, with reference to the horizontal tangent at A. 
Accordin^j, for the deflection an^e at the free ^d we have: 


._Pl. l_PP 
**~E1 2~2Er 
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4. Beflections. — It was stated above that the elastic curve of a 
beam in bending may be considered a series of small arcs with varying 
curvature. Fig. 5 represents tliis conception, as applied to a portion 



Fig. 5. 



of a cantilever beam. Here the line TA represents both the unstrained 
Iiosition of the beam and the tangent to the elastic curve at A, and 
the curve AA^, its bent or deflected position. The chords AAi, AtAt 
and AtAj, corresponding to the three small arcs of the curve, will coin- 
cide with the tangents at At, At and At, respectively, if the arcs are 
made very small. Then the intercept of two consecutive tangents on 
a line, drawn norxoal to the unstruned position of the beam, may be 
taken as the tang^t of the are con-eeponding to the ang^e made by 
the two tangents. Thus, for tie intercut TiTa, taken on the line 
TAt, we can write: 

dyt—xn^; (6) 


or, substituting the value of from (4), 


dyj= 


XfMiit 

"W' 


(7) 


Mi and It being the moment and tlie moment of inertia, reepeetiTeil^, 
between Ai and At. Similarly, 


and 




r,Midx 

~Eir' 


dyi 


XiMidx 

~mr' 


But the sum of dyi, dyt and dyt represents the displacement of the 
point At from the tangent at A; denoted by y, 


j , j , j XiMidx , XtMidx , XiM^ ~ , 

y=agi+gya+«ya= — ^ — 1 — 
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Likewise, for the sum of dyz—dyz. representing the displacement of the 
same point from the tangent at Ai, we have: 


dr/z—dVi 


x-Mjdx , TaL/adj 

Eh Eh 


. (76) 


Eqs. <7d‘ and (76) may be expressed in the general form 



where A denotes the deflection and is defined as the sum of moments 
M 

of small ^ areas about the displaced end. This is the second prin- 
ciple of moment area theory, restated thus: the displacement of a 
point on the elastic curve — representing the neutral axis of a beam 
in bending — from the tangent at another point on the curve, measured 
normal to the unstrained position, is equal to the moment of the 
M 

area of the ^ diagram included between the two points, tahen about 


the first point. 

It is to be noted that the displacement becomes the true deflection 
of a point on the elastic curve if the reference tangent coincides with 
the unstrained position of the axis. The following example will serve 
for illustration; 


ILLUSTRATIVE EXAMPLE 


A cantilever beam of span I (Fig. 6) is subjected to a concentrated 
load P, applied at the free end. Assuming the moment of inertia 
of the section constant and the beam fixed at the support, determine: 

(а) The deflection of the free end C with respect to the tangent 

of the elastic curve at midspan; 

(б) The true deflection of the free end. 
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Solution: Since the I of the beam is constant, the diagram is a 

r)72 p/2 

triangle, and the areas corresponding to (a) and (6) are and 
respectively. Then for the deflection in (a) we have: 

A_P/’ l_ PP 

* sei's~MeI' 

Similarly, for the deflection in (h), 

. PP 2,__ PP 
^~2Eiy~3EJ’ 


PBOBLEVS 

1. Deteimine the vertical displacement of the end C in the above example 
(Fig. 6} from the midsptm point B. 

2. The load P in Fig. 6 is moved from the end to point B. Detennine: 


(a) Change in deflection angle between points B and C; 
(jb) Deflection an^e at B; 

(e) Deflections and &. 


CONJUGATE BEAM 

5. Conjagata Beam of Deflectitm. — In the preceding examples of 
cantilever beams the deflection an^e at any point on the elastic curve 
was readily obtained from the reference tangent at the supptMi. In 
the case of simply su pported beams it is neeeecwry to locate a pc^t 
on the elastic curve where the tangent is horizontal, or paraDel to die 
unstrained position of the beam, in order to detennine the indinadtm 
of any other tangent along the axis. 

Consider, for example, the beam shown in Fig. 7. Hie aids are 
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freely supported, the moment of inertia is constant, and a concentrated 
load P is applied at a distance a from the left support. The area of 

the ^ diagram in (6), representii^ the angle made by the two end 

tangents, or the sum of deflection angles at the two supports, is equal 

to The moment of this area about A gives the deflection of 

2jbl 


the left support from the tangent at the right support. Denoting 
this deflection by Aa, 

^ abP (l-ya) 


'2EI 3 


( 9 ) 


and dividing it by the span Z, we will obtain the tangent of the 
deflection angle at B or the deflection angle 9b (since the angle is very 
amall and unlike the exi^erated view in the figure). Then, 

aiP (Z+o) 

°2SJ‘ 3Z 


Bb 


( 10 ) 


The right side of eq. (10) represents the reaction at the support B due 

M 

to an imaginary loading of the ^ diagram over the span Z. We may 

call the beam under the loading “conjugate beam of deflection,” or 
ramply “conjugate beam.” 


6. Properties of Conjugate Beam. — It is to be noted that the 
deflection angles 9^ and 9b in Fig. 7 (a) are formed by the end tangents 
to the elastic curve and a horizontal line indicating the unstrained 
portion of the beam. Since these two angles are equal to the respec- 
tive reactions of the conjugate beam, their values are given by the 
M 

areas contained between the supports and the point of zero shear 

of the conjugate beam. But these latter areas measure also the angles 
made by the end tangents and the tangent to the elastic curve at 
point of zero diear. It is seen, therefore, that the tangent at point 
of zero shear is a horizontal, or a line parallel to the unstrained position 
of the beam, and, consequently, the value of the deflection angle at 
this point is zero. 

Tbffi'e are two other important properties of the conjugate beam: 

(1) The at any point on the conjugate beam is equal to the 

deflection angle at the corresponding point on the elastic 
curve of the original beam; 

(2) The momoit at any point on the conjugate beam r^resents 

the farne deflecticm of the oorreE^Kmdlng pomt on the elastic 
curve of tire original beam. 
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Obviously, (1) is a restatement of values of deflection nnprlcs as 
referred to a horizontal tangent, and ruay easily be 'cen from Fig. 8. 
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The elastic curve of this sim^y supported beam, shown in (i), eaa be 
considered as that of two cantilvers joined at C*, and having a oom- 
mon horizontal tangent at the same pcant. l^nce (7 is the point of 


zero shear of the conjugate beam, then the portion tux* of the 


M 

m 


dia- 


gram in (e) represents the reaction B 4 , at the left support or the de- 
flectkm ani^ at A of the original beam. The d^eetkm ang^e at any 

point D* on the dastie curve is given by the area ct'tfd' of the ^ dia- 
gram, and may be expressed 

9o'—are& ooc'— area add' 

=jS.*— area odd'; 

which is the shear at D of the conjugate beam. 

The demonstration of (2) is equally simple. Let the deflections of 
the points A and D', shown in (a), from the tangent at C be denoted 
by Aj and A*, respectively.- Then the true deflection At of the point 
jy — given by the distance Z?IF in (a) — is equal to the difference of 
the deflections of the points A and IF on the dastie <mrve irom the 
niermee tangent at O', or 


A*==A*— At 
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The values of Ai and A2, obtained from the definition of deflections, are: 
Ai=area acc’-Xi, 

A2 = area acc' (a:i— a:)+area odd'-Xz,' 
in which Xi is the c. g. distance of the area ace' from the left support, 
and Xi the c. g. distance of the area add' from D. Substituting these 
values'in eq. (a), we have: 

A3= area aec'-x — area add'‘X2 
area add *X2f 

which is the moment expression of a point D, located at a distance x 
from the left support, of the conjugate beam. 

ILLUSTRATIVE EXAMPLES 

1 . A simply supported beam of span I is subjected to a concen- 
trated load P, placed at a distance a from the left support. Assuming 
that the I of the cross section is constant, obtain the foUowing: 

(а) The deflection angle at the left support; 

( б ) The deflection angle at the right support; 

(c) The deflection under the load. 



Solution: The area of the ^ diagram in Fig. 9 (ft), representing the 
conjugate beam loading, is equal to and the distances of its cen- 
troid from left and right supports are and respectively. 
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Then, 


o _!> il+V) Pb(P-b^) 

(a) ‘ 

/A^ /) _w _P»i {l+a) _Pa(P—a?) 

(b) ™ 


(c) Ac=R Aft— niea A 

O 

_ Pab{2ab) _ PaW 
6lEI ZIEI' 



2. Assuming a>6, determine the point of maximum deflection of 
t he beam in the preceding example. \ 

Solution: The point of maximum deflection of this original beam 
corresponds to the point of zero shear in the conjugate beam. The 
moment area between the left support and a point at a distance x 

PbP 

from the left support (Fig. 9(c)) is equal to Then, 


21E1 


PbiP-b^) Pbx^ ^ 
&IEI ^ 21E1’^^’ 



PROBLEMS 

3. Determine the following for the beam shown in Fig. 9: 

(a) The change in deflection angle between points A and C; 

(5) The deflection angle at point C; 

(c) The maximum deflection of the beam. 

4. A simply supported beam of span I (Fig. 10) is subjected to two concentrated 
loads, placed at the quarter points of the span. The cross section of the beam 



1 Diagram 
Fig. 10. 
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is variable, the I for the middle half of the span being equal to twice the I for 
the end quarters. Denoting the loads by P, and the moments of inertia at the 
ends by /i, compute the following: 

(а) The deflection angle at the supports; 

(б) The deflection angle at the load points; 

(c) The true deflection at the load points; 

(d) The true deflection at the center of the span. 

7. Sign of Deflection Angle. — The sign of a deflection angle is deter- 
mined from the direction of rotation of the tangent to the elastic 
curve. If the rotation, with respect to the unstrained position of the 
member, is clockwise, the si^n of the deflection angle is considered 
positive (+); RDd if the rotation is counterclockwise, the sign is 
negative (— ). 

Refer, for example, to the simply supported beam shown in Fig. 11. 
Under the downward load P, applied at midspan, the elastic curve of 



the beam assumes the position AC'B. The tangent drawn at the 
left support represents a clockwise rotation with respect to the line 
AB and, accordingly, the deflection angle at A is positive. Moving 
along the curve toward (7', the tangent retains its clockwise rotation 
and the value of the deflection angle diminishes, becoming zero at G' 
where the tangent takes a horizontal position. Beyond the point C' 
the rotation of the tangent is counterclockwise, and the value of the 
deflection angle increases from zero at C' to a maximum at the right 
support. It is seen, therefore, that the deflection angle is positive 
at any point on the curve between A and G' and negative between 
C' and R. 

This convention of sign is in agreement with that for shear of the 
conjugate beam; the shear in that case being considered to be positive 
when the vertical shear couple rotates in a clockwise direction — as in 
the left half of the span — and negative, when the rotation of the 
vertical shear couple is counterclockwise — as in the portion of the 
span between zero shear and the right support. 
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8. Sign of Deflection.— The deflection of a point on the elastic 
curve, from the tangent drawn at another point, is considered to be 
positive (+), if the line joining thc two points is rotated in a clockwise 
direction with respect to the origuial position of the beam. According 
to this definition the deflection of the free end of a cantilever beam, 
subjected to a downward loading, may be either positive or negative, 
depending on whether the free end is located to the right or to the 
left of the support. Likewise, the deflections of the two ends of the 
simply supported beam shown in F%.11, with respect to the tangent 
at C', are of opposite sign, being (+) for .cl and (— ) for B. 


9. Deflection Angles and Deflections in Continuous Beams. — When 
a beam is continuous over its supports, the loading in a span produces 
moments not only witliin the spa^ but also at the supports. In 
obtaining deflection angles and deflections in a continuous beam, one 
must, therefore, consider both the simple beam moment diagram of 
the span and the moment diagrams resulting from the moments at 
the supports. 

The simplest example of a continuous beam is a beam cantilevering f 
over its supports, as shown in Fig. 12 (a). If the loads Pi and P 2 in \ 
the end spans be temporarily omitted, the middle span under the load 
P will act as a simple beam, having zero moment at the supports B 
and C and a single conjugate beam loading— shown in Fig. 12 (&). 
Due to the deflection angles &bi and 0ci, points .A and D will rise by the 
rotations of the lines BA and CD, and the new positions of the latter 
lines will coincide with the respective tangents to the elastic curve at 
the supports. Accordingly, the angles ABAi and DCDi measure the 
deflection angles 0bi and da, respectively, and for the deflections of the 
points Ai and A we have: 


and 


AAi — — 


, PlHi 
^ 16 Er 


(a) 


7m j 

DDi — 12601 — I qEF 


(.b) 


Now the load Pi is restored in the first span. As a result, both 
points Ai and A move downward into positions A 2 and Aj, Fig. 12 (c), 
and the deflection angles Sbi and 0ci decrease to flsa and 0ci. The 
moment at the support B equals Pili while that at the support C 
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remains zero. The triangular conjugate beam loading (the moment 
of inertia is assumed to be constant) in the span BC, corresponding 
to the load Pi, produces deflection angles at-the supports, with signs 
opposite to those for the loading shown in Fig. 12 (6). Denoting the 



Fro. 12. 
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moment P ili at B by Met the values of the deflection angles, resulting 
from P and Pi, are: 


pp Z , , 



and 

PP I 




Similarly, the load Pi, with a moment of Pih{=Mc), produces the de- 
flection aisles— supports B and C. Then, 

for the values of resultant deflection angles, corresponding to the 


loads P, Pi and Pi, Fig. 12 (d), we have: 

EleBi=^^^ -LMs-^Mc (e) 

Eldci^ (/) 


10. Sign of Moment. — Having established a sign convention for 
deflection angles and deflections, it now remains to define the sign of 
moments. From eqs. (c) to (/) it is seen that for a given moment at 
a support, producing fiber stresses of the same sign through the 
span, the deflection angles at the two supports assume opposite signs. 
It is further noted that if sections are cut through the beam just to 
the right of the left support and to the left of the right support, the 
resisting moments of the internal fiber stresses acting upon the two 
sections tend to rotate the respective ends in the same direction as the 
rotation of the tangents to the elastic curve, drawn at the two sup- 
ports. Consistent with this action, a moment is considered to be 
positive (-1-), when its resisting moment, as defined above, rotates in 
a clockwise direction; and negative (— ), if the rotation of the resist- 
ing moment is cotmterclockwise. Accordingly, the sign of the 
moment at the support B in Fig. 12 is (+) at the left of the support, 
and (— ) at the right of the support. 

Differentiation between the two moments at a support is provided 
in notation by two subscripts; the first letter indicating the joint or 
support under consideration, and the second letter its direction. Thus, 
the moment at the left of support B (Fig. 12) is indicated by the 
symbol Mba and that at the right by Mac- Likewise, the notation of 
moment at C, in the span BO, is Mcb‘ 
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ILLDSTEATIVE EXAMPLES 

1. What is the maximum deflection in the span BG, Fig. 13? The 
moment of in^tia of the beam is assumed to be constant. 


p 

B 

o| 

QL 

< / 

i 


1 _ 



i 

2 1 

2 1 

Fig. 

13. 

r 2 1 


Solution: The conjugate beam reaction at B, due to moments 

pyt 

Mac andil/cai equals ~ and the moment of the conjugate beam 

at the center line of the span is equal to the deflection resulting from 
the end loads P, or, 

. PP 

For the simple beam deflection, under the load P, we have: 

PJ? 


The resultant maximum deflection of the span BC is then given by 
A 1 +A 2 , or, 

Fl^ PP PP 

A=Ai+As=- 

The (— ) sign indicating that the line BE rotates counterclockwise 
about the support B, resulting in an upward deflection for the point E. 

2. A two-legged rigid bent is hinged at the bases, and subjected to 
a vertical load P (Fig. 14), placed at the middle of the top strut. The 
EJ is assumed to be constant and equal to unity for aU three members 
of the bent. Compute: 

(a) The spread of the legs, assuming one of the hinges mounted 

on rollers; 

(b) The magnitude of the horizontal reactions at the base 

required to move the displaced hinge to its original posi- 
tion. 



CONJTTGAl^E BBAM 


17 



H 

(b) 

Fig. 14, 

Solution: (a) The deflection angles at A and B, resulting from the 
simple beam ^ diagram of P in the span AB, Fig. 14 (a), are: 

0 , PP e Pi. 

and the corresponding displacements of x>oints O and D, 

SD''=/U?^=+A=+^- 

(The negative sign of CC' iadicates that the leg BC rotates coimter- 
dockwise, that is, the displacement of <7 is in opposite direction to 
that of D.) 
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Then, the total spread of the legs equals 2A, or, 


2A=2- 


Fl^h_Wh 
16 8 


(6) The bending moments in the members of the bent, produced 
by the reactions H, are shown in Fig. 14 (6) . Denoting by Ai and Ag 
the two displacements of the point D with respect to A — the former 
being the sway of the leg caused by the deflection angle at A of the 
constant moment Hh in the span AB and the latter the deflection due 
to the triangular loading on the leg AD — we have: 

mih HhH 

Ai= 


A3=--^-^A=- -y- 

Equating the sum of Ai, Aa and the displacement A of the point D in 
(a) — the resultant displacement — to zero, and solving for H, 

HhH Hh? , Pl% ^ 

2 3 16 

^^8h{Zl+2hy 


PROBLEMS 

5. Determine (a) and (b) in example 2, Fig. 14, by replacing the concentrated 
load P with a uniformly distributed load W. 

Compute also: 

(c) Moment at the middle of span AB; 

(d) Maximum deflection in the span AB. 

6. A beam of constant cross section is simply supported at the left support 
(Fig. 15) and continuous over the right support. There are two concentrated 
loads P, placed at the center of the first span and at the end of the overhang. 


l 

^ i_j 


" 2 


B 

Fig. 15, 

1 


Indicating the length of the first span by I, and the length of the cantilever by Zi, 
determine: 

(a) An expression for deflection angle at the left support; 

(5) An expression for deflection angle at the right support; 

(c) Value of li in terms of I to make (b)==0; 

(d) Maximum deflection in the first span in accordance with (c). 
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PIXED-END MOMENTS 

11 . Definition of Fixed-end Moment. — In obtaining deflection 
angles at the supports of a simply supported beam it was necessaiy to 

draw the ^ diagram or loading of the conjugate beam and compute 

the two reactions. It was also seen in Art. 9 that when making the 
simple span continuous over one or both supports, by addition of one 
or two cantilever spans, subjected to loading of the same direction as 
that of the original span, moments were produced at the supports and 
through the span, resulting in deflection angles of opposite sign to 
those for the simple beam. Since these latter moments are functions 
of the loadings or span lengths of the cantilevers, they can be made 
equal to any desired magnitude and thus modify values of deflection 
angles of the simple span. That particular value of such a moment 
at a support, which will produce a deflection angle at the same support 
equal and of opposite sign to that resulting from the simple span — 
while the two supports remain at the same level, is called the fixed-end 
moment of the beam for that end. Obviously, the value of the fibsed- 
end moment at a support is not only dependent on the loading and 
moment of inertia of the beam, but-also on the magnitude of moment 
for restraint condition at the other support. The action of the fixed- 
end moment at a support is that that of nuUifying the deflection angle 
produced by the bending moment of the simply supported beam, or 
restraining the tangent to the elastic curve at the support against 
rotation from the unstrained position. Each of fche various cases 
will be discussed and values of the fixed-end moments determmed 
separately. 

12 . Constant Moment of Inertia, Symmetrical Loading, Both Ends 

of Member Restrained. — The beam shown in Fig. 16 {a) will serve as 
an example for this case. Because of symmetry in loading, the fitxed- 
end moment to be applied at jd is equal and, in accordance with our 
sign convention, of opposite sign to the fixed-end moment at the 
support jB. Denoting the area of the simple beam bending moment 
diagram in Fig. 16 (6) by A, the corresponding deflection angle at 
the support B is given by the expression for reaction of the conjugate 
beam: _ 

2 ^ 


694931 0 - 46-3 
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(c) 

Fia . 16 . 


Similarly, the deflection angle at the same support resulting from end 
moments Msb and Mba ia Fig. Iff (c) equals 



(It is to be noted that both the negative end moment Mab and the 
positive end moment Mba produce positive deflection angles at 
support B, hence the positive signs in the substitution in eq. (11a).) 

By definition of fixed-end moment, the end moment Mba in eq. (11a) 
must be of such magnitude as to make the sum of deflection angles 
Bbi and Bai equal to zero; thus, 

— 2EI'^2EI ( 11 ^) 

D^oting this particular value of Mba by FMba, FM being the symbol 
of fixed-end moment when both ends of the member are restrained, 
we have: _ 

FMba=+j ( 12 ) 

Likewise, noting that MBA=—MABt 

FMab=- j 


(12c) 
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For two loads, as shown in Fig. 16, we have: 


A= Pa®+ Pail— 2a) = PaQ—a ) ; 


and 


FM=±^il-a) 

. . . (126) 

For a single load P, at midspan, we have: 


FM=±^;. . . . 

. . . (I2c) 

and for a imiform load of w per lineal foot, 


-A_‘wP 2, wP. loZ? 

> PM=±j^. . . 

. . . (12d) 


13. Constant Moment of Inertia, Symmetrical loading, One End of 
Member Bestrained and the Other Hinged. — The beam shown inFig. 17 


— a — ► 

p p 

B 

f t 

1 





pr 

^^^rrTTrmTTTnTnl^^ ‘ 




( 0 ) 

(b) 


M 


BA 


(C) 

Fig. 17. 


(o) is continuous over support B and hinged &tA. As in the preceding 
case, the deflection angle at the support B, corresponding to the simple 
beam bending moment diagram showm in Fig. 17 (6) and the tapering 
moment diagram of AIba shown in Fig. 17 •(<:), equals the reaction of 
the conjugate beam: 





(13) 


The value of the fixed-end moment at S is then obtained by equating 
expression (13) to zero: _ 


TTH Jt I ^ 

HM5a=+2*J f 


( 14 ) 
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in which HM is the symbol of fixed-end moment at one end of a mem- 
ber the other end of which is free to rotate. 

By comparison of eqs. (12) and (14), it is seen that the value of 
fixed-end moment in this case is one and one-half times the corre- 
sponding value of the preceding case, in which both ends of the mem- 
ber were fixed. 

14. Constant Moment of Inertia, Unsymmetrical loading, Both 
Ends of Member Bestrained. — Fig. 18 (a) represents a beam subjected 



Fig. 18. 


to a system of loading P. Let A indicate the area of the simple beam 
bending moment diagram. Fig. 18 (6), and x the distance of its cen- 
troid from the right support. For the deflection angles at the supports 
A and B, corresponding to the reactions of the conjugate beam with 
loadings shown in Fig. 18 (b) and (c), we have: 

X “““ L I 

(15a) 

Equating expressions (15) and (15a) to zero and solving simultaneously 
for the two end moments, we have: 


FM^a=-^(3*-Z), . . . ; 

. . . . (16) 

FM*a=+?(2Z-35) .... 

. . . . (16a) 
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Eqs. (16) and (16a) are the general expressions of fixed-end moment 
for a beam with constant moment of inertia, and restrained at both 

ends. By substituting ^ for a , these expressions become identical with 

those for the symmetrical case, given by eqs, (12) and (12a) in Art. 12. 



For a single load P, placed at a distance b from the right support 
(Fig. 19), A equals and 5=^^- With these substitutions eqs. 
(16) and (16a) take the respective forms 



Pab^ 

^2 ^ • 

(17) 


Pa^b 

‘ P 

.... (17a) 


These latter expressions may also be used to obtain fixed-end 
moments for a series of concentrated loads, and for a uniform load 
occupying only a portion of the span. For other loadings, graphical 
solution of values of A and x and determination of fixed-end moments 
by the general expressions (16) and (16a) may be found more con- 
venient. 

15. Constant Moment of Inertia, XTnsymmetrical loading, One End 
of Member Restrained and the Other Hinged. — The beam shown in 
Fig. 20(a) is assumed to be hinged at A and continuous over the 
support B. Similar to the preceding cases, the value of the deflection 
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(°) 

(b) 


(c) 

Fio. 20. 

angle at B, corresponding to the moment diagrams shown in Fig. 20(6) 


and (c), is given by the expression 



Then, for fl*=0, the fixed-end moment at B equals 

HMnA=+^^^A ( 19 ) 


Eq. (19) is the general expression for fixed-end moment at the 
restrained end of a member, with constant moment of inertia, the 
other end of which is free to rotate. Compared with eqs. (16) and 
(16c), corresponding expressions for the case where both ends of the 
member were restrained, it is seen that 

HMb^=FMsa- \fM^b (20) 

(Note that FMab is a negative quantity, and therefore the two terms 
in the right hand side of eq. (20) are numerically added.) 

ILLUSTBAUVE EXAMPLES 

1. Determine the fixed-end moments of the beam shown in Fig. 
21 (o), subjected to a triangular loading W, and restrained at both 
ends. The moment of inertia of the beam is assumed to be constant. 
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( 0 ) 




Solatiou: In Fig. 21(5), representing the simple beam bending 
moment diagram, tbe area of a strip Sx, located at a distance x from 
the left support is given by the egression 



and the moment of the same strip about the support A eqiials 



Integrating expressions (a) and (5) between the limits 0 and I, we will 
obtain the area of the moment diagram in Fig. 21(6) and the moment 
of this area about the left support, respectively; thus, 



The distance of the centroid of area A from the left support equals 




Ax_ 8 f 


or, if measured from the right support, 

_ . 7 


(e), 
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The two fixed-end moments are then obtained by substituting values 
of A and x from eqs. (c) and if) m eqs. (16) and (16a): 



2. Determine the fixed-end moments of the beam shown in Fig. 22, 
subjected to a partial uniform load and restrained at both ends. The 
moment of inertia of the beam is assumed to be constant. 



Solution : The fixed-end moment at the support B, due to the load 
(load covering a small length &x of the loaded portion of the span), 
located at a distance x from the left support, equals, in accordance 
with eq. (17a), 

hFMBA=+-ji il—x)Sx ig) 

The total fixed-end moment at 5 is then obtained by integrating 
eq. (g) between the limits c and a: 

nn 

=l52[a*(4Z-3a)-c»(4Z-3c)] (22) 

Likewise, measuring x from the right support and integrating the 
partial fixed-end moment expression at support A between the 
limits b and d, 

FMAB=^-^i[^iil-Zd)-b\il-^Zb)] .... (22a) 
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3. A continuous beam of two equal spans and constant moment 
of inertia (Fig. 23) is loaded with a concentrated load P in each span, 
placed at a distance a from the middle support. Assuming the beam 
hinged at the end supports, determine the moment at the middle 
support. 



Fia. 23. 


Solntion : Since the loading is symmetrical about the center support, 
the value of the deflection angle at this support equals zero. But 
the moment which will restrain the tangent to the elastic curve at B 
against rotation is, by definition, the fixed-end moment at the support. 
Therefore, 

Tkr Tir TTur i i Pdb 

— 1 — 

(The moment may also be determined by writing the expressions for 
deflection angle at the middle support, obtained from the conjugate 
beam loadiog in each span, and solving for the unknown moment.) 

PBOBLEMS 

7. Assume the beam in example 3, Fig. 23, fixed at the end supports and 
compute the following: 

(a) Moment at the middle support; 

(b) Moment under the load P; 

(c) Moment at the end supports. 



Fig. 24. 

8. A two-span continuous beam of constant cross section and equal spans 
(Fig. 24) is subjected to a uniform load of v> per linear foot. Determine the 
moments at the middle and end supports for the following end conditions: 

(a) Ends hinged; 

(b) Ends restrained; 

(c) Ends 50 percent restrained. 



28 


BIGID FRAMES 


16. Constsst Moment of Inertia, Member Loaded With a Moment 
Couple, Both Ends Bestrained. — In certain cases, such as columns 
with brackets, the loading of the member may consist of a moment 
couple, produced by an eccentric force. Fig. 25 (a) represents this 

(p) 


(b) 


(c) 

Fig. 25. 

condition of loading. Here the clockwise moment couple, denoted 
by M, is applied at a distance a from the left support. If the two 
ends of the member were hinged, the resulting moment diagram along 
the span would assume the form shown in Fig. 25 (6). Obviously, 
this is the simple beam bending moment diagram, and, when divided 
by Elf will constitute the loading of the conjugate beam. The 
deflection angles at supports A and JS, corresponding to the reactions 
of the conjugate beam, are given by the expressions 


a*— 3a*6), (24) 

and ^ 

=§(2a?-6»-3a6*) (24a) 


Since the member is not hinged to the supports, but restrained with 
the end moments and Msa} the corresponding conjugate beam. 
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loading, indicated in Fig. .25 (c), will produce additional deflection 

angles at the two supports. Thus, 

SZi9^2= (25) 

EIdsi= — (25a) 


And the total or resultant deflection angles, given by eqs. (24) and 
(25) become: 

FT5^=SJ(e^i+M=^(253-a»-3a^6)+|M.iB- (26) 

El9B=EI{fiBi-\-6m)=^{2a^-f^-Za¥)- ^M^-{-^Mba (26a) 

The two fixed-end moments are then obtained by equating eqs. (26) 
and (26a) to zero and solving simidtaneously for the end moments: 


FMAB=+^(?a-V), (27) 

FMbx= +^( 2&-a) (27a) 


17. Constant Moment of Inertia, Member loaded with a Moment 
Couple, One End Bestrained and the Other ffinged. — The beam shown 
in Fig. 26 (a) is restrained at A and hinged at B. The resultant deflec- 



Eia. 26, 
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tion angle at the left support, corresponding to the moment diagrams 
shown in Fig. 26 (6) and (c), may be obtained directly from eq. 26, by 
omitting the last term of the expression. Thus, 

EId.^=-^,{2b^-a?-Za^b) + ^M^B (28) 

Then, equating the deflection angle to zero, and solving for the end 
moment M^b, 

HM^B=^(a^+Sa^h~2b^) 



Similarly, if the member is restrained at B and hinged at A, the 
fixed-end moment at B, resulting from a clockwise moment couple M, 
is given by the expression 


HMBA^§ib^+Zab^-2a^) 



18. Fixed-end Moments in Members with Variable Moment of 
Inertia. — ^In the preceding derivations of fixed-end moments, the 
term El, appearing in the expressions of conjugate beam loading and 
deflection angles, was carried through the operations as a constant 
factor. When the cross section of the member varies along the span, 
then it becomes necessary — as an additional step in the calculations — 
M 

to modify the areas of ^ diagrams, corresponding to bending of the 

member as a simply supported beam and restraining moments at the 
two supports, and the values of the respective distances- of the cen- 
troids from the supports — ^in accordance with the variation of moment 
of inertia through the length of the span. The modification of moment 
diagrams is easily accomplished by first expressing moments of inertia 
at various points of the span in terms of a conunon I (usually taken as 
the smallest moment of inertia of the span) and then changing moment 
ordinates by the respective ratios of the common moment of inertia 
to the moment of inertia at the location considered. Once these 
modified values of moment areas and centroids thereof are obtained, 
the work involved in computing fixed-end moments becomes identical 
with that for members of constant moment of inertia. 

As an example, consider the beam shown in Fig. 27 (a), subjected to 
a system of loading P. The width of the beam is constant, but the 
depth varies as shown in Fig. 27 (J). Denoting the moment of inertia 



Elevotion 

(b) 
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of the straight or shallow portion of the beam by I, then for the 
moment of inertia of a section within the haunch, located, say, at a 

distance x from the left support, we can write in which n* equals 

, that is, the ratio of the moment of inertia at the middle to the 

moment of inertia at the section under consideration. The moments 
of inertia at the other sections of the span are similarly expressed and 
plotted to some convenient scale (the common I jnay be assumed 
equal to unity), and the moment of inertia diagram of Fig. 27 (c) is 
thus obtained. 

Now consider the simple beam bonding moment diagram shown in 
Fig. 27 (d). If the depth of the beam were constant, the moment 
M 

diagram and the ^ diagram would have similar outlines; the ordi- 
nates in the former representing certain percentage of the latter and 
the ratio remaining constant through the length of the span. To 
obtain the conjugate beam loading for that ca.se. one would need only 
compute small strips of moment areas and divide each value by the 
constant El. Addition of end haunches would cause no changes in the 
outline of the moment diagram for the straight portion of the beam, 
located between C and D, intensities of the conjugate beam loading 
remaining the same as those for the beam with constant cross-section. 
In the regions of the haunches, however, the moment of inertia be- 
comes a variable quantity and the similarity of outline between the 


simple beam bending and conjugate loading diagrams vanishes. 
At a distance x from the left support, for instance, the value of the 
moment of inertia is — » and the moment ordinate m*=eei. Accord- 
ingly, the intensity of conjugate beam loading at that location equals 

7fh Th 

—f If now the constant I, appearing as conunon denominator in 


each expression, be factored out, then the numerator of the expression 
may be considered as the modified value of the moment ordinate, 
represented by the line ee^ in the diagram. Similar changes in the 
moment ordinates at other points of the haunches will result in 
moving the original boundary lines (shown dotted in Fig. 27 (d)) to 
the new positions nejc and bjd, the net effect being a reduced moment 


area. 

Likew'se, the diagrams of the restraint moments at the two sup- 
ports are affected by similar changes in the moment ordinateEi for 
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portions correspondina: to the haunches. These charges, indicated 
by the diaded areas in Fig. 27 (e) and if), are self-explanatory. 

To obtain expressions of fixed-end moments from these modified 
areas, let 

.4i=modified moment area of bending of the member as a simply 
supported beam (shaded area in Fig. 27 (d)); 

5i=centroid distance of Au measured from the right support; 
pZMjiB==inodified moment area of restraint moment at the left support 
(shaded area in Fig. 27 (e)); 

«Z=centroid distance of ^IMab from the left support; 
gZMsA=niodified moment area of restraint moment at the li^t sup- 
port (shaded area in Fig. 27 (/)); 

®Z= centroid distance of qIMba from the right support; 

7=moment of inertia of the straight portion of the beam. 

Then for the deflection angles at the two supports, resulting from the 
three moment areas listed above, we have: 

EIdA—+^Ai—fMAs(l—'>i^)—q.MBAvl, . ... . (30) 


El6s=—^^^-^Ai+pMAB'ul+QMBAil~^ . . • (30a) 


Equating the values of the deflection angles to zero, and solving 
simultaneously for the end moments, 


FMab 


Aj (xi—d) 
pP' (I— u—v)’ 


(31) 


FMba= + 


Ai 

gP’ 


(l—vl—Xi) 
(1— u— ») 


(31a) 


The term p in the above expressions may be defined as the area of 
the modified moment diagram for a span length of unity and a restraint 
moment at the left support equal to imity; and u, the distance of the 
centroid of p from the left support. Likewise, the terms g and c 
represent similar values corresponding to a unit momen^applied at the 
right support. These values, as well as the values of Ai and 5i, may 
be computed by integration, determined graphically or taken from 
tables.^ It is to be noted that for a beam of constant cross section, 


p=g=h u=v=^; A=Ai and 5=*!. 


With these substitutions, expressions (31) and (31a) are reduced to the 
respective forms of eqs. (16) and (16o) previously derived in Art. 14. 

1 See» for example, the excellent tables by Walter Bnppel, Transactions Am. Soc. C. E., 1927, Vol. 90, 
pp. lOT-lST, part of which are reproduced l]^able^2 and 13 in the Appendix. Tables 14 to 17 indnslvea 
giving coefficients for the determination of Ai and xi, were also prepaid from data furnished by the same 
author. 
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If the member shown in Kg. 27 (a) is assumed to be fixed at A and 
hinged at B, then the corresponding fixed-end moment at the left 
support may be obtained directly from eq. (31), by substituting zero 
for v; thus, 




Ai Xi 

pP\l^u) 


(32) 


Similarly, for the expression of fixed-end moment at the right sup- 
port, when the member is hinged to the left support and restrained 
at the right support, we have: 


jj'X/f ^i) 


PROBLEMS 

9. A column of height h is subjected to an eccentric force P (Fig, 28), producing 
a counterclockwise moment. The eccentricity of the force is «, and the bracket is 

P 


• Fio. 28. 

2 

located at from the bottom. Assuming the column fixed at the base and 
hinged at the top, compute moments at following locations: 

(a) Top; 

(5) Just above bracket; 

(c) Just below bracket; 

(d) Base. 

10. Compute the fixed-end moments for the beam in problem No. 4, Fig. 10, 
assuming: 

(a) Both ends of member fixed; 

(b) Restrained at the left support and hinged to the right. 
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THREE MOMENT RELATION 

19. Moment Relation in Continuous Beams. — In the solution of 
mommts in continuous beams, use is often made of a relation existing 
between the moments at three adjoining supports and known as “the 
three moment equation,” which can be readily derived by simple 
application of moment area properties. The derivation is similar to 
that of fixed-end moments, and is obtained from the expressions of 
deflection angle at a support. 



Fig. 29. 


20. Case I, Constant Moment of Inertia. — The beam shown in 
Fig. 29 (a) represents a portion of a continuous beam. The moment 
of inertia is constant in each ^an but different for the two spans, and 
the loading is unsymmetrical. Let 

Ji=moment of inertia, first span; 

Zi=area of the simple moment diagram, first span; 

* 1 = centroid distance of At, measured from ri^ht (second) 
support; 

J 2 =moment of inmrtia, second span; 

Zs^area of the simple moment diagram, second span; 
i 2 — centroid distance of* .4*, measured from right (third) 
support; 

Ml, Mi, M 3 =moments at first, second and third supports, respectively. 
The deflection angle at the second support, obtained from the con- 


694931 0 - 46 -4 
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jugate beam loading of the first span, Fig, 29 (6) and (c), may then be 
expressed by, _ 

- ^ik-xO (33) 

The value of the deflection angle at the same support, obtained from 
the conjugate beam loading of the second span, is also given by the 
expression 

(33a) 

The relation between moments Mi, Mj and Ma is then obtained 
by equating the value of 6b in expression (33) to that in eq. (33a). 
Thus, _ _ 

Mi|+2M(^+|)+M3|=^(Zi-a:i)+||*^. • .(34) 


- k.l. * 

p. 

h. 


P2 

^ tv 

•'l 


U2-K2 12*^ 

D2 

^ ir^ 

1 

1 !/■ 


li 


U 1, 



Fig. 30. 

For loading as shown in Fig. (30), 


■J _ p ^1^1 7 r: — h+O'i 

Jxi — Jr I 2 ^ h — — g ^ 

"X p ^^2 — 

^2 — X 2 2 ^ ^ — 3 ^ 




=^(2*2-3*i+i|) . 

12 
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With these substitutions, eq. (34) takes the more familiar form 




+^(2fe-3ii+^) .... (36) 
J‘2 


For a uniform load of Wi per linear foot in the first span, and of W 2 
in the second span, 





With these substitutions in expression (34), the three moment equa- 
tion becomes 


..... (87) 


It is to be noted that when drawing the moment diagram in Fig. 
29 (c), it was assumed that moments at all three supports were nega- 
tive; and, in accordance with our sign convention, so indicated on the 
diagram. If the solution of equations should provide positive values 
for the moments, the assumption is justified. On the other hand, a 
negative value for any one moment will indicate that the moment at 
that support is positive, i. e., bottom fibers of the beam are in tension 
for a downward loading as shown in Fig. (29), 


21. Case n, Variable Moment of Inertia. — In the case of a con- 
tinuous beam with haimches, it becomes necessary to replace the 
moment areas of Fig, 29 with their modified values corresponding to 
change in moment of inertia for each span, in order to derive the three 
moment equation as in the preceding case. 

The modified moment diagrams of such a haunched beam are shown 
in Fig. 31 (shaded areas). With the notations of areas and centroids 
as indicated on the diagrams, the two expressions of the deflection 
angle at the middle support, corresponding to the conjugate beam 
loadings of the two spans, are written: 


EIids=A!S ^ . . . (38) 

and 

• • • • (38a) 
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jugate beam loading of the first span, Fig. 29 (b) and (c), may then be 
expressed by, _ 

EIi9b= - ^ih-xx) (33) 

The value of the deflection angle at the same support, obtained from 
the conjugate beam loading of the second span, is also given by the 
expression 

(33u) 

The relation between moments Mi, Mj and Mj is then obtained 
by equating the value of da iu expression (33) to that in eq. (33a). 
■ Thus, 



h-°r kill- 


P. 


IT 


\r 


■ GzskzU- 


?2 


ba- 


Fig. 30, 

For loading as shown in Fig. (30), 




and 


6-4i _ P\(i\h\n I - \ 

=^(*i-Ai) , 


(35) 


=^(2^-3aaZa+a|) 
=:^(2fe-3fc|+*i) . 

J-i 


(36o) 
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With these substitutions, eq, (34) takes the more familiar form 

+^(2is-3^^+Ai) .... (36) 

J‘2 

For a uniform load of per linear foot in tlie first span, and of W 2 
in the second span, 


Ai ^2 ' -^2— 12 ' *‘”2’ 


X2=|- 


With these substitutions in expression (34), the three moment equa- 
tion becomes 



+^%2~4ir+ 


V)2ll 

4/2 


(37) 


It is to be noted that when drawing the moment diagram in Fig. 
29 (c), it was assumed that moments at all three supports were nega- 
tive; and, in accordance with our sign convention, so indicated on the 
diagram. If the solution of equations shoidd provide positive values 
for the moments, the assumption is justified. On the other hand; a 
negative value for any one moment will indicate that the moment at 
that support is positive, i. e., bottom fibers of the beam are in tension 
for a downward loading as shown in Fig. (29). 


21. Case n, Variable Moment of Inertia. — In the case of a con- 
tinuous beam with haunches, it becomes necessary to replace the 
moment areas of Fig, 29 with their modified values corresponding to 
change in moment of inertia for each span, in order to derive the three 
moment equation as in the preceding case. 

The modified moment diagrams of such a haunched beam are shown 
in Fig. 31 (shaded areas). With the notations of areas and centroids 
as indicated on the diagrams, the two expressions of the deflection 
angle at the middle support, corresponding to the conjugate beam 
loadings of the two spans, are 'written: 


EIids^A^i ^ ^ — ^xh)} • • • (38) 

and 

. • • • • ( 380 ) 
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The relation between the moments at the tlu-ee supports is then 
found by equating the values of da in eqs. (38) and (38a). Thus, 



(ll Vilj) 

h 


„ ih — 



Al- 


(li—x'i) 

hh 



. . . (39) 


22. Case m, Supports at Different levels.— The three moment 
equations derived in Ai-ts. 20 and 21 apply only when the supports of 
the continuous beam remain on the same level during bending. If, 
because of uneven settlement, one of the supports deviates from a 
straight line drawn through the'bther two supports, then eqs. (34) and 
(39) will need a modification to include an additional term, corre- 
sponding to the differing levels. 
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A B C 



(b) 

Pig. 32 . 

Consider, for example, the beam shown in Fig. 32 (o). Here the 
middle support B falls below the straight line ACi joining the end 
supports. Let the displacements of supports A, B, and C, measured 
from the horizontal reference line AC, Fig. 32 ( 6 ), be denoted by 
Ai, A 2 and A 3 , respectively. Because of the rotation of the line AxB\ 

from its original position by an angle (since the angle is 

a rnall and unlike the exa^erated representation in the diagram), the 
angle 63 of the firet span will now become ai. Likewise, due 

to the rotation of the line BC to its new position B\Cx, the angle Bb in 

the second span wdll be augmented by an angle aj= — ^ — 

Then, for a beam of constant cross section, with moment areas as 
shomi in Fig. 29, we have: 

EIxB'b fih-Xx)+Mx\+Mj2+i^^EIx, . . (40) 

and _ 

. . . (40a) 

The relation between the three moments is obtained by equating the 
value of B'b in eq. (40) to that in eq. (40a). Thus, 


( 41 ) 
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or, 


+^^-®Kr.+S “> 


m which, 53=distance jBA (Fig. 32 (6)), the deflection of B, measured 
from a straight line joining the end supports. 

Similarly, for a beam of variable cross section, with moment areas 
as indicated in Fig. 31, the three moment equation becomes, 



Note. — If the displacement of the middle support is upward with respect to 
the end supports, i. e., point B, in Fig. 32 (b) located above the line AiCi, the 
negative sign of the last term in eqs. (42) and (44) becomes positive. 


ILLUSTRATIVE EXAMPLE 

1, A two-span continuous beam of constant width has a tapering 
depth (Fig. 33), varying from d at the end supports to 2d at the 
middle support. The beam is symmetrical about the middle support 
and each span is loaded with a force P, applied at midspan. Assuming 
the beam hinged to the end supports, determine the moment at the 
middle support, by use of the three moment equation. 
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Fig. 33. 


Solution. : Before computing^ the desired moment, it is necessary 
first to determine the values of A',x', p, g, u and », as defined in Art. 18. 
The graphical method will be used; and since the beam is symmetrical 
about the middle support, the computations of these values will be 
confined to one span only. 

In Fig. 34 (a) the moment of inertia curve for the span AB is drawn 
to scale, in units of the smallest moment of inertia (I) corresponding 
to the depth d at A. With this diagram as basis, the ordinates of the 
simple beam moment diagram of the load'P in Fig. 34 (6), and p 
and g diagrams in Fig. 34 (c) and (d) have been modified, and areas 
and centroids determined. These values, noted on the respective 
diagrams, are listed below for the two spans: 


Item First span iAB) Second span iBC) 

A' a042PP 0. 042PP 

X' 0.582 i 0.4181 

p 0.250 0.125 

q 0. 125 0. 250 

u. 0.232 0.457 

„ 0.457 0.232 


Applying eq. (39), and noting that Mi and M 3 —O, 2 ,= 3 > 2 . 
the moment expression becomes 


,, A'W 0.042 X0.418 
-^*~i>/(l-%)~0.125X0.54-3 


PZ=0.259P/. . . . (45) 








THREE MOMEaCT RELATIOK 


43 


PROBLEMS 

11. Determine the fixed-end moment at the middle support for the beam in the 
above example, assuming: 

(а) Hinged at the end supports; 

(б) Fixed at the end supports. 



12. A two-span continuous beam of constant cross section is loaded with a 
uniform load of 1,000 pounds per linear foot. Assuming 7 = 10 in.'*, /=10 feet, 
K=3X10^ lb.in.~2 and the ends hinged, determine: 

(a) IVIoment at the middle support; 

(h) Additional moment at the middle support, resulting from displacement 
of the supports, as shown in Fig, 35 (5). 



Chaptee II 


SLOPE DEFLECTION 

23. Momeat Expression as a Function of Rotations and Relative 
Displacements of Ends of a Member. — When a beam is supported in 
such a manner that its ends can rotate freely, while subjected to a 
given loading, the reactions at the supports and the moments along the 
span are readily obtained by the equations of static equilibrium. In 
a frame or a continuous beam, however, the two ends of a member are 
restrained against free rotation — because of the rigidity of the joints 
or the continuity at the supports, resulting in restraining end moments. 
These latter moments are statically indeterminate, their magnitude 
depending on the degree of restraint at the joints. 

Consider, for example, the beam shown in Fig. 36 (a). If it be 



( 0 ) 

(b) 


(c) 


(d) 


assumed hinged to the supports, the elastic curve of the member will 
assume the position (greatly exaggerated) shown in Fig. 36 (6), with 
end rotations measured by the deflection angles and 6si. By 
44 
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assumption, there is no restraint at the supports, the end tangents 
rotate freely and the corresponding moments become zero. Fig. 36 (c) 
shows the elastic curve of the beam for a condition where the end tan- 
gents are completely prevented against rotation by application of 
restraining moments at the two supports. The deflection angles being 
zero, this is the condition of full restraint or fixity, and, consequently, 
the intensities of the restraining moments are those of the two fixed- 
end moments of the beam. If the magnitude of the restraining 
moments are such that they partially prevent the rotations of the end 
tangents, we will have the position indicated in Fig. 36 (d), in which 
the end deflection angles 6^ and ds 3 are smaller than the corresponding 
angles and 6bi of the free or hinged condition in Fig. 36 (6). Con- 
versely, it is seen that if the magnitudes of the deflection angles are 
known, then the intensities of the restraining end moments can be 
determined from the properties of the conjugate beam. 

Now let us consider the portion AC of the beam (Fig. 36) as a 
separate member. Here the displacement of the point C is given by the 
deflections Ai, A2 and As, corresponding to the three conditions of 
end restraint, and measured from the original or unstrained position of 
the member. Obviously, to obtain the end moments at A and O, we 
need not only the magnitudes of the deflection angles at the two points, 
but also the relative displacement of one end with respect to the 
other — as indicated by the deflections Ai, As and A3. 

The method of expressing the end moments of a restrained member 
in terms of the rotations or slopes of the tangents and the displace- 
ments of its ends is called slope defiecHon} The derivation of the 
fundamental relation for each case, corresponding to a member with 
constant and variable moment of inertia, and with and without inter- 
mediate loading, will be given in the following articles. 

24. Coostant Moment of Inertia, No Intermediate loading between 
Ends of Member. — The member shown in Fig. 37 (a), originally in the 
position AiB, is bent to the form AB, similar to that of the portion 
DB of the beam in Fig. 36 (d). Both end moments at A and B are 
positive (resisting moments rotating in a dockwise direction). The 
deflection A, representing the displacement of the point A from its 
original position at Ax, may be considered as the sum of two dis- 
placements: (1) the deflection AiTi{=ldB) corresponding to the de- 
flection angle at B, and (2) the displacement TxA or the deviation of 
A from the tangent TiB to the elastic curve at B. Or, assuming ABx 

* The Introduction of the Slope^eflection method in this country, as well as its application to the general 
case of a member with intermediate loading between the ends, is due to Prof. G. A. Maney; see BuH. No. 1, 
Studies in Engineering, University of Minnesota. 
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Fig. 37. 


to be the original position of the member, for A at the right end we can 
write BTi+TiBi] the first term being the displacement of B from the 
tangent AT 2 , and the second term being the tangent distance of the 
deflection angle Oa and the span l(=:l0^). The conjugate beam loading 
of the member, producing the deflection angles and the displacements 
shown in Fig. 37 (a), consists of the moment areas of the end moments 
Mas and Mb a shown in Fig. 37 (6). Accordingly, for the values of the 
two end deflection angles, given by the reactions of the conjugate 
beam with reference to line AB, we have: 

Ba — 6aI~ I 2^jMab ^^jMba> 

Rb = ’ 

and noting that the change in deflection angle from 5 to A with refer- 
ence to line AB is the same as with reference to a horizontal or un- 
strained position of the member, that is, we have: 

9b~ 1 {j-^jMab 

likewise, from the second principle of the moment area theory, the 
displacement BT^ of the point B, from the tangent AT-t, equals the 
moment of the conjugate, beam loading, consisting of the downward- 
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acting Mab and the upward-acting Mba moment area loads, taken 
about B: 

BT2=^ (47) 

But the deflection BT 2 in Fig. 37 (a) also equals A—ISa, therefore, 

BT2 = A Id A = d” 

3 

or, multiplying each term by j and changing the signs, 



and subtracting eq. (46) from eq. (49), 

26 a + ^ J ~ ' 


from which the moment expression at A is obtained in the form 


M^B=2Ej(2e^+e^-zf^ (50) 

3 

Similarly, multiplying both sides of eq. (48) by 

3. 3 A I Tir ^ nr r-i\ 



and subtracting cq. (46) from eq. (51), 

„ 3A , I nr 
2 ^a+ 9 b—^ — V^Mba ; 

or. 

'MBA=2Ej(2eB+6A-^f) (50a) 


Eqs. (50) and (50a) are the fundamental slope-deflection expressions 
for end moments of a member with constant cross section and no 
loading between the ends. 

25. Constant Moment of Inertia, Intermediate loading between 
Ends of Member. — Fig. 38(a) represents the more general case, in 
which the member AB is not only acted upon by end moments and 
forces but also a system of loading P in the span. The direction of 
the end moments and the bent position of the member, shown in 
Fig. 38 (6), are assumed to be similar to those in the preceding case. 



48 


BIGID FRAMES 



As a result of the added loads Pi and Pj, the conjugate beam loading 
is augmented by the corresponding simple beam bending moment 
area A indicated in Fig. 38 (d). Then, the deflection angles at the 
two ends become: 

It It % 

Ps= 

and the change in deflection an^e from B to A, 


. ( 52 ) 
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For the deflection of B, from the tangent drawn at A, we have: 

.... (53) 

The end moment expressions Mab and Mba, obtained by simultaneous 
solution of eqs. (52) and (53) — as in the preceding case — take the forms 

— 3j^ — ^(3a? — Z), .... (54) 

-ZWb.a=2£Jj^20b+ 0^ — 3^^+-^(2Z — 35) .... (54a) 

or, noting that the last term of each equation represents the fixed-end 
moment for that end, as derived in Art. 14 and given by eqs. (16) 


and (16a), 

Mab^*^E-^Qa-\'Gb-^^'^^FMab} (55) 

Max=2F^20s+0^-3|)+J’MB^ (56a)' 


Comparison of eqs. (55) and (55a) with the corresponding eqs. (50) 
and (50a) of the preceding case, discloses the fact that the former 
expressions differ from the latter by only the fixed-end moment term, 
resulting from the loading between the ends of the member. This 
is evident from the principle of superposition. 

26. Variable moment of Liertia, Intermediate loading between ' 
Ends of Member. — The cross section of the member AB shown in 
Fig. 39 (a) varies along the span. The assumed position of the 
dastic curve in bending is indicated in Fig. 39 (5); and the modified 
moment diagrams or conjugate beam loading — corresponding to the 
end moments Mjlb and Mbjl, and the simple beam moment due to the 
loading in the span — are shown by the shaded areas in Fig. 39 (c) 
and (d). The notations used in the latter diagrams are in accordance 
with Art. 18. 

Similar to the preceding two cases, 

El6jx='pl(X — 

EIeBi=—pvlMAB+glO-—v)MBA- 
EI{dA~^B) ~ 


( 56 ) 
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EI{L.—l6A) = —p1?{l—u)MAB+gd^MBA~XiAi . . . (57) 

Solving eqs. (56) and (67) simultaneously for the values of the two 
end moments. 
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Noting that the last term of each of eqs. (68) and (59) represents the 
fixed-end moment for the respective end, as derived in Art. 18 and 
given by eqs. (31) and (31a), we have: 

-u-v) ■ • • (60) 

. . (60a) 

Eqs. (60) and (60a) are the general slope-deflection expressions for 
end moments of a member with variable cross section and subjected to 
intermediate loading. • By substitution of K for p and g, and Hfor u and®, 
they reduce to the respective forms of eqs. (55) and (55a) of the pre- 
ceding case, in which the moment of inertia of the member was assumed 
to be constant. 

If the member is assumed to be hinged at B, then g and o are zero, 
and eq. (58) becomes 

or 




illt:strativb examples 

1, A beam of a constant cross section is loaded with a force P 
(Fig. 40), placed at midspan. Determine the magnitude of the end 
moments which will produce deflection angles at the two ends equal 
to one half those for the simply supported case. 



i. 

p 1 


2 

2 

A 



1 

' c t 


Fia.40, 


Solution: The end deflection angles for the simply supported beam 
are: 


<?A= + 


PV 

IQEP 




PP 

16EI' 
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Substituting half these values in the fundamental slope-deflection 
expression (eq. 56 in this case) and noting that A equals zero, we have: 


Likewise, 


8 16 


2. Assuming the beam in the above example fixed at the two sup- 
ports and using the slope-deflection expression, determine the deflec- 
tion under the load. 

Solution: Since the beam is fixed at the ends and the load sym- 
metrical, the deflection angles at the supports and at midspan are 
zero. Considering the portion AC (Fig. 41) of the beam as a separate 



member and writing the end moment expression at A, 
Mac='2 

from which, 


PROBLEMS 

13. By the method used in the solution of Example 2, determine the maxi- 
mum deflection of a beam of constant cross section and under a uniform load, 
assuming: 

(а) Ends simply supported; 

(б) Ends fixed. 

14. Compute the deflection angle at the first support (j 4) of the two-span 
tapering beam shown in Pig. 33. 
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27. Abbreviated Moment Expression. — In the case of members 
with constant moment of inertia (and constant modulus of elasticity, 
the fimdamental moment equation 

can be written in the abbreviated form 

(63) 

in which 

K=-i) A=iE6A.) B=4E6 b and J?=6£?^* 

According to this notation the letters A. and B in eq. (63) indicate the 
ends of the member (Fig. 42) and also 4:E times the true values of the 



deflection angles of the respective ends. For further simplicity, the 
terms A and B will be referred to hereafter as the deflection an^es of 
the member AB; B, the deflection; and K, its stiffness ratio. 

If the member is assumed to be hinged at the end B, eq. (63) 


becomes 

Mj,b=k(^A-^+HMj,b (64) 

Likewise, by assiuning the member fixed at the end B, 

M^b=K{A-B)+FMj,b (65) 


With aiTriilfl-r substitutions, the moment equation for a member with 
a variable cross section, corresponding to eqs, (63), (64) and (65), is 
obtained from the general slope-deflection expression 

. ( 60 ) 
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Thus, when both ends of the member are restrained, the equation 
becomes 

■ • .( 66 ) 

Kestrained at A and hinged at B, 



Eestrained at A and fixed at B, 

28. Joint Expression. — The expression obtained by summing up 
the end moments of all members meeting at a joint is called the 
moment expression of the joint or, simply, the joint expression. 
Obviously, the form of the expression varies in accordance with 
support condition of the joint, the number of members at the joint 
and their end condition, and the loading imposed on the members. 

The simplest form of a joint expression is that for a continuous 
beam.^ Consider, for example, the beam shown in Fig. 43. Assuming 



Fro. 43. 
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the supports to be at the same level (the deflection term jB=0), and 
the ends A and (7 restrained, as is shown in (o), the joint expression 
at B is then obtained from the two end moments at that support. 
Thus, by eq. (63), 

Mba=K^(b+^'^+FMs^ 

Mbc=KJ(b+^+FMsc 

Ms^+Mbc= (.K^+K2)B+K,^+Ki^+FMsA+FMsc=^0. (69a) 

If the ends A and 0 are hinged. Fig. 43 (fi), by application of eq. 64 
we will have: 

Msa=k(^Ib'^+HMb^ 

Mbc=KJ(P')+HMbc 

. . (695) 

Similarly, assuming the ends A and C fixed, as in Fig. 43 (c),' and 
applying eq. (65), the joint expression at B becomes. 

Mba=KiB+FMba 

Mbo^K^+FMbc 

MBA+MBc={K^^-K^)B^-FMBA->rFMBc=^Q . . . (69c) 

If the beam is hinged at- .4 and fixed at O, Fig, 43 (d), the joint 
expression at B is in the form 

Mba+Mbc=(jKi+K2'^+HMba+FMbc-=0 . . (69<Q 
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The joint expression of the two-legged bent, shown in Fig. 44, is 
equally simple. Assuming the bent fixed at C and D, as in Fig. 44 (o). 


(o) 



Fia. 44. 

and noting that the defection E of the horizontal member AB is 
zero, the joint expression at A, for example, is obtained thus: 

MxB+M^^=(i?i+Zj)A-hii:,|-iiy?+FM^i,==0. . (70c) 
Likewise, if the legs are hinged at C and D, Fig. 44 (6), 
M^a==K,(A+^+FM^s 

. ( 706 ) 
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In the special case of symmetrical loading and framing, that is, 
when FMab=—FMba and A equals —B and the deflection 

jB of the legs reduces to zero. Accordingly, for fixed bases, the joint 
expression at A becomes 

^ab'^Mad=(^Ki-\-K^AAFMab^^] .... (71a) 
and that corresponding to the hinged bases is in the form 

. . . . (716) 

♦ 

The derivation of the joint expression in frames with more than 
one story and bay presents no additional difficulty. The bent shown 
in Fig. 45 will serve for illustration. At joint A, for example, from 



Fig. 45. 


the end moments of the members AB and AD we have: 

Mad—KJ^A-{-^ — i?i) 

MAB+M^n=iK^+K^)A+K^?+K^^-KJt^+FM^B==0, 
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At B, moments of three members are to be considered. Thus, 
Mba=Ki(b-\-^^-\-FMba 

Mbc=KJ(b+^ 


Mba+Mbo+Msb== 

->rK,^-K^t+FMsA=0. 

Likewise, joint E is formed by the ends of four members, and the 
expression is in the form 

+Si?’il4=0 (72) 

where Ei and Ba indicate the deflections of the upper two stories of the 
bent and 'ZFMs is the algebraic sum of fixed-end moments at E. 

Eq. (72) represents the typical or general form of a joint expression 
in a reotai^ular frame. It enables us to write the expression at any 
joint directly, obviating the necessity of setting up separate moment 
equations for each member at the joint and then obtain their sum. 
The form of the expression is easy to remember: the coefficient of the 
deflection angle for the joint under consideration being the sum of the 
K values of the members forming the joint, and that for each adjacent 
joint being one-half the K of the common member. Obviously, for 
certain end conditions these coefficients may vary. The changes are 
readily made by noting the difference between the general moment 
equation for a member restrained at both ends with that of a member 
havii^ one end restrained and the other hmged or fixed. For instance, 
if the member QK be assumed fixed at the base K, then for the joint 
expression at G we can write; 

Similarly, if the member HL is hinged at L, the joint expression at H 
becomes 

-t-2FMH=0. 
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29. Shear Expression. — The relation between the end moments and 
the end reactions of a member is called the shear expression of the 
member. This relation is obtained from the fimdamental principle 
which, by reference to Fig. 46, may be stated thus: if Mab and Mba 



Fig. 46. 


indicate the moments at the two ends of a member ABy and Va and 
Vb the shears or reactions at the respective ends, then the change in 
moment from 4 to 5 is equal to the moment produced by the reaction 
Va and the loads contained between the two ends, taken about B. 
In accordance with our sign convention — as determined by the direc- 
tion of the resisting moment couple acting upon the section limiting 
the portion of the member under consideration — the moments at the 
two sides of a section have opposite signs, and, therefore, the change 
or difference in moments between A and B will be given by the 
algebraic sum of the two end moments. Thus, 

MAB+MBA^-VAl+P{l-<i)=^ + VBl-Pa. . . . (73) 



Fig. 47. 


If there is no external force between the two ends of the member, 
as in Fig. 47, the relation reduces to the simple form 


or, since 
and 


Mab+Mba^-VI (74) 

M^B=K(A+^-Ry 

2JS)==— n ♦ ♦ . • (75) 
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which is the important shear expression, supplementing the joint 
expression in frames involvii^ side-sway. Some examples of applica- 
tion ol eq. (76) will now be given. 

As a first example, refer to the two-legged bent shown in F^. 48 (a). 



Fig. 48. 


Assuming bases fixed at C and D, and denoting the two horizontal 
reactions by Hi and H, we have: 

Mai>-\-Mdjl=Ki(X.5A-2E) = -Hih 

JHbc — 2J3) = — Hih 

l.5K2A+1.5K^-2{Ki+K3)B=-(Hi+H2)h=-Fh . . (76) 

If the two legs are equally stiff, that is, then A equals B, 

and eq. (76) becomes 

ZKiA-^KJB^^-Fh. 

As a second example, the lateral force F in Fig. 48 (a) is replaced 
with a vertical load, shown in Fig. 48 (6). It is evident that the two 
horizontal reactions at the base are of the same magnitude and acting 
in opposite directions. Then, 

iW4D-|-il4i)ji=jK2(1.6^ — 2 jB) = -^-Hh 

Mac -hMcB—Hi(1.5B~2S) — — Hh 


1.5K2A+1.5K3B-2(K2+K3)R=0 


. . ( 77 ) 
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As a third example, the derivation of the shear expression for the 
top story of the bent in Fig. 45 is given below: 

Mad "f" Mda = 1 *51^3 {A D) — 2K^i == — Hih\ 

Mbe+Meb 

M^ce ^VM^pc ~ 1 •5Ks (^7"f" F ) — 2KJS^i ~ — HJii 


1 .5Kz (A+D) + 1 .5ir4 (B+E) 

+ 1.5KsiC+in-2(K2+K,+K,)Ri^-(Ht+H2+H,)h^-Fh^ (78) 


PEOBLEMS 

15. The exterior legs of the bent shown in Fig. 49 are tapered. All members 
have the same breadth and their depths are as indicated. Assuming the bases 
fixed, write the joint expressions at A and B. Express all Ks in terms of the K 
for the member BB. 



16. Derive the shear expression for the bent in Fig. 50, assuming: 

(а) Legs fixed at the bases; 

(б) Legs hinged at the bases. 
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Chapter I 

DIRECT METHOD OF SOLUTION 

30. Slope Deflection as a Basis of a General Method of Solution. — 
For its simple principles and their easy application, slope deflection 
constitutes an ideal method of attack for the solution of problems 
involving statically indeterminate structures. In addition to its 
direct application, it also serves as a basis of the many so-called meth- 
ods of rigid frame analysis, in which the required vrork is carried 
through a number of systematized routine steps of computation. 
However, due to the large variety of framings in continuous structures, 
obviously, no such single method can provide a general solution, and, 
unless the underlying principles of the method are clearly known, a 
mere procedure may often prove to be a faulty, and even dangerous, 
tool in the hands of the average designer. It is evident, therefore, 
that a good imderstanding of the behavior of the structure, as indi- 
cated by the slopes and deflection angles of its various members, is 
essential for an intelligent use pf these methods — as well as for the 
extension or their modified application to problems not directly within 
their range of solution. 

31. General Procedure of Solution. — There are two distinct phases 
in the analysis of rigid frames: 

(a) Initial assumptions or conceived probable, behavior of the 

structure; and 

(b) The setting up of relations in accordance with this conception, 

and the solution of the unknowns involved. 

Obviously, a solution is as accurate as the conception upon which 
it is based. A mere satisfaction of certain relations, such as the bal- 
anced condition of moments at the joints of a &ame, does not neces- 
sarily mean that the solution is correct; as, for instance, when writing 
the joint expressions, the deflections of the vertical members were, 
assumed to be zero, while in actuality the frame had a side-sway. 
The error due to faulty conception may or may not be detected, accord- 
ing to the type of ^e fra mi n g and the nature of the omission or 
62 
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assumption. In the case of the rectangular frame, the error due to 
omission of sidesway is readily discovered from the shear expression 
of each story. On the other hand, in a trapezoidal bent, we may 
neglect the deflections of the horizontal members and obtain erroneous 
results which will, however, satisfy the equilibrium conditions of both 
the moments and the reactions. 

In proceeding with the solution, we must first consider the physical 
characteristics of the frame, namely: 

(а) Position of the external loading; 

(б) Symmetry of framing; and 
(c) Support condition of the ends. 

If there is symmetry of both loading and framing, then the com- 
putations will naturally be confined to only one-half of the frame. 
However, when writing the joint expression for the bays containing 
the vertical axis of symmetry, care must be taken in assigning signs 
to the deflection angles at the ends of the members cut by the axis. 
To illustrate, refer to the bents shown in Fig. 51. 

The loading of the bent shown in Fig. 51 {a) consists of a vertical 
force P, applied between the joints A and P. When the distance a 
equals 6, the load becomes s 3 nnmetrical with respect to the vertical 
center line of the bent, producing fixed-end moments at the joints A 
and B of the same magnitude but of opposite sign. If, in addition to 
this load condition, the legs AD 'and BC are of equal stiffness, that is, 
Fl 2 =jK’ 3 , then symmetry of both loadit^ and framing is obtained, in 
which case side-sway vanishes, and in accordance with the exaggerated 
deformation diagram shown in Fig. 51 (6), and 

In Fig. 51 (c) the bent is subjected to a latheral load F, applied 
between the joints A and D. If the distance d is made equal to the 
height h of the bent, that is, the load applied at tiie joint A, and 
equals Kz, the bent will deform as in Fig. 51 (d), the two lags assuming 
curvatures in the same direction and magnitude. Accordingly, the 
deflection angles at A and D equal respectively those at B and G, 
(It is also to be noted that the deformation diagram shown in Fig. 51 
(d) does not show the effect of axial stresses — ^which are only of 
secondary importance and will be considered separately.) 

The values of the deflection angles at the bases 0 and Z), and 
hence the form of the joint expressions at A and B and the shear 
equation of the panel, are subject to our initial assumption for the end 
support condition. If the legs are assumed to be fixed at the bases, 
the corresponding deflection angles become zero. When assumed as 
hinged at the bases (end tangents at C and D free to rotate), the 
moment equations at the upper ends of the 1^ — and consequently 
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the joint and shear expressions — are adjusted accordingly. For an 
end fixity intermediate between the fixed and hinged conditions, eval- 
uation of moments are made from the results of the two cases in 
accordance with the degree of restraint considered. 

The solution of the moments for the bent shown in Fig. 51 (o), with 
identical legs and symmetriftal loading, is dependent upon a siugle 
unknown- 7 -the deflection angle Ba, which is obtained from the joint 
expression at A. That of the bent in Fig. 51 (c), for the same special 




Fio. 51. 

case of symmetry, contains an additional unknown, the common de- 
flection A of the two legs, necessitating the simultaneous solution of 
two equations, namely, the joint expression at A and the shear equa- 
tion of the bay. In the more general case of unsymmetrical loading 
or framing, each bent has two unknown deflection angles and one 
unknown deflection term B, requiring the solution of three simul- 
taneous equations. For these bents, as well as for other frames of 
equal simplicity, containing three or less unknowns, the direct solution 
of the corresponding equations by the conventional method of sub- 
stitution or successive elimination of the imknowns provides the short- 
est and best solution. This direct method of solution will be illus- 
trated by the following examples. 
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ILLUSTRATIVE EXAMPLES 


1. The loading and stiffness ratios of a two-span continuous beam, 
with supports on the same level, are shown in Fig. 52. Compute the 
moments at the supports, assuming: 

(а) Ends A and C fixed; 

(б) Ends A and C hinged. 


A 2 kips per foot 


6k 

-1 8' t 

B 

. 

r 

I'liiiiiniinrinrnrin niiiimi 

t 

2i< 1 


• - - 1C * 


Solution: (a) 


Fig. 52. 

FMab=— " — 24 ft.-kips, 

EMc>b=+^^|^= + 12 ft.-kips. 


The value of the deflection angle at B is obtained from the joint 
expression at the same support. Thus, from eq. 69 (c), 


{K+2K)B+24:-12=0; 
R- 4 

m K' 


(The farue value of the deflection angle 8b equals 
K=^Iab and B^iEdg.) 


4X12 

4:EIab 


> since 


Then, substituting this value for B in the fundamental moment 
expression, 

Mab=K(^— ;^)~24= —26 ft.-kips, 

Mba=k(- I 

Mbc=2k(^- j^-12=-20 ft.-kips. 

(b) By assumption, 

From the joint expression at B, as given by eq. 69 (J), 
|(E:-1-21Q5-|-36-18=0; 



•j-l-24= 


-(-20 ft.-kips. 
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^)+36=+30 ft.-kips, 

il4c==|-2/^(- ^^-18= -30 ft.-kips. 

2. Fig. 62a represents the general case of a two-span continuous 
beam, with the supports on the same level. Assuming first the two 
ends fixed, and then hinged to the supports, derive a moment expres- 
sion for the middle support. 


A i 

: i 

3 


r C 

K, 

^ K, “ 

li * 

Iz 
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. Solution : (o) As in the preceding example, 

{K,+K^)B-\-FMba^-FMsc=0-, 

Then, 




Ms^=- 


K, 




^ 50 =- J^J^{FMsa^FMbc)+FMbc. 
(6) Similarly, 

\{K^+K^)B^HMbj.+EMbc=^Q • 

D_ MHMba^HMbc) 

Mbc j^^JEMBA+HMBc)+EMBC. 
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Since Mba=^^Mbc, agreement of the two moment values at the 
joint constitutes a check upon the accuracy of the computation. 

3. The three-span continuous beam shown in Fig. 63 is subjected 
to a uniform load of 1 kip per linear foot. The supports are on the 
same level, and the stiffness ratios of the members indicated on the 
sketch. Assuming the beam fixed at the ends, compute the moments 
at the supports. 


A t k>p per ft B t kip per ft. C 1 Kip per ft D 


rnifiTriiwmi7TTiiTTn!iiTiiTirii!iiiiii'tiiii!iii'nrn 

TTTTTTrnTTTTTTTTTTTTrrTTT 

^ 1.5K 

K 

' 1.5K 

■r - 4*?' 





1 ^ 


Fig. 53. 


Solution ; By the symmetry of the loading and beam, 

Mbc = — Mcb> 

FMj^b= ““ 12 f t.-kips. 

From the joint expression at B, 


Then, 


{1.5K+K-Q.5K)B+12-27=0; 


5=+^. 


|+12=;+23.25ft.-kips, 
MBc=^|g)-27= -23.25 'ft.-kips. 



4. The two-legged rectangular bent shown in Fig. 54 is carryii^ a 
system of symmetrical vertical loading. The two legs have the same 
stiffness ratio. Determine the moments at the joints, assuming: 

(а) Bases fixed; 

(б) Bases hinged. 


694931 0 - 46 -6 
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Solution : (o) Due to the symmetry of loading and bent, 

A= — B", Mab— — Mba- 

Noting also that there is no side-sway (i2=0), from the joint expression 
at A, 


Then, 




Mab ^^FMabWMab, 


— J5- — Mba] 


(^+\k^A^-FMab=Q-,A- 




Mab 2Si"4- FMab} 

or 

5. A two-legged trapezoidal bent, Fig. 55, is subjected to a vertical 
loadir^, placed symmetrically with respect to the vertical center line 
of the bent. The legs have the same inclination and stiffness ratio. 
Assuming the legs first as fixed and then hinged to the bases, deter- 
mine the moments at the joints. 
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Fig. 55. 


Solution : Since the bent and the loading are symmetrical, and there 
is no side-sway, the solution of the problem becomes identical with 
that in Example 4. 

6. The symmetrical bent shown in Fig. 56 is loaded with a lateral 
force, applied at the top. Determine the moments at the joints, for 

(a) Fixed bases; 

(b) Hinged bases. 



Fig. 56. 


Solution : (a) Since the two legs are of equal stiffness, A equals 5. 
The joint expression at .4 is in the form 

{l.bK+2K)A-2KB=^Q\ {a) 

and the shear expression, written for the leg AD^ 

3iL4-4ia2=-~4X10 (5) 

from which, 

(<=) 


Substituting this value of in eq. (e), 

2K4-20=0, 

or 
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p ^7.5 10_ 17^. 

Then, , ^ 

M.B=M3.=1.5iirf = + 15 ft.-kips. 

.Mx>.=Mcb=2z(|- y)=“ 25 ft.-kip8. 

(6) By assumption, 

The horizontal reaction at the base of each leg being 4 Idps (= one- 
half the applied load), the moment at A may then be directly obtained 
Lm this reaction, without the necessity of computing the deflection 
angle and the deflection. Thus, 

M.,r.= -M.,B=-4X10 40 ft.-kip8. 


PEOBLEMS 

17 The top strut AB of an unsymmetrical bent (one leg is twice as stiff m 
„ otS.X S 1. b, . »«»m lo»l o< » p« tow tool. 



Fig. 67. 

Assuming the legs to be fixed at the bases, determine the moments at the joints: 
(o) Neglecting side-sway; 

(h) Considering side-sway. . ■«?:„ kq sa .vm- 

18. The vertical loading of the three-legged bent, shown in Fig. 68, is sym 
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metrical about the center joint JB; and the exterior legs are of equal stiffness. 
Determine the moments at the joints — expressed in terms of the Rxed^end 
moments — ^assuming: 

(a) Fixed bases; 

(5) Hinged bases. 





Chapter II 

SOLUTION BY APPROXIMATIONS 

32. Method of Solution. — As stated in Art. .30, when the number of 
unknowns of a series of simultaneous equations, resulting from joint 
and shear expressions of a frame, exceeds three, then the direct method 
of solution of the unknowns, by successive substitutions and elimina- 
tions, becomes an involved process, often unsuitable for ordinary 
slide-rule work. A more convenient solution is obtained by successive 
approximations. The principle of the latter method of solution is 
not new — ^being perhaps as old as algebra; and it has been used in 
many varying forms in accordance with the type of the simultaneous 
equations considered. With proper procedure, this method of solution 
will furnish an invaluable supplement to slope deflection in the analy- 
s.is of rigid frames. To illustrate the procedure, consider the two 


simple relations 

2a:+y=16, (a) 

5y—x—25 (6) 


In the first expression, which may be called the equation of x — since 
it has the larger coefiicient, the value of x is dependent upon the 
numerical constant, 16, and the other unknown, y, of the equation. 
If we assume, temporarily, the latter value to be equal to zero, then 
the first approximate value for x is at once obtained from the numer- 
ical constant. Denoted by tj, this value becomes 



Similarly, for the first approximate value of y, obtamed from eq. (6), 
we have: 



Obviously, we were in error in assuming the value of y in eq. (a) to 
be zero. To rectify the error, it is necessary to substitute for y in that 
72 
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equation its first approximate value, yi, and obtain a correction or an 
additional value for x. Denoted by this correction becomes 

2^2= — ^1= — ^(5) =-*2.5. 

Likewise, the correction in eq. (6), for having neglected x in obtaining 
the first approximate w’alue of y, equals 

2/j=|*i=|(8)=1.6. 

But the values of ah and pi will, in their turn, require a second correc- 
tion, performed as in the preceding step and resulting in values ah 
andpj. -Thus, 

* 3 = — 12 /*= — 1(1 - 6 ) = — 0 . 8 , 

2/a=|2i=|(-2.5) = -0.5. 

Similarly, 

14= — 1^3= — 1(— 0.5), 
y4=|a%=J(-0.8). 

It is to be noted, however, that these successive corrections con- 
verge rapidly to zero — since the decreasing values are multiplied by 
fractions (— X for p and H for x values in the above equations), referred 
to hereafter as factors or coefficients of correction — in a few cycles 
of multiplication becoming n^ligible quantities. Accordingly, the 
final values of » and p are obtained by adding to the first approximate 
values the latw corrections, the number depending upon the degree 
of accuracy desired. With a single correction, these values are: 

z=®i4-a%=8— 2.5=5.5, 
y=yi4-y3=54-l-6=6.6. 

For two corrections, we have: 

a;=Zi-fai+a%=5.5— 0.8=4.7, 
y=yi+y3+y3=6.6— o.5=6.i. 

Three corrections give: 

x=Xi+ah+ah-{-Xi=4.7+0.25=4.95, 

These latter values differ from the correct answMS by only 1 percent. 
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As a second example, consider the following three relations: 


8x+2y— s=24, (c) 

— 2 a:+ 10 y+ 2 = 60 , (d) 


x—y-\-5z—l& (c) 


As in the preceding example, for the first approximate values of », y 
and 2 , obtained from eqs. (c), (d) and (e), respectively, we have: 


24 o 

Ij g o ’, yi~"jQ O 



The coeflBcients of correction of » for y and 2, that is the factors with 
which the value of a; is to be multiplied for increments or corrections 
of y and z in eqs. (d) and (c), respectively are: 

/w~Jq“ 0'2, y»»~“ |j~ 0 . 2 , 

Similarly, coefficients of correction for y, to be used in obtaining the 
corresponding increments of x and s, 

I 0.25, - -^=0.2. 

For 2 , 

/«=|=0.125, - Iq 0.1. 

Then, for the first correction or increment of the value of x, we have: 
a:i=/»»-?/i+/«-2x= -0.25X6+0.125X3.2= -1.1. 

Likewise, 

y2=y*,-a;i+/,,-2i=0.2X3-0.1X3.2=0.28, 

32=y..-®i+A.-yi=-0.2X3+0.2X6=0.6. 

In order to simplify the involved work in obtaining successive sets 
of corrections, the required computations may be advantageously 
arranged in a tabulated form, as shown in Table 1. First, the un- 
knowns are listed in their order, providing a vertical column for each. 
The coefficients of correction are computed next, and entered in the 
space marked /, with an identifying letter to indicate the unknown 
affected. The first approximate values are shown in the following 
space marked ai The multiplications for obtaining the first correc- 
tions are given in space /ai, and their sum indicated in the space 
directly below, marked aj. 
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Tablb 1 



X 

y 

z 

/ 

y 0.2 
* - 0.2 

X - 0 . 25 
z 0.2 

X 0. 125 
y — 0. 1 


3.0 

6.0 

3.2 

/«! 

- 1.5 

0.4 

1 

pp 

- 0.6 

1.2 

fltj 

- 1. 10 

0.28 

0.6 

fat 

- 0 . 07 
0.07 

-0 22 
- 0.06 

0 22 

0 . 056 


0 

- 0.28 

0.276 

fctz 

0.07 

0.03 

- 0.028 

0 

- 0 . 056 

0 

04 

0.10 

- 0 . 028 

- 0.056 

0 

2.0 

5.972 

4.02 


The second and third increments similarly obtained, are given in the 
spaces Os and 04 , respectively. The last line, a, contains the final 
values of the unknowns, representing the sum of the first approximate 
values and three subsequent corrections or increments, that is, 

a=ai+a2+a8+a4. 

It is to be noted that with only three corrections the true value of x 
is obtained, and the mror in the values of y and z remains less than 
one-half of 1 percent. 

33. Application of the Iftethod to Continuous Beams. — k. continuous 
beam of four spans and varying stiffness and loading is shown in Fig. 
."iq. The beam is assumed to be binged to the support A and fixed at 


8 k 


Z k per f) 

iHMiHiiflijniinTnTTnv 


p, t «C per« c 


K * f 6 
16' 


K-08 
— * 12 * — 


K«08 
— 12 ’ - 


K-t 2 
12 ’ 


Fig * 59 . 


the support E, By assumption, the deflection angle at E equals zero, 
and that at .A is a function of the deflection angle and the fijced-end 
moment at B. From the joint expressions at the supports C and 
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P, the following three relations, corresponding to three unknown 
deflection angles, are obtained: 


2B -j- 0AC-{~IIMba FMbc — 
1.6P+0.4B4-0.4P+FMcb=0, 
2D+0AC+FMdb=0. 


(J) 


By substituting the numerical values for the various fixed-end 
moments in the above equations, the solution of the problem becomes 
identical with that in the preceding example. Thus, 

°=24 ft.-kips; 

O * 

JMbc=-^^*=- 24 ft.-kips; 


Then, 


FA£di['' 


1X12* 

12 


12 ft.-kips. 


2B-|-0.4P=0, 
1.6<7+0.4B-h0.4P= -24, 
2D+0AC=12. 


(a) 


The factors of correction are: 


For ^=-0.25; 

For C,JcB— — — 0.2, JcD= — 


For P,y«7=-i-|= -0.26. 

The first approximate value of each deflection angle is next obtained 
from the numerical constant of the equation and the joint coefidcient. 
Thus, 

5x=0; a 0=-15; P=y==6. 

The remainder of the necessary computations, involving four cor- 
rections, and the final values of the angles are given in Table 2. 
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Tism 2 

(Por Beam ^own in Fig. £9) 




c 

D 

/ 

C-a25 

B-0.2 

D -0.2 

C -0. 25 


0 

-15.0 

6.0 

M 

3.0 

0 

-1.5 

3.0 

aj 

ao 

-L5 

ao 

08 

0.3 

-1.5 

0.3 

04 

0.3 

-0. 15 

0.3 

05 

1 0.03 

1 -a 15 

0.03 

a 

a 63 

t 

-ia30 

9.63 


To check the accuracy of the solution, the final values of the deflec- 
tion angles are substituted in eqs. (g). However, since these equations 
were obtained from the moment expressions at each joint, it is more 
conveni^t to determine the end moments at each support and note 
their balance. Tf the momi»its are reasonably in balance, the solution 
may be considered as satisfactory. Thus: 

Msa=1.2(3.63)-1-24=28.356 ft.-kips, 
A!fBc=0.8(3.63-9.15)-24= -28.416 ft.-kips; 
Mot=0.8(-18.3+1.815)+24=10.812 ft.-kips, . 
il<fci)=0.8(- 18.3 -b4.815) =- 10.788 ft.-kips; 
M«?=0.8(9.63— 9.15)=0.384 ft.-kips, 
Mx>s=1.2(9.63)-12=-0.444 ft.-kips. 


A 

T 


Li 


B 


iin i i i r nrrmL 


K, 

-V- 


■l. 


Fia. 60. 


Eqs. (f) and ( 5 ) were written to obtain certain coefficients of the 
solution. Due to the typical form of these dope-d^ection equations, 
in the case of members with constant cross section, the desired infor- 
mation may be had from the typical joint expression. Eeferring to 
Fig. 60, this expression is in the form 

{K^+K^)B+K^f+K2^+FMa^+FM^=:0 . , . (79) 
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Then, the joint coefficient, F, equals Ki-]rKi, that is, the sum of the 
stiffness ratios of the two members meeting at the joint; the factors 
of correction — to be applied to the angles of the adjacent joints A 
and C as increments of B — are: 


Jab=~~ 



. K, . 

2(Ki+Kiy 


that is, the ratio of the K of the common member by twice the joint 
coefficient; and the numerical constant of the equation is given by 
the algebraic sum of the fixed-end moments at the joint. 

If the member AB is assumed to be fixed at A, becomes zero. 
If the same end is hinged, 

F=‘^Ki+Ki’, /ab=0, 

For members with variable moment of inertia, it is necessary to 
write the joint expression at each support and determine the various 
coefficients accordingly. 


PBOBLEMS 

19. Assuming the beam shown in Fig. 69 to be fixed at both end supports, 
determine: 

(a) Joint coefficients at B, C and JD; 

(b) Coefficients of correction for J5, C and D; 

(c) Values of B, C and D, after three corrections. 

20. The four-span continuous beam shown in Fig. 61 is subjected to a uniform 
load of 1 kip per linear foot. Assuming the ends A and E fixed, determine the 
moments at the supports. 


A B C 1 kip per ft P £ 


TTTTTirrrrrTTnTiT 

i"i'TmimimninimTui 


nj'miliiifTnrrnt 

K=3 

- 12 

' K = 2 

in' - r 

' K=2 ‘ 

-r 1 fl* . - ^ 

‘ K.3 




* — 12 * 


Fig. 61. 

34. Frames without Side Sway. — As stated previously, when the 
members of a rectangular frame are arranged symmetrically with 
respect to the vertical center line and the loading is vertical and 
symmetrically placed, then the bent will have no side sway. The 
procedure used in computing moments in a frame of this type dijffers 
but little from that for continuous beams. To obtain the values of 
the deflection angles, it is necessary to solve a series of simultaneous 
equations, the number of which corresponds to the number of the 
joints in the bent. Kef erring to Fig. 62, which represents a portion 
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of a frame, the typical form of these equations may be had from the 
joint expression at A: 

in whicli FMji indicates the algebraic sum of fixed-end moments at A. 



Fig. 62 . 

The joint coefficient for the deflection angle A equals 

(^) 

that is, the sum of stiffness ratios of all the members meeting at the 
joint. If the member AE is assumed to be hinged at E, then the 

3 

corresponding K(Ki) in eq. (a) reduces to and the joint coefficient 
takes the form 

If A——D, that is, when the bay AD contains the vertical center 
line of the frame, then the joint coefficient becomes 


The initial or the first approximate value of the deflection angle 
A equals, 

aiof^ jr 
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and the correction factors, with which this value is to be multiplied 
and applied to the adjacent joints B, O, D, and JE— as first correction, 


respectively are; 


Sab 


2Fb 2Fc 


Wl’ We' 


that is, the K of the common member divided by twice the respective 
joint coefficient, with a minus sign. 

Having determined the joint coefficients and the factors of correc- 
tion, the required routine computations for obtaining the final values 
of the various deflection angles are then completed in the usual tabu- 
lated form. As an illustration, consider the two-story bent shown in 
Fig. 63. The loading is symmetrical, and the legs are assumed to 



Fio. 63. 


be fixed at the bases. Due to symmetry of framing, the deflection 
angles C and F equal zero and, accordingly, there are only four un- 
known deflection angles to be determined. The fixed-end moments 
joint coefficients and factors of correction at the four joints are listed 
below: 

Joint A: 


,= -(fx4X18+§’)— ( 


i?’^=l + l=2;y^3=. 


-0.125, 


2X5 
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Joint B: 

2?!34^=+43, 

FM.= +43-18-25; ^ ^ 

■^b=1+2+1=4; /«a=-- 

yB»=^= -0.0625. 

Joint D: 

FMoj,= -(^X7X18+27^=^-55=FMi,; 

Fo=5;J^j,=-~ 0.25, 

Joint E: 

•fiMsD— ”1~55, F]^gf= — 21, 
jrM,= +55— 21= +34; 

Fji=8-, /,B=-^= -0.125, 

The remainder of the necessary computations is shown in Table 3. 

Table 3 

(For Bent shown in Fig. 63) 



Joint 

A 

B 

D 

E 

1 

7 

/b-O. 125 
fo-0. 1 

U-0 . 25 
/jr-0. 0625 

fj.-0. 25 
/b-O. 125 

/b-O. 125 
/b-O. 2 

2 

oci 

21.5 

-6.25 

11.0 

-4.25 

3 

fax 

1.502 

-2.75 

-2. 687 
0.531 

-2. 15 
0.85 . 

0.391 

-1.375 

4 

Ct2 

-1. 188 

-2. 156 

-1.30 

0.984 

5 

fcti 

* 0.539 
0.325 

0.148 

0.123 

0. 119 
0.197 

0. 135 

0. 162 

6 

az 

0.864 

0.271 

0.316 

a 297 

7 

fcez 

-0. 068 
-0. 079 

-0. 108 
-0. 037 

-0. 086 
-0. 059 

-0. 017 ’ 
-0.040 

8 

on 

-0.147 

-0. 145 

-a 145 

I -0. 057 

9 


0.036 

0.036 

0.018 

0. 007 

0.015 
a Oil 

a 009 

1 0. 018 

10 

as 

0. 072 

0. 025 

0.026 

0. 027 

11 

a 

21. 101 

-8. 255 

9.897 

-4 967 
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Under the respective joints, the factors of correction are relisted in 
space 1 of the table. The first approxunate values, indicated in space 
2, are obtained thus: 

«i of 4= -^=21.5; 
of 5= -^=-6.25; 

aiOtD— ^= 11 . 0 ; 

ai ot^E— — -—4.25. 

The first corrections, space 3, are performed by multiplying the ai 
values by the respective factors of correction, and the resulting first 
increments shown in space 4. The second, third and fourth incre- 
ments, similarly obtained, are given in spaces 6, 8 and 10, respectively. 
The last space of the table contains the final values of the deflection 
angles, representing the sums of the first approximate values and 
subsequent four increments, that is, a=cei-Ha 2 +«s+a 4 +as. By sub- 
stituting these fibial values in the general moment equation, we have: 

Joint JL: 

^^-43=-26.02, 

.101 -i-^^=26.04 ; 

Joint B: 

- 8 . 255 - 1 -^^ 5 ^+ 43 = 45 . 3 , 
Mbc=2(-8.255+0)-18= -34.51, 


Mbs=8.255-^^=- 10.74; 

Mcb=2(0-^)+18=9.74, 

Mcb'=2(o+^^)-18=-9.74, 

JWcip=0+0=0 ; 


Joint 0: 
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Joint D: 

iyri,A=9.897+^^^=20.44, 

Mx„= 2(9.897-'^^)- 55= -40.17, 
il^z)G=2(9.897 ”[-0)= 19.79; 

Joint E: 

Meb=^ — 4,967 2 — ~ — 9,09, 

Mm=2(-4.967+^^)+55=54.96, 

MjfP=3(— 4.967+0)— 21=— 35.90, 
il4jr=2(-4.967+0)=-9.93; 

Joint F: 




=0, 




4.967> 

2 J 

1+21=13.55, 

' 

= 3^0 • 

,4.967' 
^ 2 , 

21=-13.55j 


M„=2(0+0)=0; 


Base 0: 

Mod — 2^0 “j 

9.897^ 

1=9.90; 

Base H: 

2^0 

4.967^ 

4.97; 

Base I: 





J4jy=2(0+0)=0. 


35. Moment Distribution Method. — In the preceding solution, the 
moments at the ends of the members were determined only after ob- 
taining the final values of the deflection angles at the joints. Obvi- 
ously this is the shortest way for arriving at the final results. How- 
ever, the moments may be computed at the end of each cycle of opera- 
tion. Thus, using the initial values of the defiection angles, we can 
compute the first approximate values of the moments; and from each 
set of angle increments, the corresponding increments or corrections 
of the moments. This constitutes the basis of the well-known method 
of “Moment Distribution.” ‘ To illustrate, consider again the bent 

I VAnalysis of Contliiaoiis Frames by Distributing Fixed End Moments" by Prof. Hardy Cross. Trans. 
A. S. C. Em Vol. 96, 1932. 


694931 0 - 46 -7 
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shown in Fig. 63. For the initial values at the joint B, for example, 
we have: 


MBAi=FMBA+Ki(ai of 5+iai of 


-FMba- ^K i+K^y 


K, 


Mbci=FMbc- +0 ; 


,..(80) 


^^BEl — 0 


K, 


F^bc) 


K,{FMEn+FM^r) 

2{K,+K,+K,+K,) 


These first moment values in eqs. (80) may be considered as the alge- 
braic sum of three quantities: 

(1) The fixed-end moment of the member; 

(2) A portion of the unbalanced moment, or the algebraic sum 

of fixed-end moments at the joint, with the sign reversed, 
obtained by distributing the unbalanced moment among the 
members of the joint — ^in direct ratio of their stiffness; and 

(3) One-half the value at the opposite end of the member, ob- 

tained as in (2). 


The foregoing constitutes the first step of the method. The next 
step consists in computing moment increments, or corrections, from 
the increments of the deflection angles. The angle B, for instance, 
receives first increments from the two adjacent joints A and E, (The 
joint C does not contribute an increment, since the value of the 
deflection angle remains zero.) Accordingly, the first moment incre- 
ments at the joint B are: 


^ ba 2 ^Ki (^2 of of 


_ of A of E K^K,MlO{ D of B 

2{K,+K,+K,) 2{K,+K2+K,)^ mi+Kz) ^ 

K K 

I I MeBI-z) 

K, 


MbC2 — it74“if2 + -K4 i^AB\-^Z -{"M BBl^z) + 0, 

K 1 

MbE2^"^ j^2 + Aiii Mbbi -s) — 9AfjpB2-lJ 


( 81 ) 
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where Mabi-z indicates the third component of the first moment value 
at end A of member AS, and Mabz-u the first component of the first 
increment of Mab- As in the first step, the two terms in each of eqs. 
(81) may simply be defined thus: 

(1) An increment obtained by balancing the third components 

of the first moments at the adjacent* joints, and 

(2) An increment equal to one-half the value at the opposite 

end of the member, computed as in (1). 

Other increments or corrections are obtained merely by repeating 
this second step. Since all values in their final form are functions of 
the end moments, the routine computations are usually indicated bn 
a sketch of the frame — dra\\TL to some convenient scale and providing 
suflSlcient space for the number of corrections "contemplated. For 
illustration, the solution of the end moments of the bent shown in 
Fig. 63, in accordance with tjiis arrangement, is shown in Fig. 64. 


—43.00 (1) 
21.60 (2) 
-3. 13 (3) 


-1. la (4) 


-1.08 (5) 


0.87 (6) 
0. 13 (7) 


-25.89 (8) 


-laoo (1) 

-12.50 (2) 
0 00 (3) 
-4.31 (4) 
0.00 (5) 
0.64 (6) 
0.00 (7) 
-34.27 (8) 
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The first figure at the end of each member — written parallel to the 
direction of the membei-— represents the fixed-end moment. Figures 
marked (2) are obtained by distributing the unbalanced fixed-end 
moment at each joint and changing the signs. Figures marked (3) are 
one-half the balanced moments (2), carried from one end of a member 
to the other. The sums of these first three figures represent the first 
appro.xiniate end moments at the joints. Figures marked (4) are 
obtained by distributing or balancing moments (3) ; and the underlined 
figures marked (5) are the one-half “carried-over” moments from (4), 
thus completing 'the second cycle of the computation and resulting 
in the first correction of the initial moment values. Figures marked 
(6) and (7) complete the third cycle of the operation or the second 
correction. The last figures, marked (8) on the diagram and obtained 
by summing up the preceding (7) lines of figures, indicate the final 
moments — corresponding to two cycles of corrections. 

Unlike the usual procedure of the method, it is to be noted from 
the diagram that each cycle of operation ends with the “carried-over” 
moments, and that the accuracy of the solution at each cycle or stage 
of computation is measured by the degree of balance of summed-up 
moments at the end of that cycle. Division of cycles in this manner 
furnishes an important check upon the accuracy of the routine com- 
putations. This is readily seen by comparison to the solution in the 
preceding method, in W'hich moments were obtained from deflection 
angles, each cycle of correction of moments shown in Fig. 64 corre- 
sponding to an angle increment in Table 3. It is also interesting to 
note, by comparing the two solutions, the relative length and ease of 
computation of each method. 

36. Rectangular Frames, Side Sway Neglected. — When an unsym- 
metrical bent contains more than 3 bays, side sway due to vertical 
loading is generally small and often omitted from computations. With 
the omission of the deflection factor, the solution of moments in a 
frame of this type becomes identical \vith that of a symmetrical bent. 
Obviously, the accuracy of results thus obtained is not only dependent 
upon the accuracy of the routine computations, but also the relative 
magnitudes of the omitted lateral deflections. 
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PROBLEMS 

21. The bent shown in Fig, 65 is subjected to a system of symmetrical vertical 
loading. Assuming the legs fixed at the bases, determine the factors of correction 
for joints A, B, E and F. 


A 

C D 

(K=2) 

(2) 

(2) 

(K«l) 

0) 

(1) ( 


F 

G 

(4) 

(4) 

(4) 

(3) 

(3) 

(3) ( 


Fig. 65. 


22. The bent shown in Fig. 63 is assumed to be hinged at the bases. Obtain 
the end moments, performing three corrections. 




PART ffl. FRAMES INVOLVING SIDE SWAY 


Chapter I 

RECTANGULAR BENTS 

37. Multi-story Rectangular Bents. — In the analysis of rigid frames 
involving side sway, the simplified application of slope deflectvm for 
determining moments presents a distinct advantage over other meth- 
ods of solution, both for briefness and ease in operation. In general, 
the procedure of solution is similar to that of frames without side 
sway, as outlined in Art. 34.. Here again, we have two separate steps 
of computation; namely, setting up relations between the various 
deflection angles of the frame and solution of the resultmg simultaneous 
equations by successive approximations. However, the joint expres- 
sions ha this case include terms of the unknown deflections and in order 
to reduce these equations to the general form containing only deflec- 
tion angles and load constants, it becomes necessary, as an additional 
step, to first eliminate these terms from the expressions. This is 
accomplished by substituting for deflections in the joint expressions 
their values, in terms of the deflection an^es and the load constants, 
obtained from the shear equation of each story. To illustrate, con- 
sider the bent shown in Fig. 66. The joint expression at D, for 
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example, obtained by summing up end moments of the members meet- 
ing at that joint is in the form 

-KJR^~K^,-\-FMn=0, (82) 

where i2i and Ri denote the deflections of the top and middle stories, 
and FMd the algebraic sum of fixed-end moments {FMdb+FMb<^ at 
D, The shear expressions of these two stories are given by the 
equations 

1 .h[Kz{A.’]rD) 

+K,{B+E)+K,{C+F)]--2{K^+K,+K,^^^ . . (83) 

and 

M DO 4“ Mq d 4* Mbs “b Mse 4* Mfi + M jp =1.5 [iTg {JD-\-G) 

-{’FMdg'\~FMqd^ — FJi^ — F^ii] (83a) 

from which 


FJii .V 

S^2{K^+K^+K,)’ • 


„ _ZTK,{A+D)+K,{B+m)^K,{C+Fn 
„ ...3rii:8(i>+60+i?9(£:+H)+iir,o(^’+i)l 

, FMpo-\‘FMgj)-\-F\h2~\'F^ 

+ 2{K,+K,^Kn) 

Substituting these values of Bi and B 2 in eq. (82), we have: 


(84a) 


^K,+K,+Ks- 


ZK^ 


+ 


ZK^ 


mz+K^-VK,) 4:{K^+K,+K,,), 

ZK^Ki , 
4:{Kz+K^+K,Y 


> 


VK^ 

L2 ~ 4:{K,+K,+K,) 

ZK^s c I [f« 


>- 


ZK^ 


4:{K^+K,+K,) 
ZK^i 


-0 


MK^+Ki+K,) i(K^+K,+K^,l 


0 


E 


5 } 


+ 


MK,+Ki+Ksyi(Kz+K,+Kio). 

ZKJC, 


[ f -: 


3^ 


MKz+K,+K^o)]^ 4iK,+K,+K,o) 

ZK$Kio 7. , jpn f KiFiht 

- 2{IQ+K,+K,) 


H 


K^(FMi>o+FMoD+Fxh+F^_^ 

2iK,+K,+E:o) 


. ( 85 ) 
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Eq. (85) is the general joint expression for a rectangular bent with 
side sway, resulting from lateral loading, or dissymmetry of vertical 
loading or framing. It gives the typical relation existitg between the 
deflection angle of a joint under consideration and those of the other 
joints in the two nei^boring stories directly affecting its value. 
Unlike the joint expression of a bent without side sway, in which the 
relation is between adjacent joints only, here we find interdependency 
between all the joints of two adjacent stories. Despite its length, 
this equation is of a simple form and can easily be memorized. To 
formulate rules of construction, the various terms involved may be 
divided into three groups: 

(a) The coefficient of the joint under consideration; 

(b) The coefficients of the other joints of the two adjacent stories; 

(fi) The load constants. 


Now, let Fjr, denote the sum of stiffness ratios of members forming the 
joint; Kn the smn of the stiffness ratios of vertical members in the 
story above the joint; K,i, the sum of the stiffness ratios of vertical 
members in the story below the joint; and Ka and the respective 
sti6fness ratios of the vertical member directly above and below the 
joint. With these notations, for the joint coefficient at D we can write: 


, „ ZK/ ZK,^ 


. ( 86 ) 


The forms of coefficients (6) vary in accordance with their positions 


relative to the joint tmder consideration, as shown diagrammatically 
in Fig. 67. H the joint is adjacent vertically (A and G in this case), 
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then the coefficient has the form 


or 


, _K, 

, W 


(87) 


If the joint is adjacent horizontally, such as E, 
the form 


^_K ZKoKai 

2 AK.a ~~4:Kr 


the coefficient is in 
(87a) 


in ■which K indicates the stiffness ratio of the member between the 
two joints. For joints located diagonally, as shown by the arrows 
marked (3) in the diagram, 


or 


. _ ZKgKa^ 1 


/a* — 




4JC, 


sb 


(876) 


And, lastly, if the joint is non-adjacent but located on the same floor 
line, as F in Fig. 67, we have: 


ZKgKai _ ZKijKia 
AK,a ^K,t 


(87c) 


The load constants of the equation may be expressed in the more 
condensed form, and with symbol Q, 

r\ Tciif KaHJha KtHJii KaFM,a KtFM,t 

Qr,-FMn- 2^^^ 2^5 

in which h and H indicate, respectively, the height and the total sh^r 
of the story, and FM, the algebraic sum of fixed-end moments, that is, 
the fixed-end moments of the vertical members in each story when the 
lateral load is applied between the panel points. 

It is interesting to note that by omitting all the negative terms 
in eq. (85), it reduces to the typical form of joint expression of a frame 
without side sway. Ob'viously, the same difference will appear in the 
respective forms of tiie coefficients of correction for tire two cases of 
analysis. 

Having obtained the t 3 rpical joint expression, the second step of the 
computation, namely, the routine solution of the simultaneous equar 
tions thus resulting, is carried through in the usual tabular form, as 
illustrated in the following example. 
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ILLUSTRATIVE EXAMPLE 

The three-story bent shown in Fig. 68 is subjected to a single 
lateral load of 4 kips, applied at the top panel. The framing is sym- 
metrical and the 1^ are assumed to be fixed at the bases. Determine: 

(a) The coefficients of correction; 

(b) The values of the deflection angles; 

(c) The values of the deflection; 

(d) The moments at the joints. 



Solution: (a) Due to symmetry of framing, the deflection angles 
at joints A, B and C equal, respectively, those at Al, B1 and Cl. 
The various factors / and Q for these three joints, obtained from eq. 
(85) or eqs. (87), are as follows: 

Joint A‘. 

/a=2.6+|-2x|x1.6=1.9; 

- 2x|xi.6=-0.4; 

Qa ■= -* — 10 ft.-kips. 
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Joint B: 

/b=6.8+1-|(1.6+3.2)=4.2; 

/<.= -^=--0.4;y.=-^=-0.S; 

^18“ j^~0.0952; ^• 1 ^ 04 ', 

Vs= 1 ^=—22 ft.-kips. 

Joint Cl 

13.6+2 -|(3.2+6.4)=8.4; 

/»=-X=-o-8; 

/bc=||=0.0952: 

1 j — = — 24 ft.-kips. 

(b) The values of the deflection angles, corresponding to four 
cycles of corrections, are shown in the last space of Table 4. 

Table 4. 

(For Bent shown in Fig* 68) 




A 

B 

C 

1 

/ 

/^s=0.0952 

fsA= 0.2105 
/sc— 0.0952 

/cb=0.1904 

2 

<xi 

5.263 

5.238 

2.857 

3 

/«! 

1.103 

0.501 

0.544 

0.499 

4 

012 

1.103 

. 

1.045 

0.499 

5 

fot2 

0.220 

0.105 

0.095 

0.099 


oc$ 

0,220 

0.200 

0.099 

B 

fotz 

0.042 

0.021 

0.019 

0.019 

8 

Oi 

0.042 

0.040 

0.019 


f0C4 

0.008 

0.004 

0.004 

0.004 


CCS 

0.008 

0.008 

0.004 

11 

a 

6.636 

6.531 

3.478 
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(c) By substituting values of deflection angles in eqs. (84) and 
(84ffl), we obtain: 

B^b=|(6.636+6.531):1-|^=16.126, 

i2ac=|(6.53H-3.477) +1^=1 1.257, 
q 4 V 1 2 

Bc£.=|( 3.478+0) +|g^=-4.484. 

(d) Moments: 

Joint A: 

M^4i= 1(1.5X6.636)=9.954 ft.-kips, 

M^b= 1 .6 (6.636+3.266- 16. 126) = — 9.959 ft.-kips ; 

Joint B: 

Mba=1.6(6.531+3.318-16.126) = -10.043 ft.-kips, 
Msc=3.2(6.531+1.739-11.257)=-9.558, 

Msbi=2 (1 .5 X 6.53 1) = 19.593 ; 

Joint O: 

ikfcB=3.2(3.478+3.266-11.257) = -14.442, 

^■ 01 )= 6.4 (3 .478 + 0 -4.484) = - 6.438, 

Afca=4 (1 .5 X 3.478) =20.868; 

Base D: 

Moc=6.4(0+1.739-4.484) = -17.568. 

88. Single-story Bectangnlar Bents. — ^In the case of single-story 
rectangular bents of more than three bays, subjected to lateral 
loading applied at the top, an alternate method of solution, similar 
to that of frames without side sway, may result in further simplifica- 
tion in the computations. The procedure is as follows: 

(ff) Considering the deflection term as the load constant of the 
joint equation, obtain values of deflection angles of the 
bent in terms of the common JS, as if there were no side 
sway; 

(b) Determine the value of B from the shear expression of the 
bent; and 

(fi) Obtain the final deflection angles by substituting the value 
of IS in (o). 

With this procedure, the number of coefficients of correction for a 
joint, and, consequently, the number of multiplications required in 
each cycle of correction, is reduced to a maximum of two, as compared 
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to the total of joints in the bent, which is the number of necessary 
operations per joint and per cycle if the metliod of Art. 37 is directly 
applied. The bent shown in Fig. 69 will serve as an illustration. 



Fio. 69. 


Since the true lateral deffection A is the same at all joints at the 
top (eflFect of axial shortenings being neglected), Tihen for deflections 

( 6jEA\ 

=—j—\ of the vertical members, expressed in terms of B of the 
shortest leg of the bent, we have: 

. , . - h h h 

m which, 

The t 3 T)ical joint expression, wiitten at jomt B, for example, is in 
the form, assuming the legs to be fixed at the bases, 

(K,+K,+K,)B+Ki^+K2^-a2K^=Q . . : ; (89) 




The coefficients of correction at tiie same joint are: 
(from A to £) = - 2 (Ki-^ 2 +K^’^ 
fcB (from C to B)— — ■^=—0.2. 
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And the first approximate value of B equals 

__ (hKJt _0.75X1.62i:_„„„ 
ifi+Zj+Ke 4 

The remainder of computations is given in Table 5. 


Table 5. 


(For Bent shown in Fig. 69) 




A 

B 

c 

D 

E 

1 

/ 

fAB= -0.10 

fBA 0.20 

/bc= "“0.16 

oo 

<M (M 

do 

1 1 

II II 

oq q 

/z)c=-0.16 

/£»B= "“0.20 

/^p=-0.10 

2 

ai 

0. 375i? 

0. 30i2 

0. 30/2 

0. 375K 

0. 450K 

3 

M 

-0. 06 

-0. 0375 
-0. 072 

-0. 048 
-0.06 

msm 

-0. 075 

4 

Ot2 

-0. 06 

. 

-0. 1095 

-0. 108 

-0. 117 

-0. 075 

5 

foi2 

0. 0219 

0. 006 

0. 0216 

0. 0175 

0. 0187 

0. 0216 

0. 0075 

0. 0234 

6 

as 

0. 0219 

0. 2076 

0. 0362 

0. 0291 

0. 0234 

7 

fotz 

-0. 0055 

-0. 0022 
-0. 0072 

ri*CO 

OO 

OO 

do 

1 1 

-0. 0072 
-0. 0023 

-0.0058 

8 

04 

-0. 0055 

-0.0094 

-0. 0090 

-0. 0095 

:-0. 0058 1 

9 

M 

0. 0019 

0. 0006 

0. 0018 

0. 0015 

0. 0015 

0. 0018 

0. 0006 

0. 0019 

10 

as 

0. 0019 

0. 0024 

0. 0030 

0. 0024 

0. 0019 

11 

0>R 

0. 3333i2 

0. 211 IK 

0. 2822K 

0. 2800K 

0. 3945K 


The shear expression for a bent of this type, with the legs fixed at 
the bases, has the form 

‘■«+<+*i+<+k.D 

. . . (90) 

or, substituting for the deflection angles their oR values, 

+■^(1 “a— ®2) +^(fac— 1) +^(f «D— Us) 

+f(S«.-«o]=-J' 


( 91 ) 
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Substituting the ijumerical values for the terms a, K, k and a (as given 
in the last space of Table 6) in eq. (91), and solvirg for B, 

B=38.40 

Then, for the final values of defiection angles and deflections we have: 


■ 

B 

B 

C 

D 

E 


12.80 

8.10 

10.84 

10.75 

15. 14 

R 


28. 80 

38.40 

36.00 

28.80 


PBOBLEMS 

23. The lateral load shown in Fig. 68 is applied midway between the joints 
A and B. Assuming the legs fixed at the bases, obtain the joint coefficients, 
coefficients of corrections and the load constants of the bent. 

24. Derive the shear expression correspohding to eq. (91) for the bent shown 
in Fig. 69 with the legs assumed to be hinged at the bases. 















Chapter II 

TRAPEZOIDAL BENTS 


39. Single-story Trapezoidal Bents. — When one or both vertical 
members of a rectangular panel are given certain inclinations, thus 
forming a trapezoidal panel, the lateral sway of these members will 
then produce corresponding deflections in the horizontal members. 
The single-stoiy bents shown in Fig. 70 represent the simplest types 



08 


Fio. 70. 
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of a trapezoidal frame. In each case the panel is composed of a top 
horizontal and two leg members. The legs of the bent shown in 
Fig. 70 {a) have the same stiffness and inclination; the bent in (6) 
has one vertical and one sloping leg; and that in (c) iUustrates the 
more general case of two legs with different inclinations. If the legs 
are assumed to be retained in position at the bases, that is, when 
there is no spread or settlement at the bases, then the deflections of 
the members, due to a lateral force or an unsymmetricaJ vertical 
loading, will conform to the exaggerated deformation outlines (shown 
with dotted lines) in the figure. Because of symmetry, the two legs 
of the bent in Fig. 70 (a) will have the shme deflection. In swaying, 
the horizontal deflection 5* of the left leg is accompanied by a vertical 
downward displacement while that of the right leg causes an 
upward deflection of the same magnitude. 

The vertical components of the displacements of the two upper 
joints in Fig. 70 (c) differ for the two sides, in accordance with the 
geometry of the figure. This geometric relation between component 
displacements is shown in Fig. 71, illustrating the deformation of an 



imsymmetrical trapezoidal panel subjected to a clockwise *sway. 
Since the deflections resulting from axial stresses are neglected, the 
horizontal displacement of the joint A must equal that at the joint 


694931 O > 46 - 8 
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Witih sufficient accuracy, the distance AA! , representing the diagonal 
displacement of the joint A, may be considered as the true deflection 
of the leg AD. (By definition, the true deflection of the member AD 
is measured by the distance A'E, normal to the unstrained position 
of the leg; however, the error involved in substituting the chord for 
the sine distance of a small angle is negligible.) Denoting this dis- 
placement by A^d, we have: 

A^7)=5.sec (o) 


and for vertical component of the displacement, 

tan 4>a=^ju> sin (6) 

Similarly, at the joint B we have: 

Aac=5.sec 4 ) b ‘, (c) 

556=S.tan 4 > b~^bc sin (d) 

The deflection terms B of the end moment expressions, equaling 

6S times j (true deflection divided by the length) ratios of each 

member, in accordance with eqs. (a) to (d), have the following relative 
values: 



^ 

where 

Ij — ^1 

— TT 

From eqs. (c) and (/) it is seen that the deflection term B is the same 
for both legs of the bent regardless of their inclination; and that for 
the top member, as given by eq. (g), is n tunes the common B of the 


With the latter value of B, the end moment expression of the 
member AB at A becomes 

(92) 

(It is to be noted that since the rotation of the top member is in 
opposite direction to that of the legs, the deflection term in eq. (92) 
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is given a plus sign, in lieu of the minus sign as used in the fundamental 
moment expression for an assumed clockwise rotation.) 

The end moment expression for the legs does not diflPer from that 
of vertical members in rectangular panels. If the 1^ are assumed 
to be fixed at the bases, then the moment equation at A, for example, 
corresponding to a lateral force F at the same'joint, is in the familiar 
form 

And, in the case of hinged bases. 




Then, for the joint expression at A, with the bases fixed, we have: 

{K^+K,)A-{-^B+{nK,-K,)B=Q-, (93) 

and, when the bases are hinged, 

(94) 

In writing the shear expression of the panel, we must consider 
both vertical and horizontal reactions at the bases. Denoting the 
former by V, in the case of hinged bases, 

Fh 


V=- 


(h) 


and, if the bases are fixed, its value may be obtained from the relation 

VZj — Fh . ........ (ft) 

Accordingly, for the shear expression of the panel shown in Pig. 71, 


we have: 
or. 


M^i,+Mi,A+MBc+McB=Via+b)—F%; 


A!f4B+(l — jn)AfDx+-3^Ba"l“(l — — l)Fh , . (95) 
Substituting moment values in eq. (95), the shear expressions for 
the two conditions of support become: 

(а) For fixed bas^, 

Q:^yCA.+(^)KzB- (2-m) iK,+K^)Rr= (m- l)Fh . (96) 

(б) For hinged bases. 


lKiA+lKiB-l(K3+Ki)B,= im-l)Fh, 


(97) 
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„ {Z-rrOCK^A-^f-K^ . (l-m^ 

2{2-m){Ki+Ki) {2-m){K^+K^y 

„ Z{K.tA-\-KiB) . 2{l-in)Fh 

2(ii:*+i^) ^ {K^^K^) 


. . (98) 
. . (99) 


Substituting these values for B in eqs. (93) and (94), the final 
form, of the respective joint expression is obtained. Thus, for fixed 
bases. 


(1 — m) {nKi—K^Fk 
(2-m)(iC2+i£3) ’• • • 
and, for hinged bases, 

r TiT \^Tr I •S.2)-^2”| /I I P- 


ifl 


(2nKi—Kt) (l—m)Fh 

iK,+IQ) 


(3-m)(nK^-K2)Kr\r. 

2i2-m)iK2+Ks) 

( 100 ) 


Z{2nKr-K,)Knr. 

HK2+IQ _P 


( 101 ) 


Since these expressions contain only two unknowns, the values of 
the deflection angles are readily determined by simultaneous solution 
of the two joint equations of tlie bent, as illustrated in the following 
examples. 


ILLtrSTRATTVB EXAMPLES 

1. The symmetrical bent shown in Fig. 72 is subjected to a lateral 
force of 8 Kps, applied at the joint A. Assuming the legs to be fixed 
at the bases, determine the end moments. 



Solution: Due to the symmetry of the bent, the deflection angle at 
A equals that at B. The value of this single unknown is then obtained 
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from eq. (100): 




5X5+2- 


2.5X3X2 

1.5X4 




5X3X8X12 


5X4 


Applying eq, (98), 


^ 24_ 

A- j2 2. 


„ 2.5X2X4 , 0.5X8X12 19 

2X1.5X4‘*‘ 1.5X4 “3* 


The end moments at the joint A axe: 

Jtf,.=5(-1.6X2+y)-y. 

and at the base D, 

JI^.,=2(-I-f)— f- 

2. The lateral force of Fig. 72 is replaced with a vertical load of the 
same magnitude, applied 2 feet from the joint A, Fig. 73. Assuming 
again the bases to be fixed, determine the end moments. 



Solution : Since the load is eccentric, the bent will sway laterally. 
With due consideration to the changes of the load constants in the 
shear and joint expressions, eqs. (98) and (100), become, respectively: 

_ (^—iri){K2A-\-KJS) , (me—b)P 




and 


2{2-m){K2+Kz) ^(2-m)(h:i,+Fq,)» 


(98a) 




(3 — m){nKi — ^ , pKj 

2{^2-m){K2^K^T 2 ■ 


(3— m) {nKi—K^Ki 
2 (2 — to) (hCj+i^i) 




- 
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in which P is the vertical load and e its distance from the right base. 
The joint equations at A and B become: 


or, 




2.5X3X2\„_„ 1X3X8 

■2X1.5X4/"'"^ 1.5X4 ’ 

2.6X3X2\^_ „ 1X3X8. 

2X1.5X4/^“ 1.5X4 ’ 


8.25.4+3.755=5, 


Solving for A and B, 


3.75.4+8.255= -7. 
^=1.25; 5=-1.417; 


and, applying eq. (98a), 

„ 2.5X2(1.25-1.417) . 1X8 
2X1.5X4 ■^1.5X4 


= -0.07+1.333=1.263. 

Substitution of these values in the moment equation of each member 
will result in the following end moments: 

Mxb= 5(1.25-0.708+ 1.263) -9=0.025 ft.-kips, 
MxD=2(1.25-1.263)=-0.026ft.-kips; 

lf)»A=5(-1.417+0.626+1.263)+3 = 5.355ft.-kips; 
AfBc=2(-1.417-1.263) = -5.36 ft.-kips; 

Mba= 2 (0.625 -1.263)= - 1.276 ft.-Mps; 

Mcb=2 (- 0.708 - 1 .263) = - 3.942 ft.-kips. 


PROBLEMS 


25. The symmetrical bent shown in Fig. 74 is subjected to a uniform lateral load 
of 1 kip per vertical foot. Assuming the legs to be fixed at the bases, determine 
the end moments. 



B 



8 ‘- 

Fig. 74, 
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26. The bent shown in Fig. 75 is hinged to the bases. Determine: 

(o) Momenta at joints A and S; 

(6) Reactions at the bases. 



Fig. 76. 


40. Single-story Bent with Bottom Member. — ^In the case of the 
closed panel, with a horizontal member both at top and bottom, the 
joint and shear expressions in Art. 39 are modified to include the 
effect of the added member. As shown in Fig. 76, the top and leg 


D 


Fig. 76. 

members are free to deflect under a lateral load, while the deflection 
U of the bottom member is dependent upon the relative position of 
the two lower joints. If these joints are assumed to be hinged to 
unyidding supports, thus allowing them to rotate and yet preventing 
their relative displacement, then the deflection term of the bottom 
member BG reduces to zero. The derivation of the top and bottom 
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joint expressions, in accordance with this conception and for the 
loading shown in Fig. 76, follows; 

Top joint A, 

M^B=K,(A+^-hnB^ 

m^=^k,(a+j-b) 

M^+M^i>^(Ki+K,)A+^B+^D+(nKi-K^=0 . < 102 ) 

Bottom joint D, 

Mi,A+Mi>a={Ki+Ki)D-\-^A-\-^-K^=^Q . . (103) 


The shear expression of the panel, obtained by substituting the 
moment values in eq. (95), is in the form 


— (2 — Jw)(i?2-["JS3)J2= (jw — V)Wh , . . . 

From which, 

■n (3 — ffi) (JK^A-^-KJE^ + (3 — 2»i) (JK.Ji)-\-K3G) 

“ 2(,2-m)(Ki+K^) 

, {l—m)Fh 

+ (2-m)(is:,+^) 


(104) 


(105) 


Substituting this value of J? in eqs. (102) and (103), the joint 
expressions become: 

Joint A, 


\K,+Kr 


iZ-m)inK,-K2)K^ 

2(^—m){Ki-\-K^ 




(Z-m)(nK^-K2)K, 
■ 2(2-m)(iiC2+iC,) 




{Z-2m)(nKi-Ki)Ks„ , rK^ , iZ-2m)(nKi-Ki)Kilr^ 
2i2-m)iK2+Ki) 2{2-m)iKi+Ki) 


(l-m)(nKi-Ki)Fh_,, 

(2-m){K,+K,) 


( 106 ) 
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Joint D, 


Vka-K- (3-2CT)g,» _ (3-m)g,» -}. 

L * 2(2-m)(g,+g,)J^+L2 2(2-m)(g3+g3)J^ 

(3 — 7n)K.tKz i> , pgi (3 — 2m)KtE!s “J^ 

2(2-m) (g,+g,)"+L 2 ■ 2(2-m) (g2+g3)J^ 


(l—Tn)KiFh 

"(2-m)(g,+g,)’ 

Similarly, at joint B, 


1+^3+ 


(3— m) {nKi—K^Kt 
2 (2 — wi) 


Mf- 


{Z-m){nKi-Kz)K{ 
2(2— m)(gs+^) 


(3— 2m)(7igi— g8)g!!„ , I (3— 2m)(ngt— gilgsH^r, 

-m)(gs+g3) '^■^L2‘*‘ 2(2-m)(g2+g) 


, {l—m){nKi—Kz)Fh .. 
+ (2-m)(g+g,) 


and at joint C, 


r„ „ (3-2m)g| rg* (3-m)g| "|„ 

2(2-m)(gi+g3)J^+L2 ■2(2-m)(g3+g,)J^ 

iZ-m)KzKz , , rg* (3-2m)gg3 
~2(2-m)(g3+ii^r^'L 2 "2(2-m)(g3+ii^)J^ 


(l—m)KsFh 

(2-m)(g3+g,)“^ 


For a symmetrical bent, that is, when Kt—Kz and the lateral load 
is applied at the top, the deflection angles at A and D equal respec- 
tively those at B and C In this case, eqs. (105), (106) and (107) 
assxime the following simplifled forms: 

„_(3— m)A-f (3— 2m)I> , (1— m)FA. . . 

^ 20=^) +2(2=^* ’ • • • 


[l.5gi-l-g3+ 


iZ-m)(nK,-Kz)l, 

2(2-m) 

(1— m) {nK\—K^Fh 
2(2— m)g2 


M 


gj , (3— 2m) (TiKi—Ki)' 


2(2-m) 




(l-m).F^ __„ 

" 2(2-m) 


(1065) 


(1076) 


If the later^ load is applied between the pand points, as ^own in 
Fig. 77, the load factors of the e3q)r^ions are modified accordingly. 
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This change is made by replacing Fh with Fc and including the fixed- 
end moments FMad and FMda in the shear expression. Thus, eqs. 
(96) and (104) become: 

MAD+{'^~m)MDA+MBc+0-—'rn)McB={in—l)Fc (95c) 

- (2-m) (K 2 +Ks)B+FMad+ (1 -m)FMx>A^(m- l)Fe . (104c) 

Then 

(3-m) (K2A+K3B)+(3~2m) (KsC+KJ)) 

“ 2{2-m)iK^+Kz) 

, FMAD-\-{'^—m)FMDA-\-{l—'rn)Fe_ , , 

+ {2-m){K,+K,) (105c) 

and for the joint expressions at A and D we have: 

Joint A, 


[Xi+X: 


(3-m)inKi-K,)K^ 

2{2—m)iKi+K3) 




i3-m)(nKi-K2)K^ 


2(2-m)(K,+Ks) 

, (^-2m)(nK,-K,)K^^ SK, . i3-2m){nK^-K,)K2l^ 

I" 2.(2-m)(,K2+K2) 2i2-m){K2+K2) 

+ [FMao+ (1 -m)FMoA+ (l-m)Fc] 




=0; 
Joint D, 


(106c) 


rjf (3 2m)ijr/ ”1^ . VKi (3 ”1 . 

2(2-m) (iiCa+iiC,)r 


(3 in)KiK% Tf I pKi (3 2TfC)KiKz ~\p i jpnf 

)®+Lt ~ 2<2-m)(&+J£.)p+™ 


2(2-m)(.K2+Kzr 


DA 


( 2 - 


-m) — m)jF!M2>^4“ (1 — . (107a) 
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In general, the joint expressions of the panel involve four unknown 
deflection angles, and the solution may be obtained in the usual 
tabular form. 


ILLUSTEATIVE EXAMPLE 

The unsymmetrical bent shown in F^. 78 is subjected to a lateral 
load of 1,000 pounds, applied at the top joint A. Assuming the bent 
to be hinged to the supports C and D, determine the end moments of 
the members. 



Solution : The various coefficients of the four joints are determined 
from eqs. (106), (107), (108) and (109), by substitution of the numerical 
constants. Thus: 

Joint A, 


/a=2+2 


(3-0.5) (2-2)2 
2(2-0.5)(2+3) 


4; 


y»=i 


(3-0.5) (2-2)3 _ , 

^2(2-0.5)(2+3) ’ 



, (3-1.0) (2-2)3 

J«-2(2-0.5)(2+3) 


=0; fcA= 





, ( 3 - 1 . 0 )( 2 - 2 ) 2 _ 
2(2-0.5)(2+3) ’ 



-0.25; 


^ (1-0.5) (2-2) 1000X12 

(2-0.5) (2+3) 
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Joint B, 

/ -2 13 \ (3-0-S)(2-3)3 _ ^ _ (l-0.5)(2-3)12000 

fs-2+3-h 2X1.5X5 (2-0.5)5 

. 2.5(2-3)2 _2. 2 

^2X1.5X5 3’ •''‘® 3X4.5 

y«— 1.5+ 2X1.6X5 4.5 02444; 

. (3-1) (2-3)2 _4. _ 4 

2X1.5X5 15’ 15X4.5 

Joint C, 

(3-1)3^ (1-0.5)3X12000 

Jc 3+4 2X1.5X5 1.5X5 

/ (3-0.5)2X3 _ , _J__o, 704 . 

2X1;5X5 /Ac-5;g-0.1724. 

y» 1.5 2X1.5X5~®' ysc— 0, 

(3-l)2X3 .. , _ 

2X1.5X5~^‘^’*^“’~ 5,8~ 

Joint D, 

f M (3-1)2* (1-0.5)2X12000 

/^_2+4-2^i 5^5-5.467, .1600; 

, (3-0.5)2* 1 j. 1 _ 

^ 2 X 1.5X5 3’ 3X5 A&7 

(3-0.5)2X3 _ _ 1 

2X1.5X5 ’ •^®®~5.467“^'^^*' 

f-2- (3-1)2X3 _6. , 6 

* 2 X 1.5X5 5’ 5X5.467 0-2195. 

Then, for the initial values of the deflection angles, we have; 

n 800 

^ ®Ai=0; a«=-^=177.78; 


0 ( 71 = 


«»= 0 ^= 292 . 66 . 


The remainder of the computations is shown in Table 6, and finnl 
values of the deflection angles, corresponding to 4 cycles of correc- 
tions, are given in the last space of the table. 
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Tabkb 6 


(For Bent shown in Tig, 79 


■ 

Joint 

A 

B 

c 

D 

1 

B 

/ ab - 0.148 
fAc 0.1724 

/ ai >~ 0.061 

/ ba - 0.25 
fac 0 . 
faa 0.183 

11 

odd 

1 1 
238 

/ da - 0.25 
/z>B 0.0593 
. / dc - 0.207 

2 

«1 

0 . 

177.78 

. 413.79 

292.66 

3 

/«! 

- 44.44 

0 . 

- 73.14 

0 . 

- 101.13 

17.35 

0 . 

0 . 

- 60.58 

0 . 

32.53 

- 90.83 

4 

aj 

- 117.58 

- 83.78 

- 60.58 

- 58.30 

5 

/aa 

20.94 

0 . 

14.57 

17.4 

14.82 

- 3.46 

- 20.3 

0 . 

12.07 

|||||[|^[| 

6 

«3 

35.51 

28.76 

- 8.23 

5.12 

B 

fat 

- 7.19 

0 . 

- 1.28 

- 5.26 

2.01 

0.31 

6.12 

0 . 

- 1.06 

- 2.17 

5.27 

1.80 

8 

CCi 

- 8.47 

- 2.94 

5.06 

4.90 

9 

/a* 

0.74 

0 . 

- 1.22 


- 1.47 

0 . 

- 1.01 

0.52 

- 0,54 

- 1.10 

10 


- 0.48 

0.30 

- 2.48 

- 1.12 

11 

B 

- 91.02 

120.12 

347.56 

243.26 


Substitutirig these values in eq. (105), 




2.5(-2 X91.02+3X120.12)+2(2 X243 .26+3 X347.66) 
“ 2X1.6X5 

, 0.6X12000 


1.5X5 


•1033.61. 


Accordingly, the end momoits become: 

Ar4B=2(-91.02+60.06+1033.61)=2005.3, 

Af^D=2(-91.02+121.63-1033.61)=-2006.0; 


Mfl^=2(120.12-45.51+1033.61)=2216.5, 

Af«,=3(120.12+173.78-1033.61)=-2219.1; 


ilfci.=3(347.66+60.06-1033.61)=-1877.9, 

Afi,z,=4(347.56+121.63)=1876.8; 

KDi=2(243.26-45.51-1033.61)=-1671.7, 

Afz)c=4(243.26+173.78)=1668.2. 
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PEOBLEMS 

27. The unsymmetrical bent shown in Fig. 79 is subjected to a vertical load» 
applied between the top joints. Determine: 

(a) Load constants for the joints A, B, C and D; 

(&) Load constant for the deflection R of the legs. 



Fig. 79. 

28. The symmetrical bent shown in Fig. 80 carries a lateral load of 10 kips — 
applied at the top joint. Assuming the bent to be hinged to the bases, determine 
the end moments. 



Fig. 80. 


41. Miilti«story Trapezoidal Bents. — ^The relative simplicity of the 
computations of single-story bents, as outlined in Arts, 39 and 40, is 
due to the definite relation of deflections of the members. In a bent 
of more than one story, this relation cannot be easily determined and, 
hence, a direct solution is rather difi9.cult to obtain. However, by 
considering each panel of a multi-story bent separately, omitting the 
effect of adjacent panels, it becomes possible to compute a first set of 
approximate moment values. The error involved is then adjusted in 
the next step by computing corrections or increments, resulting from 
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the initial end moments of members directly adjacent to each panel. 
To illustrate, consider the three-story bent shown in Kg. 81 (o). 



F. 



D D' 

(<0 

Fig. 81. 



f 

t 

I 

/ 

/ 

Ft / 



Starting at the top, panel 1 is severed from the original frame by 
insertion of two temporary hinges just below the joints B and B', 
thus resulting in the closed panel AA'B'B shown in Fig. 81 (6). 
Similarly, panel 2 shown in Fig. 81 (c) is obtained by insertion of 
temporary hinges just above and below, respectively, the joints 
B—B' and C—C'; and the bottom panel is isolated from the main 
frame through hinges placed just above the joints C—C', as indicated 
in F^. 81 (d). This arrangement, however, does not alter the loading 
condition of the separated panels, since the external overturning mo- 
ment — ^taken about the respective base — to which each panel is 
subjected remains the same as in. the ordinal frame. 

Proceeding with the solution, the moments for each panel are com- 
puted in accordance with the procedure of Arts. 39 and 40. These 
iTiitifll moment values will accordingly involve the following assump- 
tions: 

Panel 1, 

B of memb^ BB'=0, 


Pand 2, 


J\^Bo — — Oj 

0 , 

R of member <70=0; 

il4cB=0, 0. 

Next, a first correction is made by substituting in each joint equa- 


Panel 3, 

Next, a i 

tion the end moment omitted in the first step. 0)nsidering this 
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monxeat value as the new load constant of the joint equation, the 
routine solution of the first step is repeated, thus resulting in a second 
set of moment values which may be called the “first moment incre- 
ment” of the panel. 

By using the first moment increment, and repeating the second step, 
a second increment of moment for each panel is obtained. 

If required, further corrections or moment increments may similarly 
be determined. However, since these increments diminish in magni- 
tude rapidly, in most cases two corrections will provide a solution of 
sufiBicient accuracy. 

Except for the load constants, eqs. (106) and (107) furnish the 
necessary data for computing the various coefiScients of the tabular 
solution. The derivation of a general expression for this factor, 
corresponding to a system of loading and applicable to any pand 
regar<Uess of its location, presents but little difficulty. In the case of 
the loading shown in Fig. 81, let M indicate the overturning moment 
of the external forces taken at the bottom of the panel under con- 
sideration; H, the shear of the pand, that is, the sum of the lateral 
forces above the pand; V, the vertical reaction couple just above the 
bottom joints of the panel; Ma and Mb, the end moments at the top 
and bottom, respectivdy, of the two legs; then, with other notations 
as given in Fig. 82, we have: 



MB-]-MB'=Vlt — M, (a) 

MA+MA'+MB+MB'=V(h-ld-3h ( 6 ) 


Substituting the value of V from eq. (o) in eq. (6), and noting that 

„ — h 

MA+MA>+il-m)iMB+MB>)=^mM-m . . (e) 
The right side of eq. (c) represents the load constant of the shear 
expression. Denoted by Q, the corresponding values in the equations 
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for B and top and bottom joints will then assume the following forms: 

T>_ Hh—mM . 

(nKt -Ki) (Hk-mM) 


Q of, top jomt= 


( 110 ) 


e of bottom 

in which n equals and the Q values are written for the left side 
joints of the panel. 

If the lateral load is applied between the joints of a panel, the load 
constant of that panel will need a further revision. The middle panel 
of the bent shown in Fig. 83 represents this particular case. With the 



notations as Indicated in the figure, the sheer expression, eq. (c), 
becomes 

— BjAj . . (d) 

in whidb 

Mi=FiQbi-\-ki) ■\-Fjfi’, 

B^=Fy+^F^‘, 

U-k 

‘IT 


fj/h* 


694931 Q - 46 - 9 
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Then, for the load constants of the deflection of the panel, B 2 , and the 
Joints B and C we can write: 


^of5a= 


FMbc-¥ (1 

{2-m2)(JK:,+K2) ' 


<2 of {l-m 2 )FMcn 






-\-HJi2—^nihM2 


in which »j equals ^ i~ ‘ 


(HI) 


ILLtrSTEATIVE EXAMPLES 

1. The unsymmetrical two-story bent shown in Fig. 84 is subjected 
to two lateral loads, applied at the top and middle joints. Assum- 
ing the bent to be fixed at the bases, determine the end moments. 
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Solution : Since the top panel is identical with the single-stoiy bent 
in the illustrative example of Art. 40 (Fig. 78), its coefficients are the 
same as those given in Table 6. The coefficients of the joints B and 
B' are determined from eq. (100), and the load constants from eq. 
(110). Thus: 

Joint B, 

18-12_ 1. .. _18— 12 1. 

18 3’ 12 2’ 


/ . , . , (3-4)(2-4)4 „„ 

/b-4+4+2^2— J)(4+6) 

. ^ I (3-i)(2-4)6 , _1^^ 

jv 2+2(2— J)(4+6) 0.1413, 


^ (2-4) (2000X12- JX36000) .... 

'*5®- (2— j)(4+6) 


Joint 5', 


. 1 , R , (3-i)(2-6)6_ 

/s.-44-6+2(2_-j) (i+'e) -8-08, 

. » , (3-l)(2-6)4 _ , 0:72__ 

/»— ■*+2(2— J)(44-6) •'®®'“' 8 ns 


0891; 


_(2-6)(2000X12-iX36000) 

(2-i)(4+6) 


2880. 


For the initial values of the deflection angles 
we have: 


ai of J5= 


&_1440 
Jb 7.36 


=195.5; 


of these two joints 


«iofB'=^- 


^B^ 2880 

^“ilos 


=356. 


Table 7 contmns the complete computations for the bent. Since the 
loading of the top panel is the same as that of the bent in Fig. 78, 
the final values of the deflection angles, the deflection and the end 
moments of that panel are obtained from the previous solution and 
listed m space 2 of the table, as the summary of the first set of moment 
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Tablb 7. 

(For Bent Aown in Fig. 84) 



Faxiel 

Toppand 

Bottom panel 

Panel 



Joint 

|g| 

■1 

B 

S' 

B 

B' 

Joint 


1 


BSH 

^'«4.6 

B-5.467 

B'«6.8 

B«7.36 

B'»8.08 


1 


J 

.4'-0.148 

S~0.061 

0.1724 


^-0.25 

A* 0.0593 
^8^-0.207 

A 0 

^'-0.2445 

jB-0.2195 

JB'-0.0891 

B-0. 1413 

j 



-Q' 

0 

800 

1600 

2400 

1440 

2880 

-Q' 




-91.02 

mi2 

243.26 

347.66 

196.5 

356 

ai 


2 



-60.3 

-17.4 

at 

2 



MUb —2006; M'BA^-ima 

OOIQ 1. HY/-/ 10*770 

2.6 

sa 

at 






■ w 

-0.6 


04 



mrqi 


n 

3138.4 

3532.8 



mkm 



147.1 

342.9 




CCl 

0 

Q 

673 

609 













-143.2 

-114.6 

-133.7 

-118.6 






Ctt 

Afjjc— 3138.4 
AfsV— 3532.8 




Oi 

62.0 

42.3 

13.7 

3.0 

M' 



«4 

-14.1 

-9.1 

8.4 

7.8 

1671.7 

1877.9 



3 

05 

1.3 

0.4 

-2.6 

m^sii 

196.7 

214.9 




at 

0.5 

0.4 

pllillliEQIIIIIII 


166.1 


3 


a" 

-93.5 

-80.6 

464.6 

498.6 

TiTff 





fl" 

J2"^j»-249.2 

Af'Vc'«292.8 





231; Af"BA*318 

242; Jkr"ij»4'»627 

-318 

-627 


■ 


-32.7 

-74.6 

o"' 

■ 






B'"w— 46.8 

B'" 

■ 


MAB^MUB+M"AB^-m7 

2461. 1 

1353. 7 

Af'"nc-1)4.4 

169.8 

24 m 

B 


Mb'a'’^M'b'a'+M"b'a'^ -1260. 9 

Afac— 2961.6 
Afs'O'— .3409.8 

Ar'+Af"+Af'" 


calculations. With three corrections, the deflection aisles B and B* 
of the bottom panel, as shown in space 2 of that panel with a symbol 
a’, equal 147.1 and 342.9, respectively. Substituting these latter 
values in the B (eqs. 98 and 110) and moment expressions the 
following result; 

D/ (3-|)(4X147.1+6 X 342.9) . 24000-12000 „ 

2(2-i)(4+6) +-(2=1)04+^ ~ ' 

Af'Bc=4(147.H-0-931.7)=-3138.4; 

MW==6(342.9+0-931.7)=— 3532,8;. 
M''cs=4(0+73.55-931.7)=-3432.6; 

MVs'— 6(0+171.45-931.7)=— 4561.5. 
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Using the first moment values as new load constants, an initial 
correction is made to the moments of both panels, as ^own in summary 
form in the spaces 3 of Table 7. For the top panel, the load constant 
at the joint B is 3138.4), and at B\ ilfVc'(=— 3532.8). 

In the bottom panel, these values at the joints B and B' are given by 
— 1671.7) and M'b>a.‘{= — 1877.9), respectively. (The values 
a" of the top panel are obtained from 5 cycles of corrections, and, for 
brevity, only the final values of each cycle are shown in ^e table. 
Similarly, the three moranents of a" of the bottom panel, computed 
as in space 2, are omitted in space 3.) 

The deflections B”, corresponding to the first moment increments, 
are determined from eqs. (98) and (105), notii^ that the load constant 
in each expression becomes zero. For E'' of the bottom panel, for 
example, we have: 


(3-i)(4X196.7+6X214.9)_ 
" .2(2-J)(4+6) 


166.1. 


A second correction is made to the moments of the bottom panel 
by using the second set moments, Af"ii(=318) and M'*b‘a' (=627), 
as load constants, Q”', for the joints B and B'. The resulting values 
are shown in space 4 of that panel in the table. 

The final end moments are indicated in the last spaces of the table. 
In the case of the bottom panel, these values represent the sTims of 
three moment sets, that is, while in the top pand, 

only two sets are used. 

The end moments of the horizontal members of the bent may be 
obtained by adding up the two 1^-member moments at the respective 
joints. Thus: 

Mb’ A— — il4!4'a'=2461.1 J 


Mba’=-Mbb=22Z7.0; 

Mbb'=- (Mb.i+M«,)=4315.3; 

Mb’b= — 4660.7 

2. Fig. 85 represents the bent of Enzua Viaduct. Assum^ the 
1^ to be fixed at the bases, determine the end moments due to the 
wind loading shown on the sketch. 
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Solution: Since the bent is S 3 anmetrical and the lateral loading 
applied at the panel points, the deflection angles of the joints at the 
left side equal the respective angles at the right side joints. Accord- 
ingly, the computations of the panels 1 to 4 involve only two unknowns 
each, and the bottom panel has only one unknown. First, the shear 
H, the external overturning moment M and the constants m and n 
for each panel are computed and listed as shown below. 


Panel 

1 

2 

3 

4 

5 

Shear H 

26.8 

31. 6 

37.6 

4a 6 

4 9. 6 

Moment M 




7829. 0 

10820. 0 

m 

0.522 

0.51 

0. 338 

0. 252 

0. 197 

n 

1. 095 

1. 04 

0.51 

0.336 

0. 246 


























(For Bent shown in Fig. 8^ 


12 ] 



Location of Af.— I Mba M»a Moa Mod Mdo Mdm Mmd Mmf Mra 
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Next, the joint coefficients and coefficients of correction of the joints 
are determined from eqs. (106J) and (1076). These values, denoted 
with the symbols and/., respectively, are given in space 1 of Table 
8 which contains the summary of the computations. The load con* 
stants corresponding to the initial moment values of the panels, 
are obtained from eqs. (110), and the resulting deflection angles a' 
determined in the usual manner. (For brevity, only the final values 
of a are given in the table.) The deflections B' of this set are com- 
puted from eqs. (1056) and (110); and substitution of the values a' 
and B' in the fundamental moment expre^ion results in the first set 
moments M'. The r5sxim4 of the computations for the first moment 
increments, constituting the second set moments M", is given in 
space 3 of the table. (The Q" values of this first correction are merely 
the end moments of the preceding set.) The third set moments M'", 
resulting from a second increment or correction, are indicated in space 
4 of the table. The final moments, corresponding to the initial set 
and two increments, are represented by the sums 

For comparison of results, values obtained by two other methods of 
solution are given in the table. One of these is the original solution by 
Grimm, ^ based on the method of Least Work; and the other is based 
on a European method, adapted by Professor Maugh® and applicable 
to symmetrical bents only. 

Since each panel contains only two unknown deflection angles (ex- 
cept for the bottom panel), the values of the unknowns may also be 
determined by simultaneous solution of the two joint equations of 
each panel. However, once the coefficients / are computed, an opera- 
tion consisting of a series of simple multiplications, as shown in space 
2 for the bottom panel in Table 7, becomes more convenient. 

FBOBLBMS 

29. Assuming the legs of the bent shown in Fig. 83 to be fixed at the bases D 
and D', detennine the following load constants for the bottom panel: 

(а) Q of Ben; 

(б) Q of C; 

(c) Q of C'. 


> Tianssetlons, A. 8. 0. E., VoL XLVI (ISOl), pp. 21-77. 
I ZnglneeilDg M’evs-Reooid, Match U, 1835, p. 378. 
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30. The syminetrical bent shown in Fig. 86 is assumed to be fixed at the bases. 
Determine the end moments by computing the initial values and two increments* 
Give the summary of the computations in a form similar to Table 8. 



Fig. 86. 



Chaptee ni 

VIEBENDEEL TRUSSES 

42. Trasses without Diagonals. — ^Named after its originator, the 
eminent Belgian engineer, Prof. Anthur Vierendeel, the Vierendeel 
truss is essentially a two-le^ed multi-story bent placed in a horizontal 
position. Unlike a truss with diagonals, where principal stresses 
are direct or axial, the panel shears in the Vierendeel truss are trans- 
mitted to the end supports by the bending of chord and web members, 
thus producing bending fiber stresses which are, in general, much 
larger than the axial stresses. According to the relative position of the 
two chords, the Vierendeel trusses may be grouped in two general 
classes: 

(а) Trusses with parallel chords; and 

(б) Trusses with inclined chords. 

43. Vierendeel Truss with Parallel Chords. — The parallel-chord 
Vierendeel truss differs but little from a rectangular bent subjected to 
lataral loading. First, consider the simplest type, that of a symmet- 
rical truss having a system of symmetrical loading. The four-bay 
truss shown in Pig. 87, subjected to a single force applied at midspan. 


A' B‘ 

P 

C' D‘ E 





“BCD? 

. 1! ..... 

^ 1 * 


Fig. 87. 


represents such a case. Obviously, the reactions at the two supports 
P 

equal and, since the member GO* coincides with the vertical, axis 

of sjrmmetry of the truss, the deflection angles at the joints C and C' 
become zero, while the deflection angles of the four joints in the left 
half of the truss equal those of the respective joints in the right half 
with opposite signs. The solution of the four angles is then obtained 
124 
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in the same manner as that of a tvro-stoij bent, fixed at the bases 
and subjected to a single load at the top, as shown in Fig. 88. 



Fio. 88. 

If the truss has an odd number of panels, and the symmetry of 
loading and framing is kept, as in Fig. 89 (a), the deflection angles of 



(b) 

Fio. 89. 

joints ^rmmetrically located with respect to the vertical axis at mid- 
span again remain equal and of opposite sign. Notirg'also that the 
joints O and D, and O' and D' have the same deflections (by virtue 
of the symmetrical bending), the deflection terms B of the members 
CD and C'D' become zero. Accordingly, the left half of the truss 
may be considered as a three-story bent, Fig. 89 (5), fixed at the bases^ 
the K values of the two 1^ in the bottom story being twice the values 
of the corresponding members in the truss, and the shear in the same 
story equaling zero. 



126 


mOID FRAJMES 


In. the more general case, resulting from dissymmetry of loading 
and/or framing, the deflection angles and deflections of the truss no 
longer possess definite relations with respect to each other. However, 
the andogy between truss and bent is not altered. For example, a 
shift of the load in Fig. 87 from G' to B', as indicated in Fig. 90, will 






A* 

B' 

’ It 

C’ 

\ 

D' 

K, 

K. 

K, 

K|2 

x* (0 

K* (2) 

Xr ® 

K,o (4) 

Kt 

Ks 

Ke 

Kti 

“A f 

3 ( 

; ( 

E“ 


1 
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require Ihe solution of five unknown deflection angles, provided that 
the top and bottom chord members are of symmetrical stiffness, and 
ten unknown angles, if the stiffness of the chords differ. After the 
reactions at the two supports are determined from statics — as in a 
sunple truss, the solution becomes identical with that of a four-story 
bent. The typical joint expression, written for the joint B, for in- 
stance, and derived as in Art. 37, is in the form 


^hL24-hf4+jK6~ 


ZEl , VK, 

m2+K^) - 





ZKjKz ■ 

r^_ zia 


ZKJGz 


ZKsK, 


VK 

lY ~ HK,+K,) ~ 

ZKJC, 

'dT MK,+K,r -2iK2+E 


> 


I Q 


(112) 


in which Si and denote the shears in panels 1 and 2, and in this case 

equal +-P and ~gP, respectively. (It is to be noted that in eq. 

(112) the load constant, Qa, is transferred to the right side of the 
equation, hence the minus sign; and the sign of the panel shear accord- 
mgly is governed by the rotation of the shear couple — the plus sign 
corresponding to a clockwise rotation.) 

Except for the load constants, eq. (112) is typical for any parallel- 
chord truss, independent of the loading and panel lAng tlm If the 
top and bottom chord members are of the same stiffness, as in Fig. 91, 
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tiien eq. (112) reduces to the following form: 

[|ir.+a+|K.]B+|^-|s^'+[f-|s-|2i]B' 

(113) 

When the loads axe applied at the panel points, as indicated in fig. 
92, the deflection angles of the top chord joints become equal to the 



Fig. 92. 

corresponding aisles of the bottom choini joints, resulting in a further 
simpMed joint expression 

. . . (114) 

The derivation of a general expression for the load constant 
applicable to any ^tem of loading, is equally simple. For this pur- 
pose, consider the truss shown in S%. 93. The panels are of different 



Fio. 93. 
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leogths, and one of the loads is applied between the lower chord joints 
B and C. For the deflection Si of panel (1) we have; 




SK^CA+B) 


'4(K,+Ks) 


SKM'+B') 


. Bill 

^2{K2+K,) 


. . (115) 


in which Hi is the shear in the first pand and equals the vertical 
reaction of the left support. Similarly, the deflection JBa of panel (2) 
is in the form 


„ 3K,iB+0) , dK,iB'+G') . Hjk . FMbc+FMcb 

iXK,TK:f^2{K,+IQ^ 2(£*+X,) • 


. . (llSo) 


where Ht is the shear in the second 


pand and equals 



Likewise, 


„ 3gg(g+I>) . , H^ ] 

P _ ZKii{B+E) , ZKn(Xy+E>) HA 
^*~'4.{Kn+Kny mn+Ka) 


. . (1165) 


in which, for this particular loading, the shears Hz and H each equal 
the reaction at the r^ht support with a minus dgn. 

Now, to obtain the load constant for any joint equation, we have 
only to add to the sum of the fixed-end moments at the joint K times 
the numerical constant of S of the two diord members meeting at 
the joint. Thus, at joint A, for example, the load constant becomes 


_0 - KMilx 
^-ZiKz-^Kz) 

Similarly, 


-<2. 


KzHih 

2{K2-^K^’ 


-Qb^ 


— Qb'*^ 


. Ks(FMbc+FMcb) . KzHih . KzH^ 
J?Mbc+ 2iKz+Kz) '^2{K2+Kzy2{Kz+Kzy 

Kz(FMbo+FMcb) , KM , KzHjtz 

2{JLz^-K) ^2{M.2+Kzy2{fLt+Hzy ' ‘ • 


— Qo^ — FMcsH" 


Kz(JFMbc+FMcb) 


—Qc' 


_Kz{FMbc+FMcb) , KzHjk ■ KHJz 
2(£,H-£,) '^2{Kz+K^'^2{Hz+Kzy 


2TOTO+2(Su+^)» 


( 116 ) 
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in wMdi, 

E^=+V^i 

The joint coeffiraente and the load constants thus obtained, the 
nnknoTm deflection angles and the deflections are determined in the 
usual TnanuOT, as illustrated in the follovring examples. 


IliLUSTBATITB EXAMPLES 

1. The four-panel truss shown in Fig. 94 is subjected to a sym- 
metrical loading conc^trated at the panel points. Determine the 
end moments. 


100 


/i 


200 


100 


8‘ — 

8* 

8' 

— 8’ * 



-B* 

C‘ 

rD‘ 

E' 

K«4 

4 

4 

4 

1 

2 (1) 

2 (2) 

1 (3) 

2 (4) 

2 ' 

4 

4 

4 

.4 


B < 

3 ( 


‘E 






r ^ 

Fio. 94. 



Solution: Since the top and bottom chord members hare the same 
stiffness ratio, the following relations exist: 

A=A'=-E=-E'i B=B'=-D=-D'; 

O=G'=0;Bi=-Bt; Bi=-Bt. 

The values of the two unknown deflection angles A and B are thm 
obtained from timultaneous solution of the two joint equations. By 
appfying eqs. (114) and (116) we have: 


(3+l)-<l-LB> 


4X200X8 
“ 2(4-h4) ■ 


>400; 


(l-!-3-|-l)B-L4> 


4X200X8 . 4X100X8 
‘ 2(4+4) 2(4+4) 


600. 
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2600 
19 ’ 


2800. 

"IT’ 


and applying eqs. (115), 


„ 3(2600+2800) 
4X19 


, 200X8 
^2(4+4) 


=313.16; 


„ _3 (2800+0) ,100 X8 
4X19 ■’'2(4+4) 


160.63. 


The end mom^ts become: 


Ma^.=2(1.5X136.84)=410.52, 

M.iB=4(130.84+73.68-313.16)=-410.56; 

ilfs^=4 (147.37+ 68.42-313.16) = —389.48, 
M«,=4 (147.37 +0-160.53) = -62.64, 

Mbs ' =2 (1.5 X 147.37) =442. 10 ; 

ili/i,B=4(0+73.68- 160.53) = -347.40, 
M«j.=l(0+0)=0. 


2. The bottom chord of the truss shoTm in Fig. 95 is canying a 
uniform load of 1 Hp per linear foot. Compute the end moments. 



L 12* ^ 


r* 


A‘ 

B' 

C‘ 

D' 

E‘ 

m^j 

ig 

1 

1 it) 


1 

1 10* 

1 

t K»2 1 

2 < 

4 

) 2 I 

8' 

) 2 ' 

‘E 


Fiq.95. 

Solution: Due to the symmetry of loading and framing, the deflec- 
tion angles of the joints in the left half of the truss are equal and of 
opposite to those of the corresponding joints in the right half. 
Also, 0=<y=0; and J^=— E|. The joint equations of 

the four unknown deflection angles A, A', B and S' are obtained 
from eqs. (112) and (116): 

2^-0.6B'=84, 

1.75.4'-0.5B+0.25B'=36, 

3B— 0.6B'-0.5il'=96, 
2A5'-0.5^+0.25^'-0.6B=48. 
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The ead moments become: 

(50.72 +13.8-5) =64.57, 

M^=2 (50.72 +21.21-98.28) - 12= - 64.70 ; 

1 (27.70+25.36) =53.06, 

= 1 (27.70+ 17.53-98.28) = -53.05; 

MsA=2(42.42+25.36-98.28)+ 12= -49.00, 

M5(j=2 (42.42 +0-41 .98) - 12= - 1 1.12, 
Mbb-=1(42.42+17.53)=59.95; 

Mb‘a ' = 1 (35.06+13.85-98.28) = -49.37, 
ikfs'c'= 1 (35.06+0-41.98) = -6.92, 
MB'fl=l(35.06+21.21)=66.27; 

il4’cB=2 (0+21 .21 -41.98) + 12= -29.54; 
Ma;'=l(0+0)=0; 

Mc'ir=l(0+17.53-41.98)=-24.45; 

Mc'c=l(0+0)=0. 

FBOBLEMS 

31. Obtain the load constant for the loint equations of the truss shown in Fig. 96. 



Fig. 66. 


32. AH members of the truss shown in Fig. 67 have the same stiffness ratio. 
Assuming the common K as unity, determine the deflection angles, deflections and 
end moments. 



Fig. 97. 
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44 , Vierendeel Trusses with Inclined Chords. — ^The inclined-chord 
Vierendeel truss is fundamentally a multi-story trapezoidal bent; 
hence the procedxire of solution, outlined in Arts. 40 and 41, for iJae 
latter type of framing is equally valid in this case. As in the parallel- 
chord truss, the similarity is at once seen by considering the ends of 
the truss as the tops of two bents bending about a common base. 
For a truss of symmetrical framing and loading, having an even 
number of panels, illustrated in 98 (a), the web member located 



Fia.98. 

at mid-^aa becomes the axis of rotation, and the two halves of fhe 
truss may he r^arded as two identical vertical b^ts, b ending in 
oppofflte directions. Since the loading in this particular case counts 

of a angle force F, each reaction, constitutes the loading in the 

respective bent; and ance the joints <7 and <7 are located on the line 
of symmetry and rotation, tixar d^ection aa^es become zao, thua 
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providing fixed bases for the equivalent two bents in Fig. 98 (6) 
and (c). 

If the truss is composed of an odd number of panels^ as, for example^ 
the five-bay truss shown in Fig. 99 (a), and the symmetry of framing 



(a) 

Fio. 99. 


and loading is retained, then the solution of the truss again coincides 
with that of two identical vertical bents, shown in (6) and (c), in 
which the lateral loading is made of the reaction and the load in the 
respective half of the truss. The joints 0 and D having the same 
deflection, the deflection term 5 of that panel is zero and 0 = — Z?* 
This condition is simulated in the equivalent vertical bent by assuming 
its two 1^ in the bottom story to be one-half as long as the corres- 
ponding members in the truss and the legs fixed at the bases. 

In the more general case of unsymmetricai loading, indicated in 
Kg. 100, the truss may again be considered as composed of two 
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vertical bents in which, unlike the preceding special cases, the deflec- 
tions and deflection angles of the two parts differ. For Hie common 
base of the two bents we may choose either the member CC or Djy 
which limit the middle bay of the truss. This consideration being 
intended to establish a amUarity between the truss and a trapezoidal 
bent, it is clear that any other web member may serve as reference 
line; in fact, the truss may be r^arded as a single vertical bent, in 
which one end post constitutes the top strut of the bent and the other 
its base. It is more convenient, however, to use for reference base 
a web member located near the center of the truss. 

The typical joint expressions, written for the panel (1), and derived 
as in Art. 40, are in the following forms: 

Joint A, 


\K,+K,+ 2(2-m)(15S+-^rJ^+LT+ 2(2-m)(^,-h^3) 

+lT+ 2i2-m)(K,+M») P+L J® 

Qa; («7) 

Joint A', 

r.. . .. , (Z-mUnKt-KtW,-] „ . VKt , (Z-m)(nKt-K,)Ki] , 

2{2-m)(J5r.+l^J^ +L^+'2T2-m)i:^Wj^ 

. rK» . (Z-2m)(nKi-KdK,-]r>, , r&-2m)(nKi-Kt)Kt~l„ 

+It+ 2{2-mKK,+^) r +L 2i2-mm,+m r 

Qa'; (117«) 

Joint B, 

ftr A. TT (3-2m)ig In . fKt _ (3-m)^ 1. 

- 2(2-m)(Ki+K^)T'^l 2 2i2-m)iK,+lt^Jr 

TK, (Z-2m)KiK» Ir,, f iZ-m)K^Kn 
+L'^“2(2-m)(K,+2r*)J" [2{2-tn){Ki+K,)J^ 

— Qb; (118) 
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Joint B', 


^Et+Kt - 2(2_m) {K>+IQ. 


:>+0 






2 2 ( 2 -m)(it,+^J^' 


-D 


■Si (3 — 2in)KiKt "In r (3 ^ 

)_p-L2(2-m)(i£:,+17)J®- 


, 2 2(2— m) {Ki+K^_ 

-(118®) 

The middle bay being a rectangular pand, the joint es^esdons 
are obtained from the above equations by equating m and n to zero,^ 
Thus: 

Joint C, 



Joint D, 


3g>g,g) _ 


. (119o) 


Tbe deflections 5 of the panels are expressed by the following 
typical equations, written for the panels (1) and (3): 


^_3(2,0'+X,C7')+3(K8l?+X^0 . ^ 
m 4(S+S5 


( 121 ) 


For the load constants Q of the joint and deflection expressions 
we have: 

Fand (1), 

Hili—mMt _ (1— in)F, Zi 

‘l2-m){K,+^)~{2-m)iK,-fm> 

(.2-m)iK2+Ki) i2-m)iK,+Kt) ’ 


Qa* 
— Ca* 


(HOtt) 


(2-m)(iC*+JS,) (2-m)(JB:,+F[,) 

Kiimt-niM,) _ Kid-mWA 



i2-m)iKi+K»y 


?— 

2“ 


. K^jl-mWA ■ 


(llOeO 

(IlOe) 
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Panel (2), 

(2-n»,)(i:*+£,) ’ 


(Ilia) 


+ (1 — — wiaikfs], . (1115) 

-Qc FMcb+(2Z^)^-+^) 

-{“(1 — — tnJSd^f (Hl<?) 




— Qt? — (1 — nia)P’-5^6B+Bs?8~W»sjl^s]j • (Ulc) 
Panel (3), 


n n 

“^~“^^~2(i£8+Z,)’ 

/I 

~^—~^D'~t>(Tr \V‘_\'\ 


( 122 ) 


Hi, Hs and Ht in the above equations denote the shears of panels 
(1), (2) and (3), respectively; Mi and M 2 the moments, taken above 
the base of the respective panel. Both H and M are assumed to be 
I>ositive, that is, rotating in a clockwise direction. Por the truss and 
loading shown in Fig. 100 we have: 


Hi=F„ H,=F.-Pi-|Pi, H,=F, -Pi-P*, H*=H*=-F,; 


Mi=F^ M,=F,(ii+fe)-Pi^-eP2, M4=-F,(Z«+f*), M.=-F,f,; 


As — Ki As — As. _ 


As — At _ As — As 


If the top and bottom chord members in a panel have the same 
stiffness ratio, and no load is applied between the joints, as shown in 
Fig. 101, then the deflection an^es of top chord joints equal those of 
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the respectiye joints in the bottom chord, and the joint and d^ection 
equations become: 

Pand (1), joint A, 


I P'S* . (3 — 2fa)(nKi — £a)"jT> ^ . 

■*■12+ 2(2-m) _r~ • 


. (117c) 


Panel (1), joint B, 


[• 


Panel (3), 


2(2 


I 1 Bj^ (3 2in)K2\rf I VK.2 (3 > 


2 ( 2 - 


t>, _( 3— «t)wA+(3— 2m)P . ^ . 


(l.5Z,+f)c'-f*Z?=-^, 

(l.5i:„+f)D-f*(7=-(2^;] 


-Ob', (118c) 
. . (120o) 

. . (119c) 


in which 


S3-|((7+I>)+C'«; 

— ’ 

^ _ (gili-milf.) . 

^ 2(2-m) ’ 


. . . . (IIQ/) 
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V«-2(2_m)£:j’ 
-Qa 


{122a) 


Having obtained the joint and deflection expressions, the remainder 
of the solution is made in the usual manner. In the fiist step, the end 
moments are computed for each panel as a separate unit — ^assumed 
to be hinged to the members of the adjacent pands. The error thus 
made is then adjusted in the next step. By considering the initial 
moments of the first step as the new load constants in the joint equa- 
tions, the solution is repeated, resulting in a first set of moment incre- 
ments or corrections. If necessary, additional corrections are sim- 
ilarly obtained. The follovdng example will illustrate the procedure 
of solution in detail. 


ILLUSTRATIVB EXAMPLE 

The five-bay truss shown in Fig. 102 carries a single load placed 
at the third joint of the lower dxord. The truss is symmetrical about 
its vertical axis and the chords have the same stij0Eness ratio in eadi 
panel. Determine the md moments by computing the initial values 
and then applying two corrections. 



Solution: Since the top and bottom chord members are of equal 
stiffness, and the load is applied at the panel point, the deflection 
angles of the top chord joints equal those of the corre^nding joints 
in the bottom chord. However, the loading being unsymmetrical, 
the values of deflection angles for joints symmetricaliy located — ^with 
respect to the vertical axis of symmetry of the truss — differ, and it 
will be necessary to compute the moments in all five panels. 
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Assuming Ote web member DD' as the base for the two halves of 
the truss, the various panel cojsstants are given in the following table: 


Panel 

a 

2 

3 

4 

5 

m 

0.5 

0.20 

0 

a 2 o 

D 

n 

1.0 

0.25 

0 

0.25 

BqI 

H 

300 

300 

-200 

-200 

-200 

M 

3600 

7200 


-4800 

-2400 


The load constants are obtained by substituting these values in eqs. 
(110/) and (122a). Thus: 

Panel (1), 

^ _(2-2)(1800-3600)_« 

4(2-0.5) 

^ _3600-1800 

Q _ 3600-1800 ^ 

4(2-0.5) 


Panel (2) (base CO'), 


^ _ (0.3-1.8) (1440-3600) 
2X1.8(2-0.2) 

^_3600-1440 

^ 2 ( 2 — 0 . 2 ) 


=500, 


Qasr 


Panel (3), 


3600-1440 

2X1.8(2-0.2) 


=333.33 


rt _ ^ _— 200X12 
— Vo= — y2>= V — 600; 




200X12 


4X2 


-300; 


Panel (4) (base PZ?0» 


~Qe 


2X1.8XI.8 
2400-960 

-2>a:8 


^ 2400:=i60«_222^2- 

^ 2X1.8X1.8 
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Panel (5) (base EE'), 

— G»'=0; -Qx- 


2400-1200 

2X1.6 


-400; 


Qrs — 


2400—1200 

4X1.5 


200 . 


Applying eqs. (117c} and (118c), for the joint equations of panel 
(1) we have: 




or, 


from which 
and 


5A+5=0, 

-0.67A+2.47B=600; 

' A= -46.15, 5=230.77; 


El 


-2.6X46.15+2X230.77 

2X1.5 


300=415.39. 


Then the initial moments of the panel are: 


M4b=2(-46.15+116.38-415.39) = -692.32, 
Ms. 4=2 (-23.07+230.77-415.39) = -415.38. 
Similarly, for the joint equations of pand (2) we have: 

2.4335-0.183(7=500, 

-0.55+2.0(7=600; 

from which 

<7=368.11, 5=232.44; 
and 

g^_ 2.8X232.W-^X358.14 33,^_,„,, 


With these values, mitial.moments of panel (2) become: 

Mbc= 1.8(232.44+179.06-772.75) = -660.26, 
Mcb= 1 -8 (1 1 6.22+358.1 1 - 772.75) = — 537.16. 
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Panel (3) being rectangular and of S 3 rnunetrical stifiness, tixe two 
joint equations, obtidned from eqs. (119c), are of identical form: 

2.0(7-0.5l>=— 600, 

2.0l?-0.6C'=-600; 

hence 

O=I>=-400; 

i2*= - 1.5X400-300= -900; 

and 

Mcd=Mi^=2(- 1.5 X400+900) =600. 


Due to the symmetry in framing of the truss, panels (4) and (5) 
have the same joint equations, excepting the load constants, as 
panels (2) and (1), respectively. The panel shear and moment in 
the former being two thirds of the latter (with opposite s^ns), the 
load constants and, consequently, the initial end moments will also 
vary in the same ratio. Thus: 

Panel (4), 

2 

‘giyr(7jj= 358.3 
'gil4jB(7=433.11 j 

Panel (5), 

iWjrr== — =276.92, 

M„=- |M^a=461.55. 


This completes the calculations of the initial end moments of the 
five panels. To apply a first correction, to the moments of panel (1), 
the initial moment Mac, originally assumed to be zero, is substituted 
for the load constant in the joint equation of B and the solution 
repeated as follows: 

5.4+15=0, 


from which 


-0.67^1+2.475=650.26; 
A= -50.02, 5=250.10; 


and the load constant of the deflection equation being zero. 


-2.5X50.02+2 X250.1 

^ 2><ll 125M, 
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Then Uie first moment increments or corrections of the panel, obtained 
from these values, are: 

Mas=2(-50.02+ 125.05- 126.08) = -100.10, 

=2<— 25.01 +250. 10- 125.08) =200.02. 

Similarly, in panel (2), using the initial moments Mb a and Mqd as 
load constants for joint equations B and C, respectivdy, we have: 

2.433j5-0.183C=415.38, 

—0.55+2.0(7= -600.0; 

from which 

5=151.12, (7=-262.22; 

^_.2.8X151.12-2.6X262.22_ 

^ 2X0 “-71.28, 

and 

a/«r=l-8(l51.12-131.11+71.28)=164.32, 
McB=1.8(75.'56 -262.22+71.28)=-207.68. 

likewise, panel (3), 

2.0(7-0.5l>=537.16, 

— 0.5<7+2.0Z>= -368.11 ; 

<7=238.74, D=-119.37; 

53=1(238.74-119.37) =89.53 ; 


ikfci>=2(238.74-59.68-89.53) = 179.06, 
Mbc=2(1 19.37 - 1 19.37-89.53) = - 179.06, 

Panel (4), 

2.4335-0.1835= -276.92, 
—0.65+2.0 5=— 600.0. 


j?= -334.72, 5= -138.88; 

2.8X138.88+2.6 X334.72_ 

54= =-349.76; 


Mmd= 1.8(- 138.88-167.36+349.76) =78.34, 
1.8(-69.44-334.72+349.76) = -97.92. 


Panel (5), 

5.05+1.05=0, 
—0.675+2.475= -433.61 ; 

therefore. 

Mbb— — 133.36, 

Afre=-|Af„.=68.73. 
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The results of the second correction, similarly obtained from the 
first moment increments, are shown in Table 10. This table contains 
the summary of computations and the final chord moments. The 
end moments of the web members are obtained by adding up the 
two chord moments at each joint. 


Tasus 10. 

(For Trnss shown in Fig. 102) 



Panel 

(1) 

(2) 

(3) 

(4) 

iJS) 

Joint 

m 

B 

B 

■1 

B 


D 

B 

B 

F 

mitiBi 

values 

-Q 

0 

600 

500 

600 


n 

-400 

-333.33 

-400 

0 

a 

-46 15 

230.77 


358.11 


-400 

Blli 

■i 

bH 

■1 

B 

415.39 


772.75 


-900 



B 


B 

Af' 

-602.32 

-415.38 

-650.26 

-637.16 

600 

600 

358.11 

433.51 

276.02 

461.65 

1st 

hicre- 

Sxiieiit 

-Q 

0 

650.26 

415.38 

-600 

537.16 

-358.11 

mm 


-433.51 

0 

a 

-50.02 

250.10 

151.2 

-262.22 

238.74 

-110.37 

-334.72 

-138.88 



B 

125l08 


-71.28 


80.53 


-349.76 




Jdf" 



164.32 

-207.68 

170.06 

-170.06 

-07.02 

78.34 

-133.85 

66.73 

2d 

Incre- 

ment 


m 

-164.32 


-170.06 

207.68 

07.02 

179.06 

133.35 

-78.34 

0 

ft 

12.64 

-63.20 

-00.60 

-112.18 

123.82 

70.02 

105.20 

62.68 

-30.13 

6.03 

B 

-31.60 


BBtH 


152.80 


124.73 


-15.07 


U"' 

25.28 

—50.56 

8.62 

—10.8 

21.05 

-21.96 

21.26 

—17.01 

-24.1 

12.08 


jn. 




801.0 

399.0 

282.45 

494.84 

110.47 

540.36 

Loeatioa Of 3f. 

j 

Mba 

Mac 

Afca 

Mcd 

J^DC 

2dDM j 

Mmj> 

Mmw 

3dra 


PBOBLEMS 

33. Detenxmie the joint equations for panel (2) of the truss shown in Fig. 103. 
The stiffness of and bottom chord members vary. 



Fio« 103. 
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34, The loading of the five-bay tnuas shown in Fig. 104 is symmetrical Obtain 
the end moments by first computing the initial values in each panel and then 
performing two corrections. Give the results in a tabular form similar to 
Table 10. 
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GABLE BENTS 


45. BxiildiBg Frames 'with Sloping BoofMemben.— In a rigid-frame 
bnilding bent, a gabled roof is provided merely by in clinin g the upper 
two members of tiie bent to the desired slope. This simple arrange- 
ment presents distinct SMivantages of economy in des^n and graceful 
appearance over the conventional truss type framing. Used mostly for 
industrial builditigB, such as shops and hangars, the gabled rigid bent, 
built either in concrete or steel, constitutes an ideal architectural 
medium for framings of auditoriums, assembly halls, theaters, dhurches, 
and wmilttr buildi]^ where the esthetical consideration is of prime 
importance. According to their outiine, these bents may be classed in 
three general groups: 

(a) Sin^e-«pan, rin^e-etory bents; 

(b) Singie-span, two-story bents; and 

(c) Singie-story bents of more than one span. 

46. Sngle-span, Single-story Symmetrical Bents with Symmetrical 
loading.— Li Fig. 105 there are shotm three types of symmetrical 





bents. The 1^ of the bent in (a) are vertical, those of the bentsi n 
(b) and (e) are inclined; in the former sloping inwmd and in the 
latter outward. 

In general, the determmation of moments for these bents, when 
subjected to a system of loading, will require the solution of deflection 
angles of the three upper joints, the deflections of the top leg 
members and the vertical and horizontal reactions at ^e bases. 
Mth proper elimination, however, the number of the unknowns is 
reduced to three, that is, the deflection an^ee of the joints A,B, and 
146 
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B ' — as i^Ten by the respective joint expressions. The procedure for 
obtaining these joint equations is similar to that used in the derivaticm 
of joint e3q>re8sions for other typ^ of bents as outlined in the preceding 
chapters. 

Due to its relative simpliaty, we will consider first the bent wi& 
vertical legs, having a qmunetrical loadixg. Fig. 106 represents such 



a case. As seen from the exa^erated d^ormation diagram of the 
bent, the downward deflection, Aj, of the top joint is accompanied 
by the lateral displacements, A a, of the joints B and B'. The int^ 
relation of tixe d^ections is governed by the an^e of inclination of the 
top members. In deflecting, the lengths of the members remain un- 
(flianged (the effect of axial stresses is ixe^ected), and their true 
deflections, that is, the displacements normal to each member, equal 

Aji»==Aj A!i=Aa csc<l>i ........ (tt) 

where ^ indicates the slope of the top members. Then, &e deflection 
terms B of the members become: 

B^Bsc""' “ " .... (fi) 

Bjts sin — B^t\ ....... (c) 

&om whidr, noting that the rotation of AB is in opposite directicm 
to that of BC, 

B^=-jB=-Bav^^ (123) 


69493X 0 - 46 -11 
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(It is to be noted from the deformation di^am that the sign of Rbo 
is minus. However, B being an algebraic quantify, and serving as the 
bams of Bs of the other members, it is more convenient to consider it 
as positive. This, of course, does not alter the correct signs of ilie 
rotations which result from the iSnal solution.) 

The value of the horizontal reaction, H, obtained from the shear 
ezpresmons of the top and leg members, will vary in accordance with 
the support condition at the bases. For a bent with fixed bases, as 
diown in Fig. 107, the shear expression of the leg member BC is in 



the form 


Similarly, for the shear expression of the top member AB we have: 
Mas-^Mba-^ ^—Pe—Sf= 1.5 KiB+^^B+FMas 

+mBA+pQ-e^-Bf^i^B+^B 

+^FMAB+FMB^-\-jQ—e^—H=0 (e) 

Subtracting eq. («) from eq. (d), and solving for B, 


j? j, J^iF^AB'\~PM.a^ fkPd — 2e) 

( 124 ) 
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The loading beii^ symmetrical, the deflection ar^le at ^ is zero, 
and the value at JB is obtained from the joint expression of B. Thus, 

MBA+MBc=^iKx+K2)Bi-(^,~K^+FMajL^Q . . (/) 

Substituting for B in eq. (/) its value from eq. (124), 

Y \ TC pjj- I /rpiif j-TPjL/f ^ 

4(A2Xi+/iC*)_r~ 

hP{hK,-MM-2e) . 

^h^Ki+fKt) 

If the bases of the bent are assumed to be hinged, the shear expres- 
sion of the member BC changes to the following form: 


and the corresponding joint and deflection equations become: 


[«+! 


K.- 


3(2Ag,-/g,)n „ 
4""* 4(4A»Xi-hf£,)J^- 
U2hK,-jKi) 


{ih?K^+fK^) 




FMba 

hP{2hKi-fKMl-2e) 


2(ih’‘K^+fK,) 


-Qb. (126) 


„ ZmKr-Wr. 2 MFMab+FMba) JhP(l-2e) 

2{4h^K^+fK,f~ {4h^K^+fK,) (4h^K^+fK,) ' 

# 

The relation between the deflections of top and leg members of 
the bent with vertical legs, as given by eq. (123), applies also to bents 
with inclined legs, the deformations being similar to that shown in 
Pig. 106. Accordingly, the joint and deflection equations of the bent 
shown in Fig. 108, the legs of which slope inward, will differ from lie 
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expressions of the preceding case only by an additional terna — the 
moment of the vertical reaction at top of the leg, FS, affecting the 
shear expression of that member. Assuming the legs to be fixed at 
the bases, the shear equation is in the form 

— 2KiP>-\-Ph — Hh 

« 

The shear espression of the top member, eq. (c), remains imchanged, 
and the deflection and joint equations become: 

p _ 3 y (& g »-/. g ,) „ mfMab+fMbs) 


(124o) 



yA(Z- 2 e)P 



3{AB:.-yg*)n 

4(A*g.4-y^g*)J 


B=-FMba 


HhKi-JK,) 

2(A*gi+y*g,) 




, h{hK,-JKMl-2e)P bfihKi-fK,)P 
4(A‘gx+/g*) 2(Aig.-hfg») ’ 


Qa . (125a} 


If the bases are hinged. 


and 


(i) 

3y(2Agi-yK,)„ ^iFMjj,+FMaA) mi-2e)P 
“ 2(4A*g,+>g,)" WKr+fK, 4A*g,+y*i5i 

I 2bJ^P 

+4A*gT+y*^’ 


[g.+|g,- 


3(2Agi-yg,> 

■4(4A*gi+y»g,), 


a»=- 


JPM- 


h(2hKi-fKf,)(l-2e)P 


+ 4A*g,+y*g2 2(4AC+i^^,) 


bJi2kKr-fK,)P ^ 
4k^K^+J*K, 


(127a) 


In the case of the bent shown in Kg. 109, where the legs slope out- 



QABU BENIS 


151 



wardjiilie Bhear expression of BC^ot the fixed base condition, is in the form 
Maa+McB- Vb-Hh^ 1.5KiB-2K»B- Pb-Hh 

jr ft 


Eq. (e), the shear e3q>ression of the top member AB, remaining un- 
altered, the deflection and joint equations become: 


„ Zj(hK,-mU MFM^+FMba) Ml-2e)P 

2{h*K^+fK^) 


. . (124J) 

}», . . <125ft) 

**.1 I j ** 3 / 

Similarly, if the bases are hinged. 


Mac — .... (A) 


KiR Pb 
W "F 


and 

„ Zf(2hKi-JK,)„ 2fhiFMAB+FMB^ 

^ 2(4h*Kt+M>r~ Ah*K^+fK, 


Ml-2e)P 

ih&,+M 


2bpP 


. . (I26i) 



3(2hKr-fKiy 

i(4k^Kt+fIS:,l 


—FMba-\' 


h{2hK,-fKt) 

Ah?K,+fK^ 


{FMab^FMb-:) 


. h(2hKi-JKt)(l-2e)P , M{2hKi-jK^)P 


^B 


(1274) 
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It is mteresting to note from these equations that the defiections 
and deflection angles of the bent with vertical legs are larger than those 
for the bent with inward-sloping legs, and smaller (by the same 
amount) as compared to the bent having outward-battering leg^, 
provided, of course, the dimensions and the stiffnesses are the same in 
all three bents. 

When the vertical loadmg is uniform, say uo per linear foot of roof 
projection, as shown in Fig. 110, the load constants of the equations 



assume simplified forms as a result of the following relations: 

(i) 

Accordingly, for the load constants of the bent with vertical legs and 
fixed bases we can write: 


A t h{hKi^fK2) j2 A fhwP 

and for hinged bases, 

la the c^e of the bent with indined legs, the load constants become: 
(a) Fixed bases. 



mh^Kt+fK,) ^rih%+;f^lt,) 


. . ( 128 a) 
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(5) Hinged bases, 


O ' H2hK^-m)wP ^ mhKi-j K,) . I 
48"^ 8(4A*X,+y*S:2) ^2{ih?Ki+fKt)^> 

^ jhd^ , bf^td 


. . (129a) 


which the top sign of the last term in each expression corresponds 
the bent having inward sloping 1^. 


n/LtrSTBATTVE EXAMPLES 

1. The symmetrical bent shown in Fig. Ill is canying a nnifoim 
vertical roof load of 1 kip per lin. ft. of horizontal projection. Assum- 
ing the legs to be fixed at the bases, determine: 

(a) End moments at the joints; 

(b) Reactions at the bases. 



Solution: Since the loading is symmetrical, A—0, and B=—B\ 
Applying eqs. 124, 125 and 128, we have: 



3(16-16)» In , 16(16-16)24^ r-L^-a- 
4(16*+2X8*)J ■•■l6(16®+2X8*) 3 


P 3X8(16-16)4 

4(16*+2X8®) 


8X16X24* 

16(16*-|-2X8*) 


12 ; Bab— 


8 


X12=24. 


Then, (a) 

AfAB=l(0+2-24)+12=-10 ft.-kips, 


Msa= 1(4+0-24)-12=-32 ft.-Mps, 


M«r=2(4+0-[-12)=32 ft.-kips, 
Afi,B=2(2+0+12)=28 ft.-kips; 
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m 

V=12 kips; 

H=^^^=3.75 kips. 

2. The symmetrical bent with inclined legs shown in Fig. 112 is 
subjected to a sin gl e vertical load of 2 kips, applied at the crown 
joint. Assuming the legs to be hinged at the bases, determine the 
end moments. 



Solution: Applying eqs. (126a) and (127a), and noting that (e) is 
zero and P equals 1, 



3(32-8)* 1 „ (32-8) (20X16-4X4) 
4(4X16*+32)J'° 2(4X16*+32) ’ 


5 = 1 ^= 1 . 652 ; 


n 3X4(32- 8) .^76 4X16X20-4X4* 

2(4X16*+32)^46 4X16*+32 

. =-1.377; 5^=jX1.377=6.508. 

With these values, the end moments become: 

•3!fAB=l (O-j-0.826 — 5.508) = — 4.682 ft.-Mps; 

.3^ai=l (1.6S2-f-0 — 5.508)= — 3.856 ft.-kips, 
Af«?=2(1.239+0.689)=3.856 ft.-kips; 
il4c®=0. 
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PROBLEMS 

35. The legs of the bent shown in Fig. 113 have symmetrical brackets. Fol- 
lowing the procedure in Art. 46, derive the deflection and joint expressions 
corresponding to two conditions of support: 

(a) Fixed bases; « 

(5) Hinged bases. 

Denote the fixed and hinged-end moments by their s3rmbols. 



36. The loading and the framing of the bent shown in Fig. 114 are symmetrical. 
Assuming the legs to be hinged to the bases, determine: 

(a) End Moments; 

(5) Reactions at the bases. 



47* SinglB-span, Single-story Symmetrical Bents with Hnsym- 
metnoal Loading. — ^When the loading of a gabled bent is imsymmetrical 
with reqieet to the vertical axis, as shown in !Fig. 115, then the 
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deflections of the two legs differ, while those of the top members remain 
equal and in opposite direction to each other. The former deflections, 
representing resultant displacements of lateral spread and side sway, 
vary independently; the deflections of the top members, however, 
depend upon the relative displacements of the top j oints of tire legs, 
that is, the lengthening or shortening of the distance BB' in Fig. 115. 
To illustrate this interdependency, consider the exaggerated displace- 
ment diagram shown in Fig. 116. Here the deflection of the right leg 



(B'G') is assumed to be zero — the joint B' being retained in position. 
Tte deflection of the left leg, noted by A, is produced by the displace- 
ment of the joint 5 to its deflected position Bi. Since tire lengths of 
the members rmnain unchanged (the effect of axial stresses n^lected), 
the new position of the crown joint A is then established by the inter- 
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section of two arcs, having their centers a t B' and Bi, and for radius 
the common length of the members BA(=B^A^ and B'A. However, 
noting that these displacements are small, and unlike the distorted 
repres enta tion i n th e figure, we can substitute the two tangent dis- 
tances AAi and AiAi for t}ie respective arcs, and consider their inter- 
section point Ai as the deflected position of the crown joint A. The 
triangle AAiA^ thus formed graphically indic ates th e int errelation of 
the true deflections of the three members: AAi{ =BB {i being the 
deflection of the leg BC, and the two sides AAi and AtAi repr^enting 
the deflections of the top members AB’ and AB, respectively. It is 
also noted that the an^es OAiA and OAiA^ being eq ual t o ^ (the 
slope of the top members), for the deflections AAi and AiAj we can 
write: 


AAi=£lab'-2^-^ ^ABl . . 

ia) 

and the deflection terms B become: 




(b) 

Bab'=6E-^ sin 

X* T> ^ T% 1 

(«) 


Bab— — Bab ' — 


Similarly, if the top of the i^ht leg, joint B, is displaced a distance 
£»ff and the left 1^ is prevented from deflecting, for the corresponding 
deflections of the top members we have: 

A' _ 

^^“2an^ 

and 

Bb'c —B ' = 5 jBbc— 0, 

Bab’=-.^jB' ii) 

If both legs of the bent are allowed to deflect, and the deflection 
terms of the left and right 1^ be indicated by B and B', then the 
corresponding terms of the top members, obtmned from eqs. (e) 
and id), become: 

BAB=^iB'-7B); Bab'-^^CB-B') 


(130) 
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Eqs. (130) are the general expressions relating the deflection terms 
of top and leg members of a bent in unsymmetrical bending. When 
the two legs sway in the same direction and distance, Rab and Rab' 
reduce to zero; and when the deflections of the legs are the same but 
sway in opposite directions, then eqs. (130) become 


Rab — — Rab^^ 


which is the relation corresponding to symmetrical bending, as given 
by eq. (123) in the preceding article. 

Having obtained the general deflection relation, the joint expressions 
of the bent are derived in a manner similar to that outlined in Art. 46. 
First, consider the loading shown in Fig. 117. ALSSuming the legs 



of the bent to be fixed at the bases, for the shear expressions of the 
members AJS and BO we can write: 

MAB~\'^BA^Hf’\~ — Pe=0, 

Mbc'¥^cb — flA * 0 . 

Noting that 

— (Mba^Mb^a)’^P^+^, 

and eliminating 
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But 


MB’ji=K^+B'+^B'-B)^, 

M^^K^{B-B); 


MoB=KJi^-I^. 

Substituting these values for the end moments in eq. (a), 

(«+?#>- f i'=- f ^+(f - f >+|r 

-j(j’M^B+|w,^)-a-2e)|=8 . . . 

Similarly, from the shear espressions of the members AB' and B'C' 
we have: 


(131) 


+ (i— 2«)^s=«' 

Solving eqs. (131) and (131a) simultaneously for B and B^, 


S K, 

in which 


(131a) 

(132) 


u= 





(133) 


In writing tlie joint expression at it is to be noted that the sum 
of deflection terms for the members AB and AB' becomes ^ero. At 
joint B, for the deflection terms of the members BA and BC we have; 


^\B'-B)+K^=^f8+fs' . . (f) 

and at B', 

^(B-B')+K^'=t'$+U' (g) 
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Substituting these values for the deflection terms, the joint equa^ 
tions become: 

Joint A, 




(136) 


Joint B, 




FMb 






(136) 


Joint B', 


=^FMBA-^FMj^+^FMB^')+{t-t')(l-2e)^^-QB>. . 137) 

In the case of the bent with hinged bases. Fig. 118, the vertical reac- 
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tioBs are determinate. From the slxear expressions of tlie members 
AB and BC we have: 

— BJ-\- (?+2e)^ — Pe=0, 

AdBc~Bh—0% 

Eliminalang H, 

^Mab-\-Mbjl) ~ g^K?+ (i~2c)^=0; 
or 


fhKi,K,\j. hKtj., ZK^.,{ZK, ZKAj. 

V7^+2Ar“ IF" 'wP 


(138) 


From the shear expressions of the members AB' and B'C', 


Solving for B and B', 


„ m+u's' u's+ns' 
B=-^—; B = It. ; 




(132a) 


in which 


U-- 


= ^ tt+it'=2A. . .(139) 




4+1 


Let 


^*(B'-JJ) +^B=to+*^«% 

^‘(B-bo+y^'=<'«+<«'; 


Hien 


(140) 


and the joint equations become: 
Joint A, 


2Ziii+§B+yP'=-PM:<ui; 


(141) 
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Joint B, 

[*r,+|K.+<;f - §)]b+ ^K,A+e(^-^^y 

=^-FMBA--J{FMAB+F^iBA)-ii-m-^e)^=^-QB^, • (142) 
Joint B', 

[k+|s+<^ - §’)]b'+ - §)b 


i' 


-YFMAM+FMBAm.t-m-2e) 


(143) 


The joint and deflection equations derived above are typical, 
except for the load constants. These latter factors for some other 
loading conditions follow: 

(1) Uniform vertical loading, w per lin. ft. of horizontal projection, 
jFig. 119: 



2=load constant in eq. of » 
_ 

“ 96* y’ 




5 

96* y ’ 


— <2i»- 48 - ^7«^+967«^' 


n 5 < _ 7 «' 

“^“967«^~96j^- 


(a) Bases fixed: 
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(6) Bases hinged: 


wP , 

2“ 16/ 2 ~10f 







wP . 
lOf* 


(2) Single horizontal load, applied to top member. Fig. 120: 



(а) Bases fixed: 

s 

—QB=—FMBA+tq.+i'gf, 

—QB’=tg!+t% 

(б) Bases hinged: 

2= - - ^)f, 


2 '= 


(c+^) p. 

2 / 


-QB=-FMB^+tg+rg', 




694931 0 - 46 - 12 
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(3) Single horizontal load, applied to the leg, Fig. 121: 



(a) Bases fixed: 

i=l(FM^+FMcB) +(l - {)F, 
e'=0; 


— Qb — — FMBa~\~tQ,) — Qa'—i'i’ 


(b) Bases hinged: 


(4) Uniform horizontal load, w per lin. ft. of vertical projection, 
applied to the top member, Fig. 122: 
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(b) Bases hinged: 

2'=({+|)w; 

~QB=‘^^+tgi+t'q', —QB'=ii'+t'i- 

(5) Uniform horizontal load, w per lin. ft., applied to the 1^, 
Fig. 123: 



(a) Bases fixed: 


Fio. 123. 
2=-^> 2'=0; 


— Qb= — FMac-btit — Qa'^t'q. 

(&) Bases hinged: 

wh^ ,5, , wU, 

® 4/5 

~ ^2+ ^^2% 

*“Qb'=^'2+^2^- 

(6) Uniform horizontal load, w per lin. ft. of vertical projection, 
applied to both top member and the 1^, Fig. 124: 
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(a) Bases fixed; 


wh , 17 , , 5 a. 

2=— 2 


2 '24 

w, 


-&=i|(y*-/i^+<2+<'2', 


(b) Bases hinged; 


{14 


(f+h) 


4/ 




■. .(f+hy 
4/ 


-&=^-^*+«2+«Y, -<2i.'=Y+<'2- 


ILLXTSTEATIVE EXAMPLE 

The symmetrical bent shown in Fig. 124a is subjected to a Toniform 
load of one kip per lin. vertical foot. Assuming the legs to be fixed 
at the bases, determine the end moments. 



Solution: Applying eqs. (133), (134), and the load constants in 

(6)(a), 


, 16X3-8 , 

* 4X2 

16 , 17X8 41 


f/- 16+8 

* 4X2“"^’ 

« “4X2“^* 


24 


, 5X8 5 

i ’ 2 “ 24 “3’ 


^ _(64-256) , 5X41 , 3X5 
12 

_e,,=5X5^3_X41^4gl. 
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Substituting these values for the load factors in the joint eqs. (135) — 
(137), 

2 ^+^+iB'— si. 

2^+IqB -STg, 

2 ^“T 6 ^+i 6 ^ = 493 ; 

From which 

A=- 19.051, B=33.632, £'=31.904. 

Applying eqs. (131) and (132), 

s'=2.38i+2.102 +7.976+1.667=14.126, 
s=2.381+1.994 +8.408+13.667=26.450; 
g= 6 _>L 26,45j:2XlAm ^^3,33^ 

g.,=2><g6.-45+6X1112_6^3^^^ . 

4 ’ 

£^B=-46.738-h34.414=-12.324. 

The aid moments become; 

Mab= 1 (- 19.051+16.816+12.324) +5.33= 15.42, 

Mab= 1 (- 19 . 051 + 15.952-12.324) = - 15.42 ; 

Mbx=1(33.632-9.525+12.324)-5.33=31.11, 
Mbc=4(33.632+0-46.738)+21.33=— 31.10; 

Mb’a=1 (31.904-9.525- 12.324) =10.05, 

=4 (31.904 +0-34.414) =- 10.04 ; 

Mct=4 (0+16.816-46.738) -21 .33= - 141 .02 ; 
Mc'b'=4(0+15.952-34.414)=-73.85. 


PBOBLEUS 

37. The top member AB of the bent shown in Fig. 125 is carrying a uniform 
vertical load of 1 kip p» linear foot of horizontal projection. Assuming the legs to 
be fixed at the bases, determine the end moments. 
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38. The left leg of the symmetrical bent shown in Fig. 126 is subjected to a 
bracket loading. Determine the load constants g and Q for two conditions of 
support: 

(al Fixed bases; 

(h) Hinged bases. 



Symmetrical Bent with Indiiied Legs, Unsymmetrical Load- 
ii^. — ^The general relation of deflections, eq. (130), as derived in the 
preceding article for bents with vertical legs, is equally applicable for 
bents with inclined legs. The procedure in obtaining the joint and 
deflection expressions is also identical for the two cases. Consider, 
for example, the bent shown in Fig. 127. The legs of the bent slope 
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inward. For the JBzed base condition, the shear expression of the 
leg member BG is in the form 

jEZA'=0; 

and that of the top member AB, 

V^- Pe-ES=Q. 

Notii^ that 

Vi= - (Msa-\-Mb'a) +(«+ 

and elimmating 

1(Mbo+Mcb) 

~ • • • (®) 
Substituting the values of the end moments in eq. (fl), 

./SK, K, bE,\„j/K^ I-,, 


( 144 ) 
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Similarly, from the shear expressions of the members AB' and B'C', 


,{K, bKA^.fZK, hKAj., 


+ 

X •A •/ 

Solving eqs. (144) and (144a) for B and E' 

us+u's' v-'s+us' 


B^^- 


K. 


in which 


Letting 


*0+^® , A , , 4 


Ji 

. ' h^K,j 

1 -/ 

4 

0 +® 

) 

) 


j I 

<‘+®' 


'2’ 


(144o) 

(132) 

. (133) 


(134) 


(135) 


the joint equations become; 

Joint A, 

2KrA-!r^B+^^B'=-FMsB) .... 

Joint B, 

+[f +Kf +^)>-[<f - - f - 

= — J''Ms^+tg+f'2'=— (145) 

Joint B\ 

[^■+^-<1 - - f - t)>' 

+[f +K7+^‘)>-[<I - - 7 - ®)> 

=<2"+t'2=-&'; . . (145o) 
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in wHch 2 and j' indicate the load constants of s and s', eqs. (144) 
and (144o), and equal: 

2“ “ 2c) Jp , (6) 

W 

If the legs are assumed to be hinged to the bases, as in Fig. 128, 



then the two vertical reactions become determinate. For the shear 
expressions of the members AB and BC we can write: 

M«,-m+|^(li+2c)P=0, 


Eliminating 

j(Mab+Mb^ — 
or 



- |(^i+2e)[^=«. . (146) 
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Similarly, from the shear expressions of the members AS' and B O', 

{hK^.KAj., 3K, , , /3^2_ 

* (146a) 

Solving eqs. (146) and (146a) for i? and S', 


„ us+u's' u's-\-us' 

^ 


(132a) 


in which 




^ u+u'=2h . . . (139) 

j I 4,JL.JJ±1 


^(2+^;)-/ f+2h 


4+i^^ 4+ 


, t+t'=h; . . . (140) 

A\L±h 


« 


then, for the joint equations of the bent we have: 
Joint Ay 

2K^A->r^B+Y^'=-FM^B) ■ 

Joint By 


[■K.+i«-<® - f - f*>' 


2 jr 

==-FMB^+tg.+t'g:^-QB] .... (147) 


Joint B', 


[K.+|gr.-<f - f 


=t'^+ti'=-QB (147a) 


It will be noted that these joint equations differ from the corre- 
sponding expressions for the bent with vertical legs only by the 
factors contai ning the term h. By reversing the sgns of these factors 
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in the above equations, we obtain the joint expressions for a bent hav- 
ing outward-battering legs, as shown in Fig. 129. 



Except for the load constants g and Q, the joint equations are typical. 
These factors for some other loading conditions are given below: 

(1) Uniform vertical loading, vs per linear foot of horizontal projec- 
tion, Fig. 130: 



Fig. 130. 

(a) Bases fixed: 

_/196 7 \toP 
^~\U 2// 48’ 

,_/ 5 56W. 
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(h) Bases hinged: 

/2b P ,br\id , fl b\/h l\wl, 

2=U“2j,+^/8' 2 =W“ nA2~'iM’ 

-<2B=^+f2+<Y, -Qs'^fi+tq'. 

(2) Single horizontal load, applied to top member, Fig. 131, 



Fig. 131. 

(a) Bases fixed:- 

f)F. 

-QB=-FMaA+ii+rg', -QB>-iq.'+t'2. 

(b) Bases hinged: 
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(3) Single horizontal load applied to the leg, Fig. 132: 



(a) Bases fixed: 


Fio. 132. 


g=\{FMaa+FMcB)->t(^y‘, 2 '= 0 ; 

— Qa—-~FMBa-^tgj, —Qa>=t'g. 

(b) Bases hinged: 

— &=— B3/«7+^+f2', —Qa'i—ig.'+t'i- 

(4) Uniform horizontal load, v> per lin. ft. of vertical projection, 
applied to the top member, 133: 
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(a) Bases fixed: 


17 , 5 

2=^^-i2-r- 

,5,5 bv^, 

-Qt—^+il+iV, 

—QB=t£'+t'S' 


(b) Bases hinged: 


—Qs=^-friS-ti's'> —Q3’=ts''^^'S- 

(5) Uniform horizontal load, w per lin. ft. of vertical projection, 
applied to the leg. Fig. 134: 



(a) Bases fixed: 


Fig. 134. 


wk , ^ 

S=-9> 2 = 0 ; 


— &=— -j2 





GAELS BSIITS 


177 


(6) Bases hinged: 


2=|wA- 


Iwh^ hwh 
4fli 2k ’ 


hwh 

^~4fk W’ 


-Qb=— ~^+tg.+t'g!, — 6 s'=fg+« 2 '. 


(6) Uniform horizontal load, w per linear foot of vertical projec- 
tion, applied to top member and the leg, Fig. 135: 



(a) Bases fixed; 


2 = 


17 , 5 6w/® , wh 


2 '= 


5 , 5 hv^ 

E'Tfi 


—QB'=f'g.+f3'l 


(6) Bases hinged: 

^+<2+<Y, 
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II.LTTSTBATIVB EXAMPLE 

The top member AS of the symmetrical b^t shown in Fig. 136 is 
carrying a vertical load of one kip per lin. ft. of horizontal projection. 
Assuming the legs to be fixed at the bases, determine: 

(a) End moments; 

(£) Reactions at the bases. 



Solution. Applying eqs. (133), (134) and the load constants in (1) (o) : 


“ 4X1.5 

16 
~ 3' 

16X2-8 

— A 

4X1.5 

—4, 

a-( 

7> 

2~V16X24 

■l6> 


u' 


16 

'4X1.5 


8 . 

3’ 


. 8+16 
' “4X1.5 


=4; 




• 5X4 V 25. 
16X24/“^“ 8’ 


-<2b=12 


4X23 , 4X25 
8 8 


13 > 


^ _4X25 4X23 , 

Hb’ Q fi— =1 


Substituting these values in eqs. (135), (145) and (145a), the joint 
equations become: 

4.A+R+R'=~12, 
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From •vrliich, 

A=—6, 5=7, B'=5. 

Also, applying eqs. (144), (144a) and (132), 


*=(j+b)«+(|-1-®)^+(i - S>-f =»■ 

•'=(K>a-^s>+(l-i-rs>+f- 

16 


2X8' 


^(8 4) — 4, 5jBy=~"4. 

(a) The end moments become: 


AGb= 2(-6+3.5-4)+12=-1 ft.-Mp, 
M^.=2(-6+2.5+4)=l ft.-ldp; 


Mb^= 2(7-3-4)-12=-12 ft.-Mps, 
■Mbc?= 4 (7 — 4) = 1 2 f t.-kips ; 


Mb'a= 2(5— 3+4)=12 ft.-Mps, 
M3 -c'= 4(5-8) = -12 ft.-Mps; 

Afers=4(3.5— 4)=— 2 ft.-Mps; 


Mc'b ' =4 (2.5 —8) = — 22 ft.-Mps. 


(6) The reactions are: 


rr Mw+Mb^x- 12X18 -12-hl2-12X18 
24 “ 24 


F,=12— 9=3 Mps; 

rT_MBo+McB+^Vi_12-2+36 
1 « ' 1 A 


=2% Mps. 


9 kips; 


694931 0-46 - 13 
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PKOBLEMS 

39. The left leg of the S 3 rnimetrical bent shown in Fig. 137 is subjected to a 
single concentrated load P. Determine the load constants q, and Q for: 

(a) Fixed bases; 

(5) Hinged bases. 



40- The symmetrical bent shown in Fig. 138 is subjected to a uniform load of one 
kip^per linear vertical foot. Assuming the legs to be fixed at the bases, determine 
the end moments. 



49. Two-story Symmetrical Bent with Symmetrical Loading. — The 
solution of moments for the bent shown in Fig. 139 differs but little 
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Jig. 139. 


from that of the single-story bent discussed in Art. 46. The similarity 
is seen at once by considering the bent as composed of two component 
frames: (a), the top panel GBAB'C', which in itself is a single-story 
gabled bent, and (6), the bottom rectangular panel DCG'D\ These 
two panels are interrelated by the common deflection angles at joints 
C and O'. The exaggerated joint displacements of the bent are 
indicated on the diagram in dotted lines. Since the loading is sym- 
metrical (and neglecting the effect of the axial stresses), the bottom 
rectangular panel DCO'D^ will hare no side sway. The top panel 
CBAB'C^ will sway as shown in Fig. 106; that is, the apex joint A 
moves down, and the joints B and B' spread out laterally equal 
distances, A. The relation between the deflections of the top and 
leg members of a single-story gabled bent, as derived in Art. 46, is 
directly applicable for this panel. Here again denoting the deflection 

term ^=6£J^^ of the top leg BO by i?, for the corresponding term of 

the top member AB we have: 

Bab^-jB (123) 

The deflection and the joint expressions of the bent are derived in 
the usual manner. Consider, for example, the loading shown in 
Fig. 140. The shear expression of the leg member BC in the top 
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- ^R-H==0', (a) 

in which H is the shear or horizontal reaction just above the joint C. 
Similarly, for the shear expression of the member AJB we have: 

+P(^ -eyHf=^B+^^B+jiFM^B+FMB^) 

+?G ....(&) 

Subtracting eq. (a) from eq. (b), and solving for B, 

or 

„ Sf(fK,-m ZfK,C MFM^b+FMb^) 

^-4if>?K,+fK^^^4ih^K^+fK,) 2iF‘K^+fK^ 
fli(l—2e)P 
~ Hh^K^+fKu) 


( 148 ) 



GABLE BENTS 


183 


For the joint expression at B, obtained by smmnii^ up the end 
moments at that joint, we hare: 


Substituting for B in eq. (c) its value from eq. (148), 

ZQiK^-jK,Y-\r> , TK^ , 

, h{liK,-jK.){l-2e)P_ ^ 

A{h?K^^fK,) 



. (149) 


Equations (148) and (149) are independent of the restraint condi- 
tion at the bases, which condition affects the moment expressions of 
the bottom story columns and, consequently, the joint expressions 
at C and C only. Assuming fixed bases at D and D', the derivation 
for joint O follows: 


Mcb=KJ(c+^-Ii), Mcc-=^0, Mcd=K,C; 
McB+Mcc'+Mco=(K,+^+K,y+^^B-K^=^0,. . (d) 

and substituting for B its value as given by eq. (148), 

, if, , „ zfK^ . rif, -^fK,(fK.-hKdij. 
Y^^~4(h^KlWj^U 2 ~ Mh’^K^+fKi) T 

fhK,(FM^B+FMB^) fhm~2e)P_ ^ 

- 2{h?Kx+fK^) 4:{¥Kr+fKi) 


If the legs CD and CD' are assumed to he hinged to the bases, the end 
3 

moment Mcd equals ^ KtC, and the corresponding joint expresaon at 
C becomes 


\K2+ -2 +4^- 4 {h^Ki+fKAr+l 2 Hh^Ki+fK^) f 

JhKS-2e)P 


m^iPMA^+FMBA) 
‘ 2Qi^K,+fK2) 


. (150o) 


4(A=‘£:.+/ii:,)“ 

In the case of uniform vertical loading, shown in Fig. 141, the load 
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constants of eqs. (148) to (150a) assume the following simplified forms: 

fliwP 

mh^K^+fK,y 


Qn- 


r,_,wp, h(hK,-m)wp 

Vs- i- 48 + iQ(h^Ki+fK,y 


-Qc=- 


KjfhwP 


UQPK^+fK^y 


(151) 


A symmetrical vertical loading, acting on the member .CC', Fig. 
142, will affect only the joint expression at C. This change is made by 
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merely adding the fixed-end moment of the member {—FMcc) to the 
load constant. 

It is also to be noted that the load constants of R and B equations, 
eqs. (148) and (149), corresponding to the loading shown in Fig. 
142, become zero. 


ILLUSTRAITVE EXAMPLES 

1. The top members of the symmetrical bent shown in Fig. 143 
carry a uniform vertical load of 1 kip per linear foot of horizontal 
projection. Assuming fixed bases at D and D', determine the end 
moments. 



Solution: Applying eqs. (149), (150) and (151), 

3i?-f<7=12, 

54 . 30 = -24; 

from which 

5=7.5, 0=— 10.5. 


Substituting these values in eq. (148), 


R=- 


3X16X2 

4X96 


X10.5 


4X8X24=* 

16X96 


14.625; 


5;ib=|x14.625=29.25. 


and 
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The end moments become: 

M^b= (3.75-29.25) + 12= - 13.50 ; 

il/s^=(7.5-29.25)-12=-33.75, 
i¥sc=2 (7.5-5.25+14.625) =33.75, 

Mcb=2(-10.5+3.75+14.625)=15.75, 

Mc<7'=-5.25; 

^£cd~ — lO.oOj 
Mdc=-5.25. 

2. The member CO' of the symmetrical frame shown in Fig. 1430 is 
loaded with a uniform vertical load of 1 kip per linear foot. Assuming 
the legs to be fixed at the bases D and D', determine the end moments. 



Fig. 143a. 

Solution: The joint expression at B and C differ from those of the 
preceding example by only the load constants Q. Since there is no 
load acting on the top members AS and AB', Qb becomes zero. The 
load constant for C, Qc, is simply the fiixed-end moment of the member 
CC'. Thus 

3B+C=Q, 

5+3(7=48; 

5=-6, 5=4.5, 

C^=18; 5^b=— 9. 

The end momenta become: 

Mju3= — 3+9=6; Afi5c=9; 

Mb4=-6+9=3, Mcs=2(18-3-4.5)=21, 

M«.=2(— 6+9-4.5)=— 3; Afcc'=9— 48=— 39, 

18 , 
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PROBLEMS 

41. The bottom legs of the two-story symmetrical bent shown in Fig. 144 are 
subjected to two symmetrically placed bracket loadings. Derive the deflection 
and joint expressions corresponding to two conditions of support: 

(a) Fixed bases; 

(b) Hinged bases. 

Denote the fixed and hinged-end moments by their symbols. 



Fig. 144. 

42. The roof members AB and AB' of the symmetrical bent shown in Fig. 145 
are carrying three concentrated loads, placed symmetrically with respect to the 
apex. Assuming fixed bases at D and D% determine the end moments. 


8 6 8 
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50. Two-story Symmetrical Bent with Unsymmetrical loading. — 
As in the case of symmetrical loading, the concept of deformations of 
a two-story bent, subjected to an unsymmetrical loading, is greatly 
simplified by considering the two stories of the frame separately. 
These deformations are shoTO in Fig. 146. In the upper story, the 



panel CBAB^O' deflects in the same way as a single-story gabled bent; 
that is, the crown joint A moves downward and laterally, while the 
displacements of the joints B and B', indicated by A and A' in the 
figure, result from both sway and spread of the legs BC and BC'. 
The bottom panel is rectangular; hence the joints C and (7' sway later- 
ally the same distance Ai. Denoting the deflection terms of the 
members AB and AB' in the top panel by Rab and Rab^, and those of 
the colunms BC and B'C' by R and i?', respectively, the interrelation 
of deflections of the top and leg members is again given by the pre- 
viously derived expression 

Rab^^(R' — R}^—Ras' (130) 

The joint equations in the top panel are obtained in the same way 
as in Art. 47. Indicating the horizontal and vertical reactions just 
above the joint C (Fig. 147) by H and Vj for the shear expressions of 
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the members AB and BC we can write: 

’ M^s+Ms^-Hj+V~-Pe=0, 

— Sfe=0. 

Noting that 

VI: + P(e+{)' 

and eliminating H, 

Substituting the valnes of the end moments, 


-^FMj,n+\FMn?)-{l- 2 e)^^=^s (152) * 

Similarly, from the shear expressions of the members AB' and B'G' 
we have: 

- - yA+^B+ (^- j)®' 

Solving eqs. (152) and (152a) for B and R', 

US+U'S' Tt,_V‘'S+US\ 


(152a) 


B=- 


K, 


B' 


K. 


(132) 
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\ n-ii-i/ ,,r 


; «+«'=! . . . (133) 


Noting also that the deflection terms of joints B and respectively 
equal 

(B'-R) +KJt= ts+t's', 


^ (B-B')+KJS'=t's+ts', 

in which 

*0+w!)~-^ , f+h. __ ,y„_h 

the joint expressions at A, B and B' become: 

Joint A, 




Joint B, 


-^raf„+|jrM„)+|w.x-(l-l')»-2e)^ e.;(153) 

Joint jB', 

[K+a-^'+(f - §)]B'+^^^KA 

+[<7‘ -f)-f 

^ — 2e)^= — Qjj# . , . (154) 

Eqs. (135), (153), and (154) are independent of the support condi- 
tion at the bases, which condition affects only the joint expressions of 
C and C\ For fixed bases, the joint equation at C is in the form 

M<7^4-M<7Cf'+Mcz)==JBL^ — i?^+i5L3^<7+^^+iiLi(<7“-i2i) ===0 . (a) 
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But 


B:=|(C'+C70. 


Substituting these values in eq. (a), the joint expression becomes: 


+ 


& . . C155) 

Simflsffly, at C', 

[«+a+|K.- 

+[f +<f - W-fMf- 


^(;}L^FM^^-jFM^s+(u-u'){l-2e)§j=-Qc>. . . a66) 

In the case of hinged connections at the bases D and Z?', Fig. 147, 

/3 JBi \ 3 

the end moment Mcd iu eq. (a) equals i!L 4 t;|C' — and Si=-^{C+C') . 

Accordingly, for hinged bases, eqs. (155) and (156) are modified as 
follows: 

Joint C, 


[«4-s+|i£.-^]c'+f:‘A+[f +«(f - - ^]b 


+ 


Kf - § )- f >'+[f -“-w - 


=^^!^^FM^^-jFM^s+iu'-u)(J,-2e)^-Qa .... (155a) 
Joint C‘, 

[k,+s+|k.- 5^’]o'+^u+[»'(f - §)-f ■> 


+ 


= jFM^+ {u-v/) (Z-2s)^= -Qc’ . . (l56a) 


Except for the load constants, eqs. (135), (154) to (156) are typical. 
Denoting the load constants in the s and s' equations — eqs. (152) and 
{lb2a ) — by g and g', respectively, the corresponding joint load factors 
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Q for some other loadings are given below: 

(1) Uniform vertical loading, w per linear feet of horizontal pro- 
jection, Fig. 148: 



Fig. 148. 

Bases fixed or hinged: 

7 wP , 5 top . 

96' / ' ® j ’ 

ii/j72 

— Qc=«2+«'2'. 

(2) Single horizontal load, applied to the member AB, Fig. 148a: 



— I 

Fig. 148a. 
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Bases fixed or binged: 

-Qb FMsA+tq+t'g:, 

— QB' = t'i+tq'. 

Bases fixed: 

—Qc=uq+u'q' +^> 

-Qc'=y''q+‘uq' +^', 

Bases hinged: 

— Qc='uq+'^'q.'+^'> 

Jph 

— Qc' =u'2+ti2' + -—• 

(3) Single liorizontal load, applied to the member BC, Fig. 1486: 
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Bases fixed or hinged: 
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g= \{FM^+FMcb) +(l -ly. 

2'=0; 

-QB=-FMBC+ti, 

Bases fixed; 

— Qc'^u'q+^; 

Bases hinged: 

-Qc=-FMcb+U2+^^, 

—Qo'=u'q+~^‘ 

(4) Uniform horizontal load, w per linear foot of vertical projection, 
applied to the member AB, Fig. 148c: 



Fio. 14Se. 
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Bases fixed or hinged: 

r 5 , 

~Q«=^+^2+<'2'» 

—Qa'=t'g-{-t^. 

Bases fixed: 

— Qc=«2+'itY+^^ 

— Qp,=ti'g+u4'4.?^. 

Bases hinged: 

— &'=«'2+M2'+^* 

(5) Uniform horizontal load, w per linear foot of vertical projec- 
tion, applied to the member BO, Fig. 148d: 



Bases fixed or hinged: 

wh 



— «b=~'J^+<2> 


-Qa>=t'q. 


694931 O - 46- 14 
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Bases fixed: 
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Bases hinged: 


^ , v)h^ , whhi 

-^=«2+32 


IT’’ 




^ , wh^ , whhu 

-Qo=n+j2'^~^ 


(6) Single horizontal load, applied to the member CD, Fig. 148e 



Fie. 148e. 

(a) Bases fixed: 

Qa=Qb=Qb>=0, 

-Qc= -\FMaB+\FMBo+^-^, 

-Qc^\{FMcn+FMBc)+^I. 

(4) Bases hinged: 

-«3b'-|Ha4z>+f- 
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(7) Uniform horizontal load, w per linear foot, applied to the mem- 
ber CD, Fig. 148/: 



Fis. 148/. 

(а) Bases fixed: 

Qx = Ofl = = 0, 

(б) Bases hinged: 

Qx=Qb- Qs'=0, 

lUiUBTBATiyE EXAUPI.E 

The roof member AB of the symmetrical bent ^own in Fig. 149 is 
cartTing a nniform vertical load of one kip per linear foot of horizontal 
projection. Assuming the 1^ to be fixed at the bases D and O' 
determine the end moments.. 
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Solution: Applying eqs. (133), (134) and the load constants in 


( 1 ), 


,, 8 ( 1 + 1 ) 8 

^~4(l+0.5)“3' 


“'~4(l+0.5) 3’ 


8(l+l)-4 _^ 

4(l+0.5) 


■/_ 4+8 
' “4(l+0.5) 


=2 


? 


7X24‘» 
2 4X96 


-10.5, 


2 '= 


5X24* 

4X96 


=7.5. 


Also, eqs. (135), (153) to (156), 

2.0A+0.55+0.5B'=-12, 

1.5A+2.5B-0.55'+0.25(7-0.75<7'=6, 

1.5A-0.55+2.5fi'-0.75(7+0.25<7'=-6, 

1.0A+0.5B-0.5S'+6.0(7-1.25C7'=-18, 

1.0A-0.5e+0.5B'-1.26C'+5.0C"=6. 

The solution of the equations is performed in the usual tabiilar 
form, after eliminating A. These values are: 


A= -9.802, 
S=10.390, 
5'=4.820, 
(7= -1.354, 
C"=3.382. 
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From eqs. (152) aad(152a), 


and from eqs. (132) and (130), 


R= 


-8X6.656+4X13.120 

3X2 


0.129, 


B' 


-4 X 6.656+8X13.120 
3X2 


13.056, 


Bab= -5.jb-= 13.056+0.129=13.185, 
fiei,=Bc'D'=|(3.382- 1.354) =0.760. 


With these values, the end moments become: 

Af4B= -9.802 + 5.195-13.185+ 12= -5.79, 
M^b/S=-9.802 +2.410+13.185=5.79; 


Msj.= 10.390-4.901 - 13.185- 12= - 19.69, 
A(bc=2 (10.390-0.677 +0. 129) = 19.69 ; 

Afs-.i=4.820-4.901 + 13.185= 13.10, 
Mb.c'=2(4.820+1.691-13.056)=-13.10; 

2l4c»=2(- 1.354+5.195+0.129) =7.94, 
Mcc'=1.6(-1.354+1.691)=0.51, 

Mci>=4(- 1.354-0.760) =-8.45; 

Mcb’=2 (3.382 +2.410—13.056) = - 14.53, 
Afc'c=1.5(3.382-0.677)=4.05, 
Mc'i>.=4(3.382- 0.760) =10.48; 

^j,c=4(-0.677-0.760) = -5.75 ; 

Afo'c' =4 (1 .69 1 - 0.760) =3.72. 
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PROBLEMS 

43. The lower column CD of the two-story symmetrical bent shown in Fig. 148ff 
is subjected to a bracket load. Obtain the load constants of the joint expressions 
corresponding to two conditions of support at bases D and 2>'; 

(a) Fixed bases; 

(h) Hinged bases. 
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Denote the fixed and hinged-end moments by their symbols. 

44. The two-story symmetrical bent shown in Fig. 149a is subjected to a uni- 
form horizontal load of one kip per linear vertical foot. Assuming the bent to be 
fixed at the bases D and D', determine the end moments. 



Fig* 149a. 
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61. Single-story Unsynxiuetrical Bent. — Fig. 150 (o) illustrates an 



rmByimnetrical gabled bent. Here, due to dissymmetry of framing, 
the deflections of the two legs, as well as the deflections of the top 
inembers, wUl differ regardless the type of loading or the stiffnesses of 
the members. As in the case of the symmetrical bent, the deflections 
of the top and leg members are interrdated. To establish this inter- 
relation, consider the displacement digram shown in Fig. 150 (b). 
The construction is similar to that shown in Fig. 116: first, the Idlt 
leg, BC, is allowed to deflect, while the ri^t 1^ is held in position; 
as a result, the joint B mores into Bu and the crown joint A mores 
into Ai. The displacement BBt represents the dedection A of the 
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member J8(7, and At is tbe point of intersection of two arcs having 
centers at Bi and JS' and the respective radii BiAsi^BA) and B'A. 
(Since the displacements are small, and unlike the magnified repre- 
sentation of the diagram, the chords AiA and AiA % — drawn normal 
to AB' and ABj respectively — are substituted for the two arcs.) 
Accordingly, the triangle AlAiA 2 indicates graphically the inter- 
relation of deflections of the top members AB and AB' and the leg BC. 
The derivation of the algebraic relation follows: Let 

y=^AAy=AjLB'; x=AiA2=—Ajib; 

angle u4iA42= angle B'AO] 

<#)= angle ^ 1 ^ 2 ^= angle BAO; 

then 


or 


Also, 


and 


Similarly, if the joint B' is displaced a distance A', while the left 
leg is held in position, for Sj^b find Bab' we will have: 

Bab^j^'I Bab'^ ^^B'f (e) 

in which B' is the deflection term for the 1^ B'C'^ and is ecjual 

The interrelation of deflection terms Bab, Bab', B and B', when both 


sin 

A=y cos p+x cos ^ 

sin <t> cot fi+x cos <l>; 

*””cos <^+sin <^‘‘cot 

r> cos <^> 

AS y cos ^ y <^-|-sin <f> cot p 

i ^10 

l+tan <l> cot 

w 

^ COS iS+sin p cot 

Bab> ==^os P=ri-L — ^^ 5 — t-Ab 

J l+tan ^ cot <i>j 

-7*-j+s-jr® M 



GABLE BENTS 203 

legs of the bent axe allowed to deflect, is obtained from eqs. (6), (d) 
and (e): 

R^B>=f(R-R') .... ( 158 ) 

(It is to be noted that when a and b equal eq. (158) becomes 

identical with eq. (130), as derived in Art. 47 for a symmetrical bent; 
and, when b is zero, Bab also becomes zero.) 

Having thus obtained the fundamental relation between the deflec- 
tion terms of top and leg members of the bent, the joint and deflec- 
tion expressions are derived as for a symmetrical bent. Consider, 
for example, the bent shown in Fig. 151. Assuming the 1^ to be 



Fig. 161. 


fixed at the bases C and C?', we have: 

MAB~hMBA~\~^t^ — — i5f=0, 

Noting that 

Vi^^(MB^+Ms>AnP{h+e), 

and diminating H, 

But 

M^b=k\_A+\-j{R'-R)\+FM^-, 

Mba^K^+B- j ; 

Mb^^=^^B>-jI{R-R')^, 

Mbc=K^{B-E)-, 

McB=KJi^-:^- 
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Substituting these values for the end moments in eq. (/), 

[^26irx+7i?3- ^K^R' 


'^JjFidBA *” y {FMaB’^'F^BJ^ P — ® 


(159) 


Similaxly, from the shear espressions of the members AB' and B'C' 
we obtain: 

[^2aiS^+ j^Ti- jI^)+lK,'jB' - ^(2aK,+^K, - ^K^B 

-[|(K+a)-|K.}i+>s+[(^ - |)f +|^>' 


+Jl?’M^x+|(a-a)P=s' 


(159a) 


Eqs. (159) and (159ct) may be written in the form 

CiR—cJR'—s, 

— cJS>~\~cJS>' =^s\ 


From which 


and 




B—R'— (111—113)8+ (u3-^Ut)s'. 


(160) 


(161) 


The deflection terms of the members AB and AB', forming the joint 
A, are given by the expression 


- j(B'-R)K,- j(ft-B')K3^^(bK3-aKt) (R-B') ^ 

’=^(J)Ki—aE:3)[(ui—ii3)s+(ii3—U4)s'] (g) 

At Joint B, from the d^ection terms of the members BA and BO, we 
have: 


~ j^(B'—R)Ki—KR=‘j^Ki[(iii—it3)8+ («2— «4)«'] — iTj («is+«js0 ; (A) 
and at B', 

•^K3[(ll3—Ui)8+(U4— 113)8']— Kiiu^+UiS') .... (i) 
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Substituting the values of s and s' from eqs. (159) and (159o) in 
eqs. (g), (h) and (i), the joint expressions at A, B and B' become: 
Joint A, 

— hifi—e) {Ui,—Ui—Ui+v,^P^ 

A-^j(}>K,-aK^){u,-u,){FM^n^-FM^^y, (162) 

Joint B, 

+ '^^^i5i('Wi— ‘U3)~«i-83j 

+ [(l-|)f +#] b'=- W 

-(iJM^+^a4^-j(a-e)pj 
-^[^ii:i(«,-«4)-«»K,]EFMx,A+ (a-«)Pl; 


( 163 ) 
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Joint B', 

-uJC^ [(l~§)x+^']|^'+§^3 

+|^-K3('“3“Wi) — •U3i24j ^^(^Li+iiLs) . 

+^K,{u,-u,) ^{K,+K,) --^A 

+{gz3(.-«o-.3i.ie-i)f+f] 

-uai?*] [yiFM^^-^FM^B+FM^jd -|(a-c)p] 

-^K,{u,-u,)-uJ^^^FM^j,+^{a-e)P^ (164) 

In the case of the bent shown in Fig. 152, having hinged bases, the 



vertical reactions are determinate. From the shear espressions of the 
members AB and BC we have: 


1 


h 


1 
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and, substituting the values of the end moments, 

(2lkK, KC\^ 2bhKtj.,^ iK,../3K, 3Zi\„ 

~jT-^ — -w^+\ih - -wr 

~y(FM^s+FMaA)~^iO’—6)P=s .■ 


(165) 


Similarly, from the shear egressions of the members AB' and B'C' 
we obtain: 


/2dhKi . -KiiNp/ 2ahKin . . /ZKt 


Let 


+^(<i— c)P=s'. 


(1660) 


j 2bhKi I j 2bhB^x^ j 2(ihKz' j 

oi h^; 02 ysf- > <h— J21 ; 04= 

Then for eqs. (165) and (165a) we can write: 


2oJiKs , K4 

'‘~JH~^2h: 


from which 


diP — dfJR / — 5, 




l(160o) 


(I6I0) 


and 


B—B'= {ih—tt^s+ (ut—u^s'. 

Substituting these values for the deflection terms, the joint equa- 
tions become: 

Joint A, 

^Kx+Kt+ ^i(ux-u,)iaK,-bKx)Kx+^ (u*-tt*) ifiK^-bKx)K^ 
->r\hKx+ky^-v^){bKx-c 


(ZK, 


V4A 

2yyJ 

(ZK, 

ZKi\] 

V4A 

~ 2/ ;J 


= -FM^B+p(«i-'o») Q>Kx-aJQ (PM^+PMa^) 
+^{bKx-aK^){a-e)[iux-v^)-{u,-u;}\P (166) 
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Joint B, 

+B^‘+f (I 

+f(f («.-«a)^:,+^*)>+[| 

•\-FM.bj^ ^ — '2^s4"^4)-Ki"i" (^a ^ • (167) 


Joint B', 

[^+|^+(^ (•M4-1ia)Xs— ii4y 

+^(a— e)j^(iii+'ii8— Ml— jO-Ka+C^i— Ma) yJ- . • . (168) 
If the loading is uniform, as is shown in Fig. 153, the load constants 



I ‘ n 


Fio. m. 
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m 8 and s' expressions for the two conditions of support assume the 
following simplified forms: 

(a) Fixed bases: 


(5) Hinged bases: 


2 =-(®+ 66 )^- 

5 a?bw 

« -BIT' , 


a^bw 
2 2fl ’\ 

, <3?hV} 


(7) 


(*) 


IliLnSTSATTVE EXAMPLE 

The top member AB of the unsymmetrical bent shown in Fig. 154 is 
carrying a uniform vertical load of one Mp per linear foot of horizontal 
projection. Assuming the 1^ to be fixed at the bases O and C' 
determine the end moments. 



-24' 

Fie. 154. 
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Solution: Applying equations (160), (159) and (159a) and load 
constants (y), 


18 8 16 __10. 
«i— «2— 13' ^—13' 


243 , 135 

2 = - 16 ' 2 = 16 -, 




243 

16’ 


„/ A J Ip ^ B' I 

s - ^+ 16 ^ 16 ^ -t- 16 


Substituting the numerical constants in equations (162), (163) and 
(164), the joint equations become: 

2.7692A+0.3462£+0.1154B'= -56.07, 
3.1154ri+3.82695— 1.55775'=-32,72, 

3.1923ri- 1.2885S+4.4038B'= -81.52 ; 

from vdiich 

A=-21.30, B=8.55, B'=-0.57. 

Then 

« =1.60-0.32-15.19=-13.91, 
s'=21.29+0.53+0.32+8.44=30.58; 

and from equations (161) and (158), 

B =-19.26+ 18.83 =-0.43, 

B' =-17.11+23.53 =6.42, 

Bm =6.42+0.43=6.85, 

B^r = -3 X6.85= —20.55. 

With these values, the end moments become: 

Mas =(-21.30+4.27-6.85)+27=3.12, 

Mab> =3(-21.30-0.29+20.55) = -3.12; 

Msa = (8.55-10.65-6.85) -27= -35.95, 

Msc =4(8.55+0.43)=35.92; ' 

Ms'S =3 (-0.57- 10.65+20.55) =27.99, 

Ms^c' =4(— 0.57— 6.42)=— 27.96; 

Mcs =4(4.27+0.43)=18.80; 

Mc>a' =4(— 0.28-6.42) = —26.80. 
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PROBLEMS 

45. Determine the load factors in the s and s' espressions corresponding to 
(1) fixed and (2) hinged bases, for the loadings shown in Fig. 155: 

(a) Sin^e horizontal load, applied to member AB; 

(b) Uniform lateral load, applied to member AB; 

(c) Single horizontal load, applied to member BC; 

(<0 Uniform lateral load, applied to member BC. 



46. The singie-stoxy nnaymmetrical bent shown in Fig. 154a is subjected to a 
uniform lateral load of one psat linear vertical foot. Assuming the bent to 
be fixed at the bases Cand C', obtain the end moments. 



S2. Two-story Unsymmetrical Bent. — ^With some modifications, the 
solution, of the single-story uns^munetrical bent, discussed in the 
preceding article, may also be used in obtaining the moments in an un- 
symmetrical bent of two stories. Consider, for example, the bent shown 


694991 O > 46 > 15 
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in Fig. 156. In the top panel CBAB'C', the interrelation of deflec- 



tions of the members is obtained as in a single-story bent. Denoting 
the deflection terms of the members BC and B'O', respectively, by 
B and B', for the deflections of the top members AB and AB' we then 
have: 


B^s=j(B'-Bh 

B^.=^{B-B'). 


(158) 


Except for an additional term due to the deflection angles at C and 
C', the s and s' expressions, eqs. (159) and (159a), remain unchanged. 


The additional term in the former is and in the latter 

With these additions, we can write: 


2»+[(f - 

. • ( 169 ) 
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- jH*)b 

“ |/^*]^+x^+[(t - 1 ) 7 + 4 ^]®' 

+^^?'+|^’MB^+|(a-e)P=s' (169«) 

Written in the general form, 


from which 
and 


CiJJ— C jB'=8, I 
— C3B+c*Bi=s';j 



. (160i 


(161) 


The support condition at the bases Z? and D' will not alter the typical 
forms of joint expressions at A, B and B'. These expressions, corre- 
sponding to both fixed and hinged bases, are: 

Joint A, 


+^-^{hK^-aK^){u,-U3)C+^<f>K,-aK^{Ui-uiiC'==-FMj,B 

— U 3 ) 

-l-6('Uj ^(® ®)C‘®1 ^ • (170) 
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Joint B, 

+[^l+^^iu^-n,)K^-u,K2'j [pCiiTi+^T,) 


+g(«.-uo^:.-i^a] [0-|^+§])5' 

+[f+'-^*(%-«a)-'-^]^7 

- iFMj^+FMj,^) -^(a-c)pj 

«*£2jtf34ju+(o— e)P}; . 


( 171 ) 
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Joint B', 


+\^iv„-u,)K^-uJS^ ^iK^+K^) -^J-4 

+f^i;(».-«o-«^][(f-|)f+^] 

+\^{u,-'ih)K,K,- ^K,kI^C+^ + 


- - J(«-e)P]-[^(«4-«2)-Ki 

-t4K4][|PM,^+J(«-«)P] (172) 

For fixed bases at D and D', tbe deflection of the bottom pand 
DOQ'D' is g?ven by 


„ _ ZiK,C+KrC'), 
iiK,+K,) > 


(a) 


and, since the deflection term of joint C is in the form 


(ft) 
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the corresponding joint expression becomes: 


1 P^rr 77- SR.JK’J "1/Tf/ *4" T7 pa af 

-^\FM^a+FMB^) + j(u,-u,)ia-e)K,P. .... ( 173 ) 


Similarly, for the joint expression at C" we have: 

, ri „ 3ti3 J-, T,. ^KtK^ 1 (a«3+6w<) ^ 

+L2^®~ 4(^+^J^ ^ 

( 174 ) 

If the connections at the bases D and D' are hinged, the deflection 
of the bottom panel is given by 

P __ S{K,C+K,0') _ , , 

2(Kt+K7) w 

and the deflection terms of the joints C and C' are respectively given 

by 

-K3R-lK^xfaii-K^'-~K,Bi (d) 
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Accordingly, the joint expressions become: 

Joint C, 

I \^TC ^^TiT TtT ZKfJCj ~]p/ 

+ L 2 ^‘ mk^+wu 

+-^(ih—Ui)(fl,—e)K2P; (I73o) 

Joint C, 

[k.+JS,+|k- 

-K{^f - f)K'+lK+^K,]B 

+[|k.- ^KJC,- 

.... (174a) 

As in the case of the preceding bents, the joint coefficients, that is, 
the terms on the left sides of the expressions, are typical and inde- 
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pendeat of the loading. The load factors q uid gf of s and s' expres- 
sions — eqs. (169) and (169a) — ^for some other loadii^ follow: 

(1) Single horizontal load, applied to member AB, Fig. 157: 



(2) Single horizontal load, applied to member BO, Fig. 158(o): 



Fi 8. 158a. 


Fixed and binged bases: 

2'=0 
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(3) Unifonn horizontal load, io per linear vertical foot, applied to 
member AB, Fig. 1686: 



Fig. 1585. 


Fixed and hinged bases: 



, 6 hj 


(4) Uniform horizontal load, w per linear vertical foot, applied to 
member BC, Fig. 158c: 



Fia.l58e. 

Fixed and hinged bases: 


g'=.0. 
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PROBLEMS 

47. The bottom leg CD of the bent shown in Fig. 158<i is subjected to a uniform 
lateral load of w per linear vertical foot. Obtain the load factors q and Q for: 

(а) Fixed bases; 

(б) Hinged bases. 



Fig. 158d* 


48. The roof member AB of the two-story unsymmetrical bent shown in Fig. 
159 is canying a nuifonn vertical load of one kip per linear foot of horizontal 
projection. Assuming the legs to be fixed at the bases D and D', determine the 
end moments. 



- 24 * 

Fig. 159. 
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53. Two-span Symmetrical Bent with Symmetrical loading. — The 
dotted lines in Fig. 160 indicate the deformations of a two-span 



symmetrical bent imder symmetrical loading. Since the loads are 
placed symmetrically with respect to the center joint C, the deflection 
angle at this joint, as well as the deflection of the middle column CE, 
is zero. The left leg BD sways counterclockwise a distance A, while 
the top members AB and AC each deflect a distance Ai — the former 
clockwise and the latter counterclockwise. As explained in Art. 47, 
the deflections A and Ai are interrelated. If the deflection term of 

the leg BDj that is, the term be indicated by E, then, in accord- 
ance with the derivation in Art. 47, for the corresponding terms of the 
members AB and AC we will have: 

(175) 

The derivation of joint and deflection expressions is similar to the 
preceding cases. Consider, for example, the loading in Fig, 161. 
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Assuming the bent to be fixed at the bases Z?, E and I?', the shear 


expressions of the members AB and BD will give: 

Mab'\'Mbj.‘\"V2 — PiH — (^) 

— Sh =0 •«••••«•••• (J) 

Noting that 


Vl=^-(M^^+Mcs)+PiQ+ei')+Pj[^-e,y ... (c) 

and eUminating H from eqs. (a) and (i), 

-|(Mb^+Mm) +^‘ a-2ei) +^(i_2«j)=0. (d) 

But 

MB^=K^(f+B+^Bj+FMsA, 

Mca=KJ(^j-^B^+FMca, 

MbB=K2{B-B). 

Mbb=kJ^- 1 ^- 

Substituting these yalues for the end moments in eq. (d), and solving 
for B, the deflection expression becomes: 

- Y^FMab+\fMba- \fMc^- ^{l-2e0 - ^0-2e,). (176) 

In writing the joint expression for A, it is noted that the sum of 
deflection terms of members AB and AG equals 

^iK,-K,)B ; (e) 

and tihat at B, obtained from members BA and BD, equals 

_(hKi- 2 fK,)„ 

27 ^ 




(f) 
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With the value of £ as given by eq. (176), for the respective joint 
expression we have: 

Joint A, 

hKK,-K^){5K,~K^)-[ , 

L 2h?{ZKi+IQ +l%fK2T 

+^(?-2e,)+§(i-2e,)]; (177) 

Joint B, 


j-gi hihK^-m2){5K,-K^r \ ^ 


2h*{ZKi+K^)+l%J^K^ JT 


+ 


Vrr.Tr (fegt-gyg^) (2Agx-3yg,)- l „ 

I^Xi+K* h\ZKx+Ki)+ZflC^ T~ 

, 2k(hKi-2fK2) rr.,r . lr.,r 

+ |i(i_2c,)+:J(Z-2e*)] (178) 

In the case of hinged bases at D, E and D', the end moment ex- 
pression for member BD at £ is in the form 

and Mub equals zero. Witli these changes, the deflection expression, 
eq. (176), becomes: 

mzKr+K,) .K{\r, (5Kt-Kz), tK, ZKi\„ 

L — IP — +mJ®- ¥~^\7 ~^r 

- ^(i-2ei)- ^(Z-2«^;(176a) 

and eq. (/) assumes the form 
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Accordingly, for joint equations at A and B we can write: 
Joint A, 


[• 


k%K^-Ks){5K,-K,) l 

WW^+IQ+WKijr 

.FK^ HK^-K^mK^-smip- fm' FM 

+It- 2hHzK;+k,)+ifWT~ ^ 

+|i(/-2€,)+§a-2e*)] (179) 


Joint B, 

VK, h{hK, -JK,) (5K,-1Q -] , 

12 2h-(,3K,+K,)+4fK, Jr 

jlr^ j-ljr - {hK,-jK,){aKy-zm 
+|^A,+^il2 2h\ZK,+Kz)^ifK2 

=-™"+ 

- ii7’Afe^+^(f-2ej)+^*(/-2ea)]. (180) 

If the loading is uniform, as in Fig. 162, the load factors j in eqs. 




[176) and (176a), for both fixed and hinged bases, reduce to the 
bllowirg simplified form: 


wP 

2 - 8 / 


m 
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ILLUSTRATIVE EXAMPLE 

The loading of the symmetrical bent shown in Fig. 163 consists of 
a uniform vertical load of one kip per linear foot of roof projection. 
Assuming the three 1^ to be fixed at the bases, determine the end 
moments. 



Solution; Applying eqs. (177) and (178), 


from which 


2 A +^=0 

iA+3B=12 


A=- 


r _£6 

23' •° 23 


» 


Substituting these values in eq. (176), and noting that q equals 
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Accordingly, the end moments become: 


M^b=i(-||+||- 28.8)+12=-15.756, 
M^c=l(-||+0+28.8)- 12 =15.756; 

M..=i(^-§-28.8)-12=^-37.U8, 

Mao=2(||+0+14.4)=37.148; 

M;^=1^0-||+28.8)+12=40.278; 

ilfM=2(o+||+14.4)=32.974; 

= ikfjfc' == 0. 


PROBLEMS 

49. Determine the load factors of deflection and joint equations for the bent 
shown in Fig. 164, corresponding to: 

(a) Fized bases; 

(d) Hinged bases. 



50. AMuming the of the bent shown in Fig. 163 to be hinged at the bases 
D, E and ly, obtain the end moments. 

54« Two-spftn Qynunetrical Bent with Hnsymmetrical Loading* — 
When the loading is nnsymmetrical, as is shown, in Kg. 165, the 
deflections of the three legs wiU diffa-. The deflections of the roof 
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members, however, may again be expressed in terms of the deflections 
of the legs. To obtain these relations, let the deflection terms of the 
legs BD, CE and B'jy be indicated, respectively, by Bi, Rt and 5*; 
then, for the deflection terms of the remaining members, we have: 


Bab — — ®i)> — ®*)> 

®^'C=^(®,-®2), ®A'i»'=|(®2-®3). 


(a) 


In devdoping the deflection and joint expressions for frames involv- 
ing side sway, the following general procedure was consistently used 
in the precedii^ artides: 

(1) From the shear equations of the members obtain the deflec- 

tion expression by eliminating all the unknown reactions; 

(2) Obtain the joint expressions by substituting for the deflec- 

tion terms their values derived in (1). 

The first step entails no dfficulty, even when dealing with arched or 
multi-span frames. In the case of the bent shown in F^. 165, there 



are two unknown reactions of each base. At D, for example, we have 
the vertical reaction Vi and the horizontal reaction Hi. Considering 
the portion BAO severed &om the main bent. Jig. 166 (a), the value 
of Vi is obtained from the rdation 

MBA+McA+Vil-Pj^+e^-p(~e^=(il ... ( 6 ) 

wMe Hi is eliiniiiated by subtracting the shear expr^sion of the 
member BD from that of member AB. Referring to Fig. 1666, and 


694931 O - 46 < 16 
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assuming the leg BD to be fixed at D, we have: 

-Hi/ — 

(Msb+Mbb— fliA)=0 (c) 

Substituting for Vi its value from (&), and elimmating Hi, 
^Mba+M^b- ^Mca+^1 -ei)+ yQ “«*)] 

— 

The similar expression for the second bay is in the form 

Kj' |!(i -«,)] ' 

. (e) 

A third expression of shear is obtained from the consideration that 
the sum of the three horizontal reactions at the bases must equal zero: 
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Equations (d), (e) and (/) represent the general expressions for the 
three deflections. After substitution of values for the end moments, 


these expressions become: 

^{oK,-K,)A 

(K, ZK,\ P,(l \ P^(l\ 

-\J - irr + 2/^“ W ~V~ W""V 

(181) 

(K, ZK,\^,,K^^,PJl \,PJl \ 

~\T~~ihr +l/^+2/V2 “^V 

--jlFM^.B'+\FMn'A'-\FMcA^ (182) 

2Z*B2+2£r,(Sx+fl3)=^5+^S'+^C (183) 


Q 

[^“^+^(3iiCi+.fi^)^l +^^jBi+4y 2^^ (3i^i +-^ 3)^3 

= - ^ - ^{SK^+kS} 

■■^^(3^:x+£^)B'+[^+^3(32i:x+iir3)]c7 
■ y(FM^+\FMB^- \fMc’^- -ex) 

Po/l \ 


±VJ L ^ 

- Ufm^+IfMb^- h 

J\ ^ ^ / "j \** / 



[^+|5(3£:x+X3)(i+g)}?3+^(3ii:x+i?,)i2i 




( 184 ) 
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The second step of the solution involves substitution of Si, Sj and 
Bs values obtained from eqs. (183), (184) and (185) into Ihe joint 
expressions of the bent. For fixed bases, these expressions are as 
foUows: 

(Ki+£t)A+fB+fa+^(Ki-Ki)(Si-S,) 

=-FM^-FMjic, 

-K^i~^S,=-FMsa, 

{2K^+IQC+^A+^A'- -K^- . . (igg) 

= —FMca-FMoa', 

iKi+K0A'+^B'+^C+^^(Ki-K^ {B,-Ri) 

= — FMj^fc — FMjitB*} 

(Ki+K^B^+^A'+(^-K^,-^B,i=^-FM^,a'. 

However, in order to obviate the use of lengthy expressions and to 
simplify the computations, it is more convenient to perform the sub- 
stitution in the numerical solution of the problem only. 

If the 1^ of the bent shown in Fig. 165 are hinged at the bases, 
the corresponding deflection and joint expressions become: 

. . . (187) 

[S+^(3«+Si)(l+§)]B.+^<3K.+&)a 
— ^5£;-S)^-[(f- §)- ^(3 K.+S)]b 
+^(3«+K)B'+[^+p(3Si+K)io 
-)(raf„+ifM„- I/M,..)- 

-m-4 


( 188 ) 
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[§+^(3ir,+^s)(l +§)]5,+^(3^i+^)J?j 

- ^(3^:,+ir3)]B'+[^+p (sXi+irs)]^ 

+%-‘'0 

- fyx-^%=-FMsA, 

(2i23+|K*)c7+f ^+f A'- ^Bx+{^fK,- f )b3- 
= — FMcA — FMcA*y 
(Kx+KM'+y^' + Y^+^Kx-K,) 

= — FMa'b* — FMa'C} 


(189) 


(190) 



When the loading is uniform, as is shown in Hg. 167, the load &ctor 



(?) 


reduces to 


vjp 

16/ 
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ILLirSTEATIVE EXAMPLE 

The first span of the symmetrical bent diown in Fig. 168 is sub- 
jected to a uniform vertical load of 1 kip per linear foot. Assuming 
the legs to be fixed at the bases, determine the end moments. 



Solution; Applying eqs. (184) and (185), and solving for Ri and S 3 , 
|S.+S3=- i^+}^+|s'-h|c7-18, 

S.+|S,= - 

65'^^65'^ ^260^^65"^ 


26 


65’ 


9 


16 


» =- 2-/1 _ ^ A' I t PM ‘ m 

■“* 65“^ ■^65'° ■^260'° "^26^^ 65' 

From eq. (183), 

Substituting these values in eqs. (186), 

2A+'^+\c=0, 

26^ j3^ i-jgi# ~26^— 13 ’ 

26'^^26^ 26^“^^ ■^26^"^T3’ 

2A'+^B'+^=0, 

- B^+T6^'-p+r3^'-M^=w> 


288 
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from which 


A = 

-0.060, 

Ri =-9.223, 

A'= 

0.984, 

jSs = 8.204, 

B = 

9.479, 

Ri = 5.177, 

B'= 

5.305, 

Rj^b= 34.854, 

C = 

-9.240, 

^A*c^ — 6.054. 


Accordingly, the end moments become: 

M^b=- 0.060+4.740-34.854+12=-18.174, 
Af^c=— 0.060-4.6204-34,854-12=18.174; 

M5a=9.479-0.030-34.854- 12= -37.405, 
Mbo=2 (9.479 +9.223) =37.404 ; 

Mex= -9.240-0.030+34.854+12 =37.584, 
-9.240+0.492 +6.054= -2.694, 
iWc»=2 (-9.24-8.204) = -34.888; 

M.i.c’=0.984-4.620+6.054=2.418, 
M.i.b-=0.984+2.652 -6.054= -2.418; 

Mbm'=5.305+0.492-6.054= -0.257, 
Mb-z>'=2(5.305-5.177)=0.256; 

Mds= 2 (4.740 + 9.228) =27.925 ; 

(-4.62- 8.204) = -25.648; 

Md’b' -2 ( 2.652 -5. 177) = -5.049. 


BBOBLEMS 

51. Detennine the load oonstants of deflection expressions for a two-span* 
synunetrical bent corresponding to (a) fixed and, (5) hinged bases, and the follow- 
ing loading conditions. Fig. 169: 

(1) Single horizontal load — applied to member AB; 

(2) Single horizontal load — applied to member BD; 

(3) Uniform horizontal load— applied to member AB; 

(4) Uniform horizontal load — applied to member BD. 



52. Assuming the bent shown in Fig. 168 to be hinged at the bases, determine 
the end moments. 



Chaptbb V 

LEAN-TO BENTS 

55. Iiean?to Bents vitL B4;id Connections. — A. familiar bent in 
old-type tniss-and-eolunm framing, its modem prototype, the“stream- 
lined’’ lean-to bent, retains an equally important share in rigidly- 
framed structures. According to tbmr outline, the discussion of lean- 
to bents may- be confined to the following four main groups: 

(1) Rectangular bent witii two lean-tos; 

(2) Gabled bent with two lean-tos; 

(3) Rectangular bent with a single lean-to; 

(4) Gabled bent with a single lean-to. 

The analysis for the first two groups may be furtha- simplified by 
separate treatment of symmetrical and unsymmetrical loading. 

66. Symmetrical Lean-to Bent with Symmetncal Vertical loadii^;. — 
From ihe standpoint of analysis, the loading and arrangement of 
members shown in Fig. 170 constitute the simplest type of a lean-to 



Fio. 170. 

bent. The magnified deformations (shown only for the Wt-half of 
the bent) are indicated with dotted lines in the figure. It is to be 
noted that, when the bent deflects under the symmetrical loading, 
234 
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the upper joints A and A' rotate without displacement; while the 
lower joints B and 0, as well as joints B' and C', rotate and displace 
laterally an equal distance A. According^, A represents the coinmon 
deflection of the members AB, BE and CD. Indicating the deflection 
term of the member AB by B, for the corresponding term of the 
members BE and CD we can write: 

........ 

An expression for R is easily obtaiaed &om the con^deration that 
the horizontal thrust H just above the joint B, Fig. 170o, must equal 



the sum of the two horizontal reactions at the bases D and E, that ist 

H=St+Ht ( 6 ) 

The value of each reaction, in turn, is given by the shear ezpresson 
of the respective member. Thus, from the member AB, we have: 

and from members BE and CDi 

Si— 

n2^^iMcD-hMx)c)- 

Then 
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Assuming the bent to be fixed at the bases, eq. (c) reduces to 


from which 


3 (K 2 -nK,)B-nK,C 


““4 K2+n\K,+K,) 

The joint expressions of the bent, for the same condition of base 
restraint, are in the following forms: 

QKt+K2y.+^K2B-K2B=-FM^^>, 

iK 2 +K 2 +IQB+lK 2 A+lK 2 C-(K 2 -nIQB=-FM^,. . (e) 
(Ks+KdO+^KsB-i-nKiR FMcs- 

Substituting for B its value from eq. (191), the expressions become: 
Joint A, 

pl^ I ir _ ^ KiiKj ~|t> 


I 3 TiK2Ki n TPii/f 


Joint B, 


(- 3 iK2-nIQ^ -{„ ri 3 K2{K2-nK,) 1. 

^K^+K^+Kt iK2+n\Ki+K,)f^\_^^ 4:K2+n\K^+K,)\^ 




. . . (193) 


Joint C, 


L^"’" ® 4 K^+n^^iK^+K ,)}^ +4 Ki+n^K^+Ks)^ 

I r^TT I ^ ^Ks(K2 “Ip 

In the case of hinged connections at the bases, eq. (c) reduces to 

i[|^.(4+5)-2^^]=|-[|(£^+Z*0+|(^4-^s)i?] ;. (/) 


from which 


»_3 2£’»A+(2£i-7iK0B-nZi(7 
" 2 AK2+n\Ki+K^) 


. . . (191o) 
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Then for the corresponding joint expressions we have: 

Joint A, 

\-K^4-Ki "Ll-i-r-TT— -• tiIil],) “j„ 

j^giii-hita 2 iK2-\-n\K^+Ks)T 

■^2’4^2-h ; .... (192a) 


Joint B, 


Tjr \ rr ^ (SilLa nK^)^ ~1„ . TIt^ 3 Kt(2K2 — 

^2+K2-^^K, 4 4^- 2lK2+n\K^+K^)J^ 

.r^rr nK,{2K2-nE^)~\„ 


Joint C, 


5^+T-K5-7 


AUL2+n\IU+K,) 


■>+l 


+1 0-^3+ 


3 %Ki{2K2-nK^ 
A\K2+n\K^+K,) 


nKiK^ 

AK2+n\K,+K,y 


— — FMcb ... {194o) 


ILLUSTRATIVE EXAMPLE 

The framii^ and the loading of the bent shown in Fig. 171 are 
symmetrical. Assuming the legs to be fixed at the bases, determine 
the end moments. 



Pig. 171. 

Solution: Substitutii^ the numerical values in eqs. (192), (193) and 
(194), and noting that n equals the three joint ^re^ons become: 

1.5.4-1-0.55+0.5(7= +24, 

0.5A+5.25B+ 1.0(7= - 12, 

0.54.+ 1.05+3.25(7= 12 ; 
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from which 

4=16.62, 5= -4,34, C=2A7. 
Substituting these values in eq. (191), 

5=6.61, and 5aB=5c»— —3.30. 
Then for the end moments we have: 

lCi^»=8.31 -24= - 15.69, 
lf^=2(16.62 -2.17— 6.61)=15.68; 

Mba =2 (-4.34+8.3 1 - 6.61) =-5.28, 
Mbe-=2 (-4.34 +3.30) = -2.08, 
Jlf«:=1.5(-4.34+1.23) + 12=7.34; 

l!fcs= 1.5 (2.47-2.17) - 12 =- 1 1.55, 
Mcd=2 (2.47+3.30) = 1 1 .54 ; 

Mb<;=2(1.24+3.30)=9.08; 

il<fM=2(-2.17+3.30)=2.26. 


PROBLEMS 

53. Assuming the members CB and CB' of the bent shown in Fig. 170a to be 
hinged at the joints B and B', derive the deflection and joint expressions for two 
conditions of support: 

(a) Fixed bases; 

Qt) Hinged bases. 

54. The middle bay of the symmetrical bent shown in Fig. 172 is carrying a 
imiform vertical lostding of 1 kip per linear foot. Assuming the legs to be fixed 
at bases, determine the end moments. 


1 kip p«r ft. 



67. Symmetrical Ieaa<to Bent with Symmetrical Horige ntal load- 
ing. — When the lateral loading is symmetrically applied to the 
members, as in the case of earthquake loading, the solution of the 
lean-to bent becomes identical with that of a rectangular frame 
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subjected to horizontal forces. The deformatioira of the bent under 
this particular loadiog are shown in Fig. 173. In deflecting, the jointe 



O, B, B* and G’ sway the same distance Ai, while the upper jointe A 
and A! displace a distance A with respect to the joints B and B'. 
Denoting the deflection term of the member AB by B and that of the 
members BE and CD by Ri, we proceed with the derivation of the 
corresponding deflection expressions in the usual manner. Beferting 
to Fig. nZa, from the shear expression of the member AB we have: 



|s:,(4+B) -2B'^+Fli=0; 

from whi<di 


( 195 ) 
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Assuming the l^s to be fixed at the bases, from the shear equations 
of the members BE and CD we obtain: 

{<^) 

or 

\{K^^K,(J) -2{K,+Ks)Ri+h,{F+F,)^Q-, 


from which 


P _3 K^+K,C , h,{F+F,) 
^‘“4* K,+Kr +2 C^+ifs) 


(196) 


At A, the joint expression is in tiie form 

.(|K,+ii:a)A+i£y?-iiyj=0; 

which, after substituting for B its value as given by eq. (196), becomes 

(^K,^\k^A-\kS=^^ (197) 

For fixed bases, the joint expr^ions at B and C are in the following 
forms: 

Then, with the values of B and Ri as given by eqs. (195) and (196), 
we can write: 

Joint B, 

giTa+^+Z*- 


3 




Fh . h{F+F^)K^ 
- 2 2{K,-^K,) ’ 


(198) 


Joint C, 




-|^ ri„ 3 h{F+F,)K, 

JC+|_2^ ^-X,+K,T~ 2( 


2{K,+K,) 


. (199) 


^K,+K,_ 

If the l^s are assumed to be hinged at the bases, eq. (a) reduces to 

|(X4B+£,0 - |(i[,+Jir5)i?i+A,(F+F0 =0; 

from which 


„ _3 K^+K,C , 2h,{F+F,) 
"^-2~K^+K, +“K.+i;C, • 


(196a) 
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The corresponding joint expressions at B and C become: 
Joint B, 


TC -i-fC ^ 




Fh . h,{F+F^)K,, 
■2+ K,+K, 


ZK^-L, 

i'K.+K.J' 

. . . . (198o) 


Joint G, 


ixSr^+Li^- 1-^0®= 


h{F^F,)Kt 
K,+K, ' 


(199a) 


The joint expression at A remains the same for both fixed and 
hinged bases, and is given by eq. (197). 


ILLUSTEATIVE EXAMPLE 

The horizontal loading and the members of the bent ^o\7n in Fig. 
174 are symmetricaL Assuming the legs to be fixed at the bases, 
determine the end moments. 



Sdntion: Applying eqs. (197), (198) and (199), 

2AL-0.Si?=34, 

— 0.5AL-f-2.25B=102, 

2(7=136; 

from which 

A=30, P=62, (7=68. 

Substituting these values in equations (195) and (196), 

fi=78.6, J2i=115, 
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Accordin^y, for the end moments we have: 

ACi^.=1.6X30=45, 

M^=2(30+26-78.5)=-45; 

Mi,^=2 (52+ 15-78.5) = -23, 
Afs,=52-115=-63, 

Af«7=52 +34=86; 

Mot=68+26=94, 

ilici)=2(68-n5)=-94; 

ili«j=2 (34- 1 15) = - 162 ; 
ilifM=26-115=-89. 

PROBLEMS 

55. Assuming the members BC and B'C' shown in Fig. 173a to have hinged 
connections at the joints B and B', respectively, derive the corresponding defiec* 
tion and joint expressions of the bent for two conditions of support: 

(a) Fixed bases; 

(5) Hinged bases. 

56. Assuming the legs of the bent shown in Fig. 174 to be hinged to the bases, 
determine the end moments. 

58. STumietrical Iean*to Bent with Unsymmetrical Horizontal 
Loading. — ^Under a system of lateral loading, applied to one side, 
or im^mmetrically to both sides, the bent deflects according to the 
dashed outline ^own in Fig. 175. Of the four deflections A, A', 
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fact that the joints A and A', B and C, and B' and O' displace the 
same distance, respectively. For example, if the deflection of the 
member AB be indicated by A, that of A'B' by A', and the common 
deflection of members BE and CD by Ai, then for the deflection A't 
of members B'E and C'D' we can write: 

A/.=A-i-Ai — A' (tt) 

Likewise, if B, R' and Ri denote the deflection tenns — corresponding 
to A, A' and Ai, respectively, then the deflection term Si' of members 
B'E' and CD' becomes: 

fii'=^=|(fi-S')+Si (6) 

Expressions for the three unknown deflections — B, B' and Bt — 
may be obtained from the following relations: 

(c) 

=0 (d) 

• • • (®) 

Eq. (e) is the shear expression of the BAA'B' portion of the bent, 
representing the algebraic siun of the two horizontal reactions just 
below joints A and A' ; eq. (d) indicates the sum of horizontal reac- 
tions at joint B obtained from the m^bers CD, BE and AB; and 
eq. (e) is the siwiilftr expression at joint S'. Beferrin^ to the stiff- 
nesses shown in Fig. 175a, and substituting the values of the end 



moments, eq. (c) takes the form 

|ff*(4+S+^'+S') -2K,gt+B') + (FM^+FM ba) +F( h- e)=0.(J) 


$94$3J 0-46-17 
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With similar substitutions, and assuming the legs of the bent to be 
fixed at the bases, eqs. (d) and (e) become: 


2A.» 




ih) 


Substituting the values of B' and iZi from eqs. (/) and (g) into eq. 
(A), and solving for B, 

““Ki+f >+i(‘+f - S)»+Ki-tV' 

, 3 /^ Ki . hK^rt, ZhKs^ , ZhKs„, 

+8V~m ~8mhr^Smhi^ 

+^[(FM^+FMs^) -Fc]+|^ [(A-c)f’+ (FM^+FM^^)] 


h 


47nhi 


[(Ai— Ci)j!^i+(i^il4c2)+i^Mix?)]; (200) 


in which 


A* 


m==K,+'^,(K,+K^ 


(A) 


B thus determined in terms of deflection angles and load constants, 
B' and Bi are then obtained from eqs. (/) and (g): 

B'=-B+liA+B+A'+B')+^(FM^+FMs^)+^^Fi ( 201 ) 


^^~h(Ki+K^r 4^ 


hiKi u 3 hjKt . . 3 K 2 fBU Ai\^ 

+k,)^'^4k,+k\k 2 ~ T^r 
”■ \'J^Kp'^2h{^+Kip‘^~ ^^^b+FMba)\ 


-e^Fi-\-{FMc!B+FMoc)\ (202) 
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The joint equations of the bent, for fixed bases, are in the following 
forms: 

A / I 


(K^+km+y-^'+^b-£:!>s+fm^=o, 

Kr 


{K^+K,)A'+^A+^B'-K^'=0, 


2 

2 


. (203) 


{K,+K,+IQB+^A+^-K^-K^B^+FMs^=0, 

iK^+K^+IQB'+^A'+^^G'-K^B'-jK,(B-B') 

— -El^Kx—O, 

iEs+K,)C+§B-KJS^+FMci,=0, 

iE+E)C'+^B'-K^^-l■K,iB-B')=0. 

As in the case of two-span gabled bents (Art. 54), to avoid rather 
lengthy expres^ons, no attempt is made to substitute values of 
deflection terms in the above equations, it being simpler to perform 
that part of the work in the numerical solution of a given problem. 

If the bent has hinged connections at the bases, the deflection and 
joint equations become: 

s-K*+f >+Ki+f - 2^>+K‘-f >' 


+K*' 


E.hK; 


n ‘ 2nAi, 




/Y , ShKs Qt 


167i^i^''”l6nAi 


+^iFM^+FMBA)-Fc\-^^p-e)F+{FMAB+FMBA)\ 




(200a) 


B'=-B+\{A^-B-\-4.'+B')-ir^miAB+FMgA)-{-%^F‘, . ( 201 ) 


AhJSji jy ZhiKj j , ZK j ( Kj J^\-D 

” h{KA+Ed^^I^^-Kk2K2 hr 

•4~j^ ^ ;|. ^ [(Ai — e^F\-\-HMcjA't 


(202a) 
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n=K,-^-^{K,+K,) (0 

{K^+K^)A'+^A+^B'-K,B'=Q, 

(Ki+KzA\K^+^A+^O-K^-^R,+FMB^==0, 

^ [(203a) 

{K^+K^-ir\K^'+^A'+^C'-KJR'-^Br-^(B-B')=0, 

(i5i+|£5)^7+^^- §fii+HMci>=0, 

(jK,+|Xs)c'+§5'- f*B.- ^*(B-i?0=0. 



When the loading is uniform, Fig. 1756, the resultant load factors of 
B, B' and Bi expressions— denoted by Q, Q,' and Qi, respectively — 
assume the following simplified forms: 

Fixed bases: 


1 


H 


J.W 

m/8 SniAi 


Wihi\ 


floh^ , h 


8 ^Smhi 


iOiAi*, 


. . . (204) 
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Hinged bases: 



n 


3- 


n /1~ 


5(2re-.gg) 

8n(ir4+iLg) 


w,^i 


(204o) 


59. Symmetrical leaa-to Bent with TJnsymmetiical Vertical load- 
ing. — ^Except for the load constants, all relations derived for horizontal 
loading, Art. 58, are equally applicable for vertical loading. Ob- 
viously, eq. (6) is not altered; and, in obtaining deflection expressions) 
the consideration is that the horizontal reaction just above joint B, 
Fig. 176, must equal that above B', as well as the sum of horizon- 



tal reactions at bases D and E. Accordingly, we have: 




^(A/ci>-4-il4^-l-Afs*4- Afsa) — jCAfjts-l-AfsA) — 0, j 


.(*) 



m 
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Substituting the values of the end moments, and assuming fixed bases, 


..(?) 


^K,{A+B+A'+B')-2K,(R+R')=0, 

(K^+K,0 - Ik,(A+B) +2KJt-j^iK,+K,)Ri=0, 

(K^'+K,C') - Ik,(A'+B') A2K,R' {K,+K,)Ry 

-^,{M,-\-K,){R-R')=(i. 

Solving for R and R', the deflection terms of members AB and A'B', 
respectively, 

®-C(‘+t>+(’+i-s)®+('-ty 
+0-f+S>'-S"+S®']’ — « 
*'-i[0 - f >+(* - f +a>+0 +t>' 


in which 


+(■ 






m 


The value of Rt — deflection tarn of members BE and CD — ^is obtained 
from the second equation of eqs, (j): 

hK, 


If the 1^ of the bent are assumed to be hinged at the bases, the 
corresponding deflection expressions become; 


®-C0+f >+0+f - 2^>+0- f >' 

I ^ t 1 t 


(2050) 


hK,\ 

T>/ I 


.(206Oj 


Ri — -j 


+A+^-^V 

^71 2nA,/* ^2nA,'^ 2nAi'' 
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in which 

(0 

With due allowance for the change in the jBxed-end moments, the 
joint expressions for fixed and hinged bases are obtained from eqs. 
(203) and (203a). 


ILLUSTRATIVE EXAMPLE 

, The member CB of the symmetrical bent shown in Fig. 177 is carry- 
ing a uniform load of 1 kip per linear foot. Assuming the 1^ to be 
fixed at the bases, determine the end moments. 



Solution: From eqs. (Jk), (205), (206) and (207) we have: 
m=:2+l(2+2)=6, 

B'-i4+|A'+|B+|B'+l<7- ic, 

Substituting these values for the deflection terms in eqs. (203), and 
noting that FM equals zero at joints A, A', B' and O', +48 at 
and —48 at C, the joint equations become: 

iA- |A'+3|B-liB'+lo- 10'— 48. 

14'+|b-|b'+2|0- |c'-4S, 

|b+|b- |<7+2|c'.0. 
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Eliminating A. and A', and obtaining values of B, B', C and C from 
the usual tabular solution of simultaneous equations, 

14.143, 

-2.284, 

<7=20.483, 

<?'= -0.975. 

Then 

^=-1.771, 

A' = -2.336; 

and 

10.312, 

-5.089. 

jffi^5B^^=3.189, 

Bi =Bb’s' — — 2.034. 

Accordingly, for the end moments we have: 

ACi,i-=-1.771-1.168=-2.939, 

Af.is=2(-1.771-7.072+10.312)=2.938; 

il/.t'A=-2.336-0.886=-3.222, 

Mx'B'=2(-2.336-1.142+5.089)=3.222; 

AfB.4=2(- 14.143-0.886+10.312;=— 9.434, 

Ma«=2(- 14.143 -3.189)= -34.664, 

M«7= - 14.143+ 10.242 +48=44.099 ; 

Afs^.i'=2(-2.284-1.168+6.089)=3.274, 
Afs-,«=2(-2.284+2.034) = -0.600, 

Mb'c>= -2.284-0.488= -2.772; 

Afcs=20.483-7.072-48= —34.589, 

AfcB=2 (20.483-3.189) =34.588; 

-0.975- 1.142= -2.117, 

Mc»d'=2 (-0.975+2.034) =2.118; 

AfBc=2(10.242-3.189)=14.106; 

MgB=2 (-7.072-3.189) = -20.522; 

M,-b-=2(— 1.142+2.034)=1.784; 

Mi,>c =2 (-0.488+2.034) =3.092, 



LEAN-TO BENTS 


251 


PEOBLEMS 

57. Derive the load factors of the deflection expressions for a symmetrical bent 
arrying a bracket loading. The bracket is supported on colunm AB (Fig. 177a). 
)enote the overturning moment Pe by A/, and obtain the constants for 
(o) Fixed bases; 

(&) Hinged bases. 



Fig. 177a. 

58. The columns AB and CD of the bent shown in Fig. 177a are subjected to a 
niform horizontal load of 1 kip per linear vertical foot. Assuming the legs to be 
xed at the bases, determine the end moments. 



60. Bectangnlar Bent with Single lean-to. — ^Fig. 178 represents an 
ns 3 nnmetrical rectangular lean-to bent. The deformations under 
system of lateral loading are shomi in dotted lines. It is noted 
hat there are only two independent deflections for the four vertical 
aembers. Obviously, 1^ CD and BE have the same deflection, 
nd the total displacement of joint A equals that of A'. Denoting 
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the deflection of member AB by A, and that of members CD and BE 
by Ai, we then have: 




• • • • 


. . . . (6) 

p A-|“Ai ^ T> t p 

• • • 

. . . . (c) 


The expressions for B and Bi may be obtained from the following 
two considerations: (1) The horizontal shear just below the joint A, 
obtained from member AB, must equal that below the joint A' 
resulting from member A'E'; (2) The shear just above tiie joint B 
equals the sum of shears below the joints B and C, obtained from 
members BE and CD. Thus 

c) = — 

— Cl) . . (e) 

Substituting the values of the end moments in eqs. (d) and (e), and 
assuming the legs of the bent to be fixed at the bases, 

lKi{A+B) -2K^+ {FMab+FMba) + {h-e)F^ - 

^iFMA>B>+FMBrA') - |(A2-C2)i?’2, 

\Kt{A^-B) -2Z»B+ {FMab+FMba) -Fc=^^(^K^B-\-K^O) 

- W+|(i^Mci,+FMBc) +|(Ai-Ci)J?'i; 

or 

+^iFMAB-\-FMBA) + (h-c)F 
+^(^2ldi'jr<+-F3djr'A')+^(As — c^F^, .... (/) 

- ^iFMAM+FMBA)-Fc~{FMoB+FMBc) 
-|(lia-Ci)FJ;. (g) 
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from which 


«-K3+7>^+! 1^'+|3+ X'- 


ZhK, 

4 ehi 




- ^(ra4»+™-~)+(V - 


-4<4 .-^f.} 


( 208 ) 


+ 1^®'+£(5 - +«(»-+»»->■) 




+ 


ejii 


(Ai— cOFiJ; 


(2080) 


irk which 


!-K'.+|( 


1+p- 






A* ii:4+£8. 

+^§)+S®^} 


«!= 


A] 


2.+a+g 



eio) 


The joint equations are in the following forms: 
iK^+KM+Y^'+^B-KJt+FMAB=0, 

iK,+Ks+K;)B+^A+^G-KJt-K^Br+FMB^=0.. 

(K^+Ks)C+^B-K^i+FMco=0. 


(A) 
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Substitutii^ the values of B and i?i from eqs. (208) in eqs. (A), we 
have: 

Joint Ay 

[K+iC,- KH>i->+(f - 

Joint A', 

+il-S[3+;+Ks-SW^ 



Joint By 

+[f - i( 3 +>’- -4(5- iKf +f >^' 

+[f+ii(f »“») 

Joint C, 


+ 


in whidi the load constants Q denote the following values: 
QAf==FM^-^- 






( 212 ) 
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Q.;=FM.:-f {|[(3+0 (FM,.+FM^) 

+i FM .’ r + FM ,:-)- I; (™„+A’1/^)+(^“-|)f 

- 0 iFM^+FM.,) 

(As— C 2 )/sJ|, (212a) 

(FM^+FMu) (M 4 ,.r +raf,^-) 

- « im,,+FM^)+Q:^ -i^-s; 

+i (As-«.)ft] -f(i,-i) (FM^+FM,.) 




<k,=FM„- - £) (™„+JfJ*,s)+j|; (W„+?Af„) 

W-.-+».-)+(^^‘+|>+^ (A,-a.)J. 

(As— C 2 )j^ 2 ^ (212c) 

If the l%s of the bent are assumed to be hinged to the bases, 
equations (/) and {g) become: 

-f (fM^B+i^ilfi»a)+|mai^r-f(A-c)2?’-H|( . (i) 

(ij:4-i-ii:5)j?i= - |e: 2 (^-i- 5 ) (£*b+^;;o) 
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I ri I 4Ai^ K2 

a-2i:2+^j^^2+ A* Xt+-K5_r 

6=2K+^(a+a)(®+2|> 

I M ^ - • * 

(ii^4+iSr*)(^l +4^JJ' 

+(^'- !>■- ei5) 

®“=(i - 0'™'-+™'“)+5S™‘'"'+6S™“ 

The joint equations for hinged bases are as follows: 
iK^+K,)A+Y^'+^B-K.Jt+FM^s=0, 

(K,+K,+lK^+^^A+fc-KJR-^B^+FMBA=0, 

(^+|z-5)c7+f*5- ^%+HMcd=0. 

Substituting the values of B and Bi from eqs. (213), the expressions 
become: 

Joint A, 

[k+s-.- Ki+i)s->+(f 

+{5- 

•\-FM.Aa — K^si=Qi (216) 


..(*) 
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Joint A', 


[ XT A^TT t "'l 


k 


+lf - 

_ _ ^^4 \ , Af 1 1 A _ K- Jt 

4A2U^iV 2hiKj^ aLoi“ 6iV 

.... (216o) 

Joint By 

{s+K+|a-f|+J(l-5^}]K.> 


_ri_ i/l. 

^JLl b\ 




+[f - Ks+i)®- KJ; i^f +g>^' 


Joint (7, 


[^+(1 - !§>•>- \(k -K>^- 

\ - |(‘-S) f 2“-<> • 


Ik 

2 ' 


The load factors g and Q for some other loading condiUons are 
given below: 

(1) Concentrated vertical loading, Fig. 179a: 



Fio. 17fia. 
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25/= 251/= 25* = 2i2I A 0 ; 

Qai^ QAh^'—^Q^^yP 3 
Qbs~ QsJi “ Ip (^1 — ^l) Pi- 
(2) Uniform vertical loading, Fig. 1796: 



2s/-“ 2 bi/— 2«a ” i&ih “ 0 ; 
$4/= Qaa= ““ 


(3) Uniform horizontal loading, Fig. 179c: 


h 1= 

J 'i 



< 

1 he 

E' 

K. i; 

S : 

|C B 

h E 


U-J 

1 



PiQ. 179o. 


(m) 


(n) 
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694931 0 - 46 - 18 
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ILLTISTEATIVE EXAMPLE 

Tile vertical members AB and CD of tbe bent shown in Fig. 180 
are subjected to a uniform horizontal load of 1 kip per vertical foot. 
Assuming the legs to be fixed at the bases, determine the end moments 



Fig.- 180 . 


Solution: From eqs. (210) we have: 

d=-^9 5=76, 
, 19 76 


Also, applying eqs. (211) and (218), 


19^ 38^ 19-°+19^~ 19 

38-^^ 38^ 19^ <19^~T^' 

-lO A _1 §A'-(-^r_2?^_16«8 
19“^ 19^ “’■l9'° 38^~ 19 ’ 
i.A_±A/_29„, 68^_708 
19^ 19^ 3S^''‘19^~’IF' 


Obtaining the values of the unknown deflection angles by the tabular 
solution, 

A=11.496, A'=17.371, 

15=23.680, (7=16.466; 

and from eqs. (208) and (c). 


fi=31.331, 5j =26.629, S^/jf/=28.930. 
Accordir^y, the end moments become: 

11.496 +8.686=20.182, 

M4b=4(11.496+11.790-31.331) +12= -20.180; 
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M4'4=17.371+5.748=23.119, 
lf^,g,=2(17.371-2S.930)=— 23.118, • 

Mb. 4=4(23.580+5.748-31.331) -12= -20.012, 
ilfBs=4(23.580-26.529) = -11.796, 
i¥Bc=23.580+8.233=31.813; 

Mcs= 16.465 + 1 1 .790 =28.255, 

Mcd=^ (16.465-26.529) + 12= -28.256; 

i\/^=4(8.233— 26.529)-12=-85.184; 
Mbb=4(11.790-26.529) =-58.956; 
A/b'a'=2(8.686-28.930) = -40.488. 

PROBLEMS 

59. Assuming the member CB in Fig. 178 to be hinged at joint B, derive the 
deflection and joint expressions of the bent for two conditions of support, corre- 
sponding to eqs. (208), (211), (213) and (216). 

60. Determine the end moments for the bent shown in Fig. 180, assuming fixed 
bases and the uniform horizontal loading to be applied to member 

61. Symmetrical, Gabled leaE-to Bent with Symmetrical Vertical 
loading. — In discussing single-span gabled bents in Arts. 46 and 47, 
it was shown that d definite relation exists betw’-een the deflections of 
the sloping roof members and the legs. That interrelation is equally 
true for the type of lean-to bent illustrated in Fig. 181. Here, if 
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we assume the joints B and C to displace laterally a distance A and Ai, 
respectively, then corresponding displacements of the joints A and D 
can easily be obtained. Thus, neglecting the deflections due to axial 
deformations, it is at once seen that the joint D ■will displace the same 
distance as joint C, i. e., Ai; while the vertical displacement of the 

crown joint A equals ^ (A+Ai). Denoting the deflection term of 

member BC by B, and that of DE by Bi, then for the similar terms of 
members CF and AB we have: 

Bcp— — (^B-\--jB^ ( 220 ) 

As in the preceding cases, expressions for deflections B and Bx are 
derived from shear equations above and below joints B and C. At B, 
from members AB and BC, we have: 

. (a) 

and at C, members BC, DE and CF give: 

Substituting values of end moments in eq. (a). 


fjKxB+2Kj^^^^B^+YFM^+FMBjd+-^^ -e)p 


=pC,{B^C)-2KJB 


For fixed bases, with similar substitutions in eq. (6), we wiU have: 
and for hinged bases. 
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or, re\mtten in a simplified form, 

-|[(ra/.,B+FMa4)+(5 -e)p] . . . . (cl) 

Solving for B and Ri, the deflection expressions for the two conditions 
of support become: 

(a) Fixed bases, 


(ae+bK,)R=^^c(K,- ^K,)+bK,^+^cK2+b(K,- ^J]o 

- ^KJ)- fj^(FM^^+F]ifB^)+Q -e)p] .... (221) 

(ac+bK,)R^^^K(K,- ^K,^-aK2y+^K,^-a(K,- ^J]c 

+|^a^5l>-^(PM^+PMs^)+(|-c)p]. . (221a) 


(6) Hinged bases, 

(K+iK)B_|£ (k.- |K.)+SK]B+||x+i[x.- 

-||6iiC5Z?-^[(Fx’l/xB+J^Msx)+(|-c)p] . . . (222) 

(^+bK2')Ri=^Kj[K,-jK,'^-aK.^^ 

+^aKJ?-^^(FM^B+FMBd+(l-e)p]. • (222a) 


in which 
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The joint expressions at B, C and D are as follows; 

(a) Fixed bases, 

{Ki-^Kz+IQC+^^B-^^D-K^R- ^E,+FMcd=0, >. (224) 

{K^+K,)D+^C-K,R^+FMj^=Q. 

{b) Hinged bases, 

(,K^+K2)B+y'C+(jKi-K2')R+jKiRi+FMsa=0, 
(K 2 +Ki+lK^C+^B+§^D-K,R- ^J^R^+FMco=^0, (224a) 
(Kz+~Ks)d+^C- ^%+FMoc=0. 

For simplicity, here, again, elimination of B and i?i from eqs. (224) 
will be confined to the numerical solution of a given problem — as 
illustrated in the following example. 

ILLUSTRATIVE EXAMPLE 

The middle span of the symmetrical lean-to bent shown in Fig. 182 
is loaded with a uniform load of 1 kip per linear foot. Assuming the 
bent fixed at the bases, determine the end moments. 


i kip per ft. 
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Solution: Applying eqs. (223) and (221), and noting that the load 

constant in the latter expressions reduces to — we have; 

~J o 


a=20, 6=16, 


c 



]?=0.288B+0.273(7+0.288D- 17.73, 
Si=— 0.3605-0.1o3C'+0.360l?-13.84, 
Substituting in eqs. (224), 

3.5585+ 1 .387C7+ 1.442D= 103.35, 
1.3875+6.140C'+1.113Z)=-91.68, 
1.4425+1.113(7+3.5581?= 55.35 : 

from which 

5=48.81, (7= -20.73, I>= -28.85; 

and 


5= -0.99, 5j=— 38.65, 5^=158.56, 5ry= -28.99. 
Accordingly, the end moments become: 

Mab= 1 (24.40- 158.56) +48= -86.16; 

Mba= 1 (48.81 - 158.56) -48= - 157.75, 
M«j=4(48.81-10.36+0.99) = 157.76; 

McjB=4(-20.73 + 24.40 +0.99) = 18.64, 
Mcp=2(-20.73 +28.99) = 16.52, 

Mcd= 1 (-20.73- 14.42) = -35.15; 

AfDc=l(-28.85-10.36)=-39.21, 

Mi,jf=4(-28.85+38.65)=39.20; 

MsD=4(-14.42+38.65)=96.92; 

M,c=2(- 10.36+28.99) =37.26. 


PBOBLEMS 

61. The symmetrical gabled bent shown in Pig. 183 has two rectangular lean-to 
panels. Derive the deflection expressions, eqs. (221) and (222), corresponding to 
two conditions of support: 

(o) Fixed bases; 

(h) Hinged bases. 
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62. AssumiBg that a unifonn load of 1 kip is applied to the roof members DC 
and D’C of the symmetrical bent shown in Fig. 182, determine the end moments 
for dzed bases. 

62. Syaunetiical, Gabled lean-to Sent with Unsymmetrical Ver- 
tical Loading. — ^YOien the loading is applied unsymmetrically, as 
is shown in Fig. 184, the deflections of the members for the two halves 



of the bent will differ. As indicated by the dotted lines outlining the 
exaggerated deformations, there are four independent deflections; 
A and A of the members BC and B'C', respectively, the common 
deflection Ai of the members DE and OF, and the deflection A/ of 
the members D'E' and C'F'. The deflections of the roof members 
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AB and AB' are dependent upon the relative spread of joints B and 
B'j and, therefore, may be expressed in terms of the other four deflec- 
tions. With the usual notations of the deflection terms 2?, corre- 
sponding to A, A', Ai and A/, for simplicity assiuned as positive 
quantities, we can write: 


RjBC — Bb'C* J 


Be 


Ai 


k 


Ji-bk fi-\-k 


k 

Bij Bc'r'~ 


_ k' __ k 


-Bi'; 


(a) 


Rab= +k{Rx'-R,)] ( 225 ) 


The four expressions for deflections R are derived in a manner 
similar to that of other gabled bents. First, considering the portion 
CBAB'G', it is noted that the horizontal shears or reactions of mem- 
bers AB and BC must balance at joint B, as must those of members 
AB' and B'C' at joint B\ 

Thus 


{Msc'^^cs) + Mb A + *2 — P 

\mB'c'+Mc'B’) ^-^ab-¥Mb^a- V' J+P'e'); 


. (6) 


in which V and V' indicate the vertical reactions at joints B and B\ 
respectively, and their values are obtained from the relations 


VZ+ (Mbx+Msm) - 

- {Mba+Mb-a) + p(~e)+P'(i+€')=0. 
Substituting in eqs. (6), 


Also, substituting values of the end moments, 

h? \ o I TT -n/ 


-(2K,+ 


rKxiBx- 


Bx')=~ 


+|pCw4+lfxj5- ^P'+PMxb+^PMb^- \fMb’a 

(e) 
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-f(f«)- %-")! « 


The other two expressions, obtained from shear eqxiations above and 
below joints Cand C', are given by eqs. (dl) and (el), Art. 61: 
(aOJFixed bases, 


M 

-h K, , hh K,-\^ , 3„ 
A-e:*' (/i+Ai)*^2_r'^4^ 1 

■*■41 " (/i+Ai) K,jr 


h Ki , hhi / 1 ^u/ 

h,K2'^{ix+h)^K^T' +4^ 

+i 

iF- h K^pf 3 hK^Y}f 

(/,+AOiCj^ 4:hK,^] 

(6) Hinged bases, 



h . hhl KTlyy . 3t> 

[hi K,'^ (fi:^hi)^ 


n h 3 AKs„ 

2(fi+hi) K^Jr . ShiKr -, 


h Ks I hhl / f ^p/ 

]hlK^ ' (fi+hi)^K,T^ ^4r 

+1 

- h JK^p, 3 hKj^p, 

L 2 (/i+A,) K^f ~ ShiK, 'j 


(226) 


(227) 


Expressions for Bi and J?/ may be had from eqs. (e) and (f) by 
substituting the values of B and B' from eqs. (226) and (227): 

(a) Fixed bases, 


"(1+ l7>‘S'+ll>--m(=’+?l)> 

( 228 ) 
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- 101:411 


0+^1 




Ks , hht k; 

U.+hYK,. 

^5, hh K,-\ hU _h 

l[l^-#;04©>'4|r‘|^.^ 

- liK^+pSy+jC™-^- 

(|-«')]; (228<I)- 


+ Ti 


+ 


-f(l-) 

(b) Hinged bases, 


K 




K , . hh KTi 


K, 


Tf -i-f 

+4^1+^k*'-7®''^+(7+l?>®-(ry 

+4>®'+l(^‘- «^04D>- IM' 


+ 




m-.)+|.'(|-e')].( 22 .) 


fl/'2i:s , A. 

liViTi ^7Ah, 


kKi , AAi iiC,' 
ihK7 (fr+IhYK, 




+ 

+ 


fA^PAKs , AAj i!^”l I AAi]^ 2, Ajy. ^ /A 

tFiA,ii[*+ (fi+A,)*JCJ+ i* 02/ 

Q+^,B’- H^K-p 




+ 


-A* Ai24 /„ , A=‘J^,> 


:^‘b 

2(/i+Ai)iSL2_j 


CF- 


Zh^hKi 


KiD 


_ £('i m- 




{229a) 


If the concentrated loads P and P' be replaced by uniform loads 
of intensity w and «>' per horizontal linear foot, respectively, the 
corresponding load factors in eqs. (228) and (229) become 


<S) 

and in e^s. (228fl&) and (229a), 

- 
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The joint expressions are in the following forms: 

(a) Fixed bases, 

(K^+K,)B+^A+fc-h(^K^-K,yS- ^K,B' 

+^K^(B^-B/)+FMsA=0, 

(K^+K,)B'+fA+fc'+(^^K,~K,)R'-^K^B 

-^K^(B^-B^'HFMB'A=0, 

CK,+Ks+K,)C+fB+fD-K^-j^^KJ!i+FMa:,= 

(K2+2Q+S:,)0'+fB'+fB'-K,B'-j^-^^K^^^ 

4“ FMc* i>' = 0, 

{K^+K{)D+^^C-KJR,+FMj>a=0, 

(fi) Hinged bases, 

2K,A+^B-{-^B'+FM^+FM^.=Q, 
iK^+K,)B+^A+^G+(^^K^-K,y- |Kx1?' 

, +^^{B^-B,')+FMsA=0, 

(K^+K^)B'+^A+^G'+QJK,-K^'- ^,B 
~ ^mB,-B,')+FMB.,,^(i, 

(K+X.+|ii)0+fB+fB-&B- 

+FMez)==0, 

(«+K+|£.)o'+fB'+fl)'-BiE'- 

4-F34c/i>^=0, 

(Kz+Ik^+^G- ^+FMr>a=^0, 
(Kz-^lK^D'+^G'-^+FMryc’^O. 


(230) 

0 , 


(230a) 
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As illustrated in the following example, elimination of deflection 
terms R, R', Ri and i?/ from joint expressions is more conveniently 
made in the numerical solution of a given problem. 


ILLUSTRATIVE EXAMPLE 

The symmetrical bent shown in Fig. 185 carries an unsymmetrical 
uniform load, applied to roof member AB. Assuming the legs to be 
fixed at the bases, determine the end moments. 


\ kip per ft 



- "1 . I. 

K*4 

C C' 

r 

- --- 1 

K*4 

E 

K'2 

F F* 

e: 

1 

-1 "-fl* 





j c** 

Fig. 185. 



Solntion: From eqs. (228) we have: 

-46.75Bi+ S6.50i2i'=4A+ 16S- 142?'+5.25(7- 7.50C"- 181? 
+121?' +672, 

Z6.50Bi-^6.75Bi'=4A—14B+16B'—7.50C+5.25C'+12D 

-18l?'-480; 

or 

Si=_0.390A-0.278B+0.083S'+0.033C'+0.186C"+0.473D 
+0.1 12Z?'- 16.285, 

Bj'=-0.390A+0.0835-0.278B'+0.186C'+0.033(7'+0.1i2l> 
+0.4731?'— 2.447. 

Applying eqs. (226), 

B=-0.500A+0.394F+0.106B'+0.511<7+0.238C''-0.144I? 

+0.144l?'-20.865, 

Bi=_0.500A+0.106B+0.394B'+0.238C'+0.61lC"+0.144l? 

-0.144r>'-3.135. 
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Substituting these values for the deflection terms in the joint expres- 
sions, eqs. (230), 

2,0-4+0.5J5+0.5B'=-48.000, 

2.5A+3.278B-0.27aB'+0.194(7-1.194C"+0.722l?-0.722I?'=27.676, 

2.54-0.278S+3.278B'-1.194C'+0.194C'-0.722Z?+0.722l>' 

= -75.676, 

2.585.4+0.8415— 0.5485'+4.907^7—1.231(7'+0.3682?—0.744Z?' 

= -107.887, 

2 . 585 . 4 - 0.5485+0.84 lB'-1.23lC'+4.907C7'—0.744r>+0.368Z>' 

= -16.210, 

1.564L+1.1125-0.3325'+0.368(7-0.744C"+3.108I>-0.448I>' 

= -65.140, 

1.56.4- 0.3325+1.1125'-0.744<7+0.368(7'-0.4482)+3.108Z)' 

= -9.788; 

from which, by tabular solution of the unknowns, we find: 

JL=-36.211, 5=48.829, (7=-3.628, P=-13.481, 

5'= 0.015, G'= 17.105, D'= 15.367; 

and 

5=22.874, 5i=-17.294, 5cy=- 12.970, 
5x8=79.290, 5'=23.868, 5/= 21.357, 5 c'f'= 16.018. 

With these values, the end moments of the members become: 

Mxa=-36.211+24.414-79.290+48=-43.087, 

. Mxa'= -36.211+0.008+79.290=43.087; 

Mbx=48.829-18.105-79.290-48=— 96.566, 
Mbc=4(48.829-1.814-22.874)=96.564; 

Ma.x=0.015-18.105+79.290=61.200, 
Mb'c'=4(0.015+8.553-23.868) = -61.200; 

MeB=4(-3.628+24.415-22.874)=-8.348, 
MeF=2{-3.628+0+ 12.970) = 18.684, 

Mcd= -3.628-6.740= - 10.368 ; 

Mc'b<=4(17.105+0.008— 23.868)=— 27.020, 
Mc-f.=2(17.105+0-16.018)=2.174, 

Mo’i>>= 17.105+7.684 =24.789 ; 

Mflc= — 13.481 - 1.814= — 15.295, 

M£>a=4(- 13.481+0+17.294) = 15.252 ; 

Miyc'=15.367+8.553 =23.920, 

Mi,/jr.=4(15.367+0-21.357) = —23.960 ; 
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ilf*fl=4(0 -6.740+17,294)=42.216; 
M«7=2(0-1,814+12.970)=22.312; 
M,./c'=2(0+8.553-16.018)=-14.930; 
Myi>-=4(0+7.684-21.357)= -54.692. 


PfiOBIiEMS 

63. Assuming the lower roof members CD and CD’ of the bent shown in Fig. 
184 to be horizontal, that is, /i=0, obtain deflection expressions corresponding 
to eqs. (228) and (229). 

64. Determine the end moment of the bent shown in Fig. 185 for a uniform load 
of 1 kip per linear foot applied to lower roof member CD. The legs of the bent 
are assumed to be flxed at the bases. 

63. Symmetrical, Gabled lean-to Bent with XJnsymmetrical Lateral 
Loading. — ^Mg. 186 illustrates the case of a bent carrying unsym- 



metrically applied lateral loading. Except for the load constants, the 
expressions derived in the preceding article are equally applicable in 
this instance. In ubtaining these constants, the usual procedure is 
followed. First, considering the horizontal shear just above and 
below the joint B, from members AB and BO we have: 

. (a) 

and at B', from members AB* and B'C*, 

ih) 
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in whicli F indicates the vertical shear couple at B and B\ and its 
value is given by the relation 

-VI+{Mba+Mb'a)+Fc=Q (c) 


Substituting in eqs. (a) and (6), 

•Mb( 7 + il/cB “ y A — f(^ 2^ J Fi Qi Cl), ^ 

Mb’c' + Mc's' — y — 2^^^a + 2^ s ' a — F 

Similarly, at joints C and C', from the shear equations of members 
BC,<CF and DE, and B'O', C'F' and D'E' we obtain: 


^{Mbc-^-Mcb—FiC^ —jP^{Mcb-\-Mfc) 




.(e) 


Denoting the deflection terms of members BC, B'C', DE and D'E' 
respectively by B, B', Bi and Bi', and those of members CF, C'F' 
and AB as given by eqs. (a) and (225) of Art. 62, for eqs. (d) we can 
write: 


-(2K,+^iy+^iB'- ^Ki(Bi-Bi') = -• \KiiB+0 
-\--^iA+KiB- ^B'+FM^+\FMBA~F(f-^ 

— Cl) — A (f) 


-(2K,-^^^B'+^^iB+ ^Ki{Bi-Bi') = - ^K,(B'+G') 

+j[KiA- ^^B+KiB'- \fMba-F^ (5) 

Similar substitutions of the values of end moments in eqs. (e), 
corresponding to two conditions of support, will give: 

(o) Fixed bases, 


T} {~A Kj I hh i [ Sjj , sp, h Ki\/-i 


h Kn 


iFMBo+FMcB)-Fiei- ^{FMbb+FMbv) 
- I (A.-c,)F'a-AF,], (231) 
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* -[r S+aw-S>-'+l®'+j[‘- ^10°' 


Zhl^ jy, 


4AiiCj 


(231a) 


(6) Hinged bases, 

„_irAX5, Mx zHT^.s^.sr, h Kr\^ 

^-Ajh 2(/x4-X)Xj^ 

(232) 

7?/_^r^ Kb I 1 ^7?' I ^Fl ^ ^* 1 ^' 

^ ~^kK,'^(f^+h^rK,T^ +4^ +4^“ 2CA-fA,) icj^ 

“ i^kP' 


The two expressions for Bi and Ri m&j be obtained by substi- 
tuting the values of B and B' from eqs. (231) and (232) in eqs. (/) 
and (g): 

(a) Fixed bases, 


■!( 


^K^.h’^h Ks 


hh EU' 


1 1 


,K,B^ 


+ 

+ 


fh^^h Kg . hhi ■^”1 I jf > -R' a 

uihKpwf}^^K,rfr^^ 

5+i7>s-(|+| ^>b'+|[|k. 


+-J^FM^b+IfMba-f(j- I)]- Fj(A-c,)-(FM*4-Fil/ca) 

-h(l+|j-§)[(FMBc+FMcp)-Pxei-|(FMx>,-hFM^^^ 

- |(Ai-f8)F»-AF2],' (233) 


694931 0 - 46-19 
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1V2iiC,+/A.Ai K,'^ {fi+hxr'K^V f I 
+iAA; 2/+4 

1 I D/ ^^Tr( 1 

if^V (fi+k)Kj^ 


+ 


“■ ^(^1 — <'3)^3 — (233®) 

(6) Hinged cases, 

[1/2X3 , A*TA Xs , AAj X 4 l . AAxl,^ ,, 

-iiVTjr+pAsr E+ 77353 JxJ+ 7 'r‘®‘ 

.llfrk K,. hh, K.n , 14,1„„ , 

+I^?e; E+OrWrJ+Tr'®* 


=|*:.^+()+ID ««-(|+| p)^.s' 


, AiiL4 

“TTI ^ 




‘l(fi+Ai)\ 

“ I 2(/i+Ai)'S]^'" 1 1 

+l?ix 

-F^ih-cO - (FMsc+FMcb) +[l +^/fl ((J’Mbc 

+FMcB)-F^ex-^mMB,)-^Qh-<h)Fi-KJ^, (234) 
{1/2X2 . A^rA Xs', AAx Xxl . AAil r. r, , 


+ 


_ K2^ (Ji+fhY K,_ 

w€ 1 +fK®'- 7 *''^-(I+ I?)^ 




X4- 


^\r w*" ~ 4 7 "T*“ 2 TA+Ax) 

- I;i 5 i( 2 «+^')o'- |(raf..+ jc) 

— FiCi— -^^{HMob) 

— j 5 ^(Ai— C3 )jF 3— Ai^sjJ (234a) 
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When the loading is uniform, of intensity w per vertical foot, the 
load factors g in the foregoing equations assume the following sim- 
plified forms: 

g in equation: 

(233) = -^(||/+a)-«,a(i+^J|+|+/.) 

(233a) = - 2VAy+^;(|+|+yx) 

(234) 

(234a) = - ^wkf 


As in the preceding case, for the joint expressions we have: 
(a) Fixed bases, 

2K^+^B+^B'+FM.,b=0, 
(K^+K2)B+^A+^G+(^jK,-K,')B- ^K,R' 
+|ii:i(i?i-jBx') +FMs^+FMsc=0, 

iK^+K,)B'+^A+^C'+(^^K^-K2yl'-^K^B 

(K2+K2+IQC+^B+^D-K2B- 

iK^+Ks+IQC'+^B'+^D'-K^B' 

{K2+K,)D+^-KJl,+FMi^+FMi,,i=0, 

iK,+K,)D'+^C'-K^,'=0: 
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(6) Hinged bases, 

2li:i^+yS+Y5'+J’M^B=0, 

{.Kx^K 2)B+^A+^C+ ^KiB' 

+^Ki(.Bi-Bi’) +FMba+FMbo=0, 

(.KM)B'+fA+§C'+(^^K,-K,y 

-YjK,B- ^K^(B^-B^')=0, 


(K,+K^+~K,)c+§B+fD-K^ 


KJt,+FMcB+FMcD^O, 


2(fi+hi) 

(K,+Ks+lK,y+^B'+^D'-K^' 

-2TO^'="' 


(K,+lK,y+^C-fB,+FMj>c+HM,,^==0, 

(K,+jK,y+^C'-^Bi'=0. 


. (230c) 


ILLXTSTRATIVE EXAMPLE 

The symmetrical bent in Fig. 185a is subjected to a uniform lateral 
load of 1 kip per vertical foot. Assuming the legs to be fixed at the 
bases, determine the end moments. 
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Solution: From eqs. (233) and (235) we have: 

-46.755i +36.50Si' 165- 145' +5.25C'- 7.50C" — 182?+ 122?' 

-673.5, 

36.505i -46. 755i' =4 J.- 145+ 165' -7.50^7+5.2527' + 122?— 185' 

+376.5; 

solving for R, and 5/, 

5i=-0.390A-0.2785+0.0835'+0.033C'+0.186a'+0.4735 

+0.1125'+20.794, 

5i'=-0.390.A+0.0835-0.2785'+0.186C7+0.033C7'+0.1125 

+0.4735'+8.182; 

Applying eqs. 231, 

5=-0.5A+0.3945+0.1066'+0.51lC7+0.23827'-0.1445+0.1442?' 

+2.643, 

-0.5^+0.1065+0.3945' +0.238(7+0.511<7'+0.1445-0.1445' 

+10.483; 

Substituting in eqs. (2306), 

2.0A+0.55+0.55' = 0.7r)0. 

2 .5 A+ 3.2785- 0.2785' +0.19427- 1 . 1 9427' +0.7225-0.7225' 

= -10.255, 

2.5A— 0.2785+3.2785'— 1.19427+0.19427'-0.7225+0.7225' 

=51.477, 

2.585A+0.84l5-0.5485'+4.90727-1.23l27'+0.3685-0.7445' 

=52.430, 

2.585A-0.5485+0.84l5'-1.23127+4.90727'-0.7445+0.3685' 

=54.203, 

1.560A+1.1125-0.3325'+0.36827-0.74427'+3.1085— 0.4485' 

=72.511, 

1.560A-0.3325+1.1125'-0.74427+0.36827'-0.4485+3.1085' 

=32.726; 

from which 

A=-13.477, 5=12.798, 27=25.234, 5=34.181, 

5'=39.610, 27'=23.353, 5'=12.690; 


and 


5=33.981, 5'=48.546, 2?c,=36.409, 

5xb=- 17.050, 5'=65.218, 5i'=18.783, 5c.,.=14.087. 
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The end moments become: 

- 13.477 +6.399 + 17.050 +0.750 = 10.722, 
==—13.477+19.805-17.050=-10.722; 

AfB^=12.798-6.739+17.050-0.750=22.359, 
Mbc=4(12.798+12.617-33.981) + 12=-22.264; 

il/B'A=39.610- 6.739-17.050=15.821, 
Mb'<?'=4(39.610+11.676-55.218) = -15.728; 

il/eB=4(25,234+6.399-33.981)- 12= -21.392, 
Mc,= 2 (25.234 + O -3 6.409) = - 22.350, 
AfeB=25.234+17.091+1.333=43.658; 

Mc-b'= 4(23.353+19.805-55.218)== -48.240, 
Mo,y,=2(23.353 + 0-14.087)=18.532, 

Mc'd’ = 23.353 + 6.345 =29.698 ; 

il/Bc=34. 181 + 12.617-1.333 =45.465, 
il4-^j5=4(34.181+0-48.546) + 12=-45.460; 

Md-c' = 12.690+ 1 1;676 =24.366, 
Mb-b-=4(12.690+0-18.783) = -24.372; 

ilfBB=4(0+ 17.091 -48.546) - 12= - 137.820; 

(0+ 12.617-36.409) = -47.584 ; 

Mrc = 2 (0 + 1 1 .676 - 14.087) = -4.822 ; 

=4 (0 + 6.345- 18.783) = -49.752. 


PROBLEMS 

65. Assuming the members DC and D'C of the bent shown in Fig. 186 to be 
hinged at joints C and C, respectively, determine the correspionding changes in 
eqs. (231) to (234). 

66. Determine the end moments of the bent shown in Fig. 185a, assuming 
the legs to be hinged at the bases. 

64. Unsymmetrioal, Gabled lean-to Bent. — ^The loading of the bent 
shown in F^. I87 consists of a system of vertical and horizontal 
forces. Under this loading, the bent will deflect in a manner similar 
to that shown in Fig. 184, resulting in three independent deflections; 
namely, deflections of members BG, B'6' and DE or 06. Indicating 



LEAN-TO 'BENTS 


281 



Fig. 187. 

the deflection terms of the first three by R, B' and Ri, respectively, 
for the corresponding terms of the other members we have: 

Rco ^ Rab^'^Q^'R' — ^^ 2 — ~ — Rab* • ( 236 ) 

The three deflection expressions are obtained from the shear equa- 


tions of joints jB, 5' and C: 

J’(f-c)-P«+ f4] 

=^[(-^£C’+-3^»)+-Pi(A — Cl)], (ffl) 

+M„.bO ^F\ih'-c\)] % 

— F iCi]=^^;|^CMco+-Mec) 
•\-^[{^Ds'\'M.Bi^-\-FtQii—c^\-\-Fi‘, (c) 


in which Vg and Vb> indicate the vertical shears at joints B and B', 
respectively; their values being obtained from the relations 

-FBZ=MBA+MB-^+Fc+i^V-p(|+c)-P'(|-c'), 

FB'?=MB^+MB»a+Pc+PV+p(~c)+P'(|+c')- 
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Sutsti tilting these values, as well as slope-deflcction values of the 
end moments, in eqs. (a), (b) and (c), the deflection expressions for 
the two conditions of support become: 

(a) Fixed bases, 

(2K,+^,K^-^K^B'+^K:R^=-^K,A+Qk,- ^jk)b 

+F'c' - 

^FMB'ji-FMBA-2FMA^^-\-F^{h-Cx)+FMBc+FMcB, (237) 
y^iB- jKrA 

+P'(^-e^+FMBJ,-FMB>J,-2FM^B^+F^’{h'-c,') 
■\‘FMb'q*'\‘F^g*b*j • • • (237a) 

+1 l■KJ[)+F^c,+hF,+(h-e^^F^ 

-{FMbc+FMcb)+^{FMbb+FMbi>)\ (2376) 


(6) Hinged bases (the expression of J2, eq. (237), remains the same)j 


VK, , (AOV — ^'kaJ^'kr 

+(^§1:*- jK^'+ ^^Fc+F'i2f-c')+p{^ -e) 

+P'(| -e^AFMBA-FMB'^-2FM^B^ 

+F/(A'— CiO+HMb'o', (237c) 

Ar hiK^ . iiTsHp ^TT T? ^TTT? I r 

W.+hrY^Xr 

■ ^\KJD+F^c^+nF,+(h-c,^F^-{FMBc 


^4Jh 
^FMcb)+^BMbe 


(237(i) 


If the loading is uniform, the intensity per horizontal and vertical 
foot being given by p and w, respectively, the load constants of eqs. 
(237) assume the foUowing simplified forms: 
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2 in equations; 

(237) =^[(1 Tw+SioO/*"- (71>+52J0^+Wif ’ 

(237a) =^[^(5w+ 17io0/*+ 

(2376)=iOi|-1-W2/iA-|-W3^, . . (238) 

(237c) =^[(5ta+ 17«')/*+ i.5f+7p'i^+^'Q>,r, 

(237d) ^w^+vhJih-\-^j}Mi 

For the joint expressions we have: 

(a) Fixed bases, 

(JF:,+K,)B+^^A+^C+(^-K^-^^m'-hRi) 

(;K^+K,)B'-V^A+(^ -K^'- ^‘(AB-hAiBi) 

-f- FMs' A ”1“ FMb*q* = 0, 

'\“FMcB'\‘FM(;B^^t 

iK^^-K,)I)+^C-K^i+FMjx+FMoB=0] 

(b) BGnged bases, 

2K,A+fB+fB'+FM^s+FM^s'=0, 
(K^+K,)B+fA+^a+(^^-K2')B-^(h'B'-h^B,) 

'\-FMba~\“FMbo^^9 

(K,+lB.y3'+§A+(i^‘ - f )e'_|(M+W0 ffm 

“1- FMb'a 4“ SMb'0 ' = 0 j 

(«+a+|x.)o+f a+f D-Kfi- 

•^FMcB'^FMcD^Of 
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In solving for the values of the unknowns, the following procedure 
of solution will be found convenient: 

1. Obtain the values of the deflections R, E' and Ri, in terms of 

the deflection angles, from eqs. (237), and 

2. Substitute in the joint expressions (239). 

3. Determine the values of the deflection angles by either succes- 

sive eliminations or tabular solution. 

ILLUSTRATIVE EXAMPLE 

The main roof of the bent shown in Fig. 188 is carrying a uniform 
load of 1 kip per linear foot of horizontal roof projection. Assuming 
the legs to be fixed at the bases, determine the end moments. 

1 kip per ft. 



Solution : Applying eqs. (237) and (238), 

24R-Z6R'+16Ri=-4A+2B+2B'+Q.0C-1152, 

— 3flB+84B'— 36Bi=-9.A+4.5B— 6.75J5'+2692, 

-8B+ 10.56Bi= - eS-S.eC'-f 6Z>; 
from which 

jB=-0.873J.+0.4735-0.099B'+0.688f7-0.036D-4.570, 
i2'=-0.764A+0.166J?-0.1555'-f0.372{7+0.217D+27.415, 
5 i=-0.661.4-0.210B-0.0755'4-0.180(7+0.541D-3.462. 
Substituting in eqs. (239), 

2A +0.5 B+0.5 J5'=0, 

4.362.A+2.887S+0.746B'— 0.690(7+0.177^=169.152, 
1.276A— 0.0285+2.3835'— 0.620(7— 0.359D=-146.309, 
4.550+.+0.4445+0.5165'+3.960(7-0.222D=-23.819. 
2.6444+0.8405+0.3005'-0.220(7+2.836D= - 13.848. 
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Eliminating A, and obtaining the values of the other imknowns by 
tabular solution, 

4= -5.72, 

5=83.51, 5'= -60.65, 

C7=-1.96, 5= -17.98; 

and 

5=45.23, 

5' =50.42, 5.ib=181.92, 

5i= -22.75, -18.20. 

The end moments become: 

M^=-5.72+41.76-181.92+48=-97.88, 

Mxb-=-5.72-30.32+181.92-48=97.88; 


Mb4=83.51-2.86-181.92-48 =-149.27, 
Mbc=4(83.51-0.98-45.23) =149.20; 

Mb-a=-60.65-2.86+181.92 +48=166.41, 


MB<r=l.S(-60.65-50.42) 

= -166.61,- 

Mcb=4 (- 1 .96 +41 .76 -45.23) 

il/cy=2(-1.96+18.20) 

Mcb=-1.96-8.99 

= -21.72, 
=32.48, 

= -10.95; 

Mxx7=- 17.98-0.98 

Mo,=4(- 17.98+22.75) 

= -18.96, 
=19.08; 

Mbb=4(-8.99 +22.75) 

=55.04; 

M«?=2 (-0.98 +18.20) 

=34.44; 

M,.B'=1.5(-30.32-50.42) 

= -121.11. 
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PROBLEMS 

67. The bent shown in Fig. 187a carries two bracket loads. Determine the 
load constants of the deflection expressions for two conditions of support: 

(a) Fixed bases, 

’ (b) Hinged bases. 



68. Replace the vertical loading shown in Fig. 188 with a uniform lateral loading 
of 1 kip per vertical foot, applied to the members AB' and B'F' in a counterclock- 
wise direction, and, assuming the legs to be fixed at the bases, obtain the end 
moments- 



Chapter VI 
HIP BENTS 


65. Hip-type Bent Framing. — In the framing of industrial buildings, 
an outline equaling the popularity of the gabled bent is presented by 
the so-called hif bent Of the many known forms, the most familiar 
lines are shown in Fig. 189. That ^own in (a) may be considered as 




Fio. 189. 


the simplest type, while the one in (6), often referred to as tike mon- 
itor bent, in addition to this two-leg outline, has the further varia- 
tions of three- and four-1^ outlines, as shown in (c) and (d). In order 
to simplify the discussion, the analysis of each type will be made 
separately. 

66. Symmetrical Hip Bent with Symmetrical Vertical loading. — 
The deformations of a hip bent, under symmetrical loading, is shown 
in Fig. 190. In deflecting, it is noted that the top joints A and A' 
move downward the same distance hi, while the tops of the legs, joints 
B and B', move outward a distance A. The deflection of the slopii^ 
members AB and A'B' is obtained from A or Ai; that is, denoting the 

angle of slope of the hip by 4>, it equals Obviously, the deflec- 

287 
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tions term of the member AA! is zero ; and if that of the legs be indi- 
cated by 5, then for the corresponding term of the hip members we 
can write: 



which is the familiar relation previously derived for a symmetrical 
gabled bent. 

The deflection expression, R, here again is obtained from the hori- 
zontal shear equation of members AB and BC at the joint B: 


J{(M^B+MB^ + {P+P^)a-P,e,]=l{MBa+McB). • . {a) 

Substituting the values of end moments, and assuming fixed connec- 
tions at the bases G and G\ 

-2(^,+K^y=l jK,A+^K,-K^y 

+j[{FM^B+FMB^) + (.P+Pi)a-P^e^]. . . . (240) 
Similarly, in the case of billed bases, 

-(2^.+f)s=|iW+K)K.-f)B 
-l-|r(™'^+»i.)+CP+f'i)«-P.eJ . . . 


(240o) 
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The joint expressions corresponding to the two conditions of support, 
after eUnxinating B, become: 

(a) Fixed bases, 


'f+x.- 


.S 2 & 




■sX 

A+ 

PTs si 


yj 

2 4/ 

' 1 I 



\ 



\B 


[(.FM^+FMba) + (P+Pi)a-Pje,] 




—FMj^>~FMab 


(241) 


K, 3 






4 + 


K,+K,- 






{(JFM^+FMb^) + (P+ Pi)a- Piej] 


21 

-FMb^ . . 
{b) Hinged bases. 




■f+pc,- 


3 Ki 




n+ 


K, 




2 A y 


(< 


fK,\ 

'h^KzJ 




h^Kj 

— FMjj,’ — FMjb 


J 2 ^KFM^+FMb^) + (P+Pi)a-Piei] 


2 


H^)\ 


n+ 


3 K (1 


iP^V 


PTs+l^- 


(^j 




4 +^’ 


-FMbs 


{(mAB+FMBA)+ (P+Pi)a-Pi«i] 


(241a) 


(242) 


(242a) 
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If the loading is uniform, with an intensity of w per lin. ft., the load 
constants in the above expressions may be simplified as follows: 
g in equations: 

(240)=||(f-a)u;, 

1 a. 

2^ 


( 241 )=^( ii ®— “7 4 ^ iTr .\ 


(241a) = 


'mr 
"" 12 


(242) -yI ik^-oF) +/ “fKA 2 


El 

hKz a 






^{l-a)w, 


hKi) a, 


(242a)==~+ ^ 

O+St) 


(243) 


ILIiUSTEATTSTB EXAMPLE 

The symmetrical bent shown in Fig. 190a is carrying a uniform 
vertical load of 1 kip pct linear foot. Assuming the legs to be fixed 
at the bases, determine the end moments. 



Fiqobe 190a. 
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Solution: Applying eqs. (241) and (243), 

18.54—1.05=2340, 

-1.04+54.55=1500; 

from which 

4=128.10, 5=29.87. 

Substituting in eq. (240), 

5= -39.26; 5^^=157.06. 

With these values, the end moments become: 

Maa- = 64.05-48 = 16.05, 
M^b=2(]28.10+14.93-157.06)+12=-16.06; 

■Mb^=2 (29.87 + 64.05 - 157.06) - 12 = - 138.28, 
Mbc=2(29.87+0+39.26)=138.26; 

Mct=2 (14.94 +39.26) = 108.4. 

FBOBLEMS 

69. The bent shown in Fig. 190Z^ is carrying a symmetrically placed bracket 
loading. Obtain the load constants corresponding to the values in eqs. (243). 



70. Determine the end moments for the bent shown in Fig, 190a, assuming the 
legs to be hinged at the bases. 

67. Unsymmetrical Hip Bent. — ^la the case of the unsyimnetrical 
bent, subjected to any system of loading, there are three independent 
deflections, namely: the deflections of the two legs and one of. the 
two bent rafters. As shown in Fig. 191(a), the deformation of the 


694931 O < 46 - 20 
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Fig. 191. 


upper portion {BAA'B^) of the bent, due to a lateral deflection A, 
is similar to a trapezoidal panel; that is, the members AB and A^B' 
have the same deflection term B and that of the member AA' equals 

— Assuming A to be the independent lateral deflection of 
h 

member AB, the additional deflections of members AAf and A'B', 
resulting from the deflections Ai and A/ of members BO and B'O', 
are sketched in (i) and (e). Accordingly, for the deflection terms 
we have: 

7? — m T? n 

Rsc^Rit 

Bb*C* 

Under a system of loading involving vertical and horizontal forces, 
shown in Fig. 191 (d), expressions for the three unknown deflections 
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may be obtained from the following shear equations: 

in which the vertical reactions Vc and Vc are expressed as follows: 
FcZ=P(Zi+6--e)+Pi(Z,+6+60+Pi'(&-O 

-[P(A+c)+P'(A+cO+Pi(A~oO+Pi'(A-CiO+Mcb+M^ ^ 
y^,Z=P(a+6)+Pi(i& — €i)+P/(cJ+ii+^i04"P(A+c) 
+P'(A+cO+Pi(A-— C i)+Pi'(A~-ciO+-3^<7b+-3^c'^b'* . 

Substituting the values of the end moments and the vertical reactions 
in eqs. (6), the deflection expressions for the two conditions of support 
become: 

(a) Fixed bases, 

2^*B-(2+^ jKJSi' 

-i?'i(A-Ci)-|[P:«i+W-c)]+^[P(ii+6-e)+f>iai+6+eO 

■^P,'{h-ex’)-F{h^c)-F'gi+c') 

-F^ih-c^)-F^'Q>,-c,')\ (244) 

2 ^* R -[( 2 + 77 )^+ 2 ^] Bi '-(7 |^^- 2 ^) b > 

-iFMB'o'+FMc-B’)-Fx'ih-Ct')+^P^W-F'(j-^^^^ 

— p^[P(a+e) +Pi(a — «i) +P/(a+^i+eiO +P(A+c) 

+F'(A+cO+Pi(A-Ci)+i?'(A-Ci')] . (244<i) 
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+FMcb+FMb'c'+FMc’b'+W+F^-tF'+F,'). . . (2446) 
(6) Hinged bases, 

2^KJ[t-^^R,=^K,A+^K,-iK^+j{FM^+FMBA) 

-HMBc-F^{h-c,) - j[Piei+i?’(/-c)]+^[P(^i+6-c) 

+Pi(^i+6+ei)+P/(6-ei')-P(A+c)-P'(^+c') 


-Pi(A-c,)-Pi'(6-c/)] (245) 

2^^KJt -(§+2^)B/+2Z,^i=|^|z^'+|(2ii;- 

+ j(PM^'b' +FMb-^') -HMB> a—F^' {h-Ci') 

+^Pi'e/-P'(/-cO]-|[P(a+e)+Pi(a-ei)+P/(a+Zi+g/) 
+i^(A+c)+jF’^(A+cO+^i(A — Ci)-\~Fi(h — Cl')]. .... (246a) 

^R,+^R^'=^l(K^+K^')+HMBo+HMB-c>~F^c^-F^'c,' 
+h(F+Fi+F'+F/) (2456) 

If the loading is uniform — ^intensities per foot of vertical loading on 
members AA', AB and A'B^ being indicated by p, pi and pi, respec- 
tively, and the horizontal loading on members AB, BQ^ A'B' and 
B'C' by Wj tz?i, w' and Wi — the load factors g in the above expressions 


assume the following forms: 
g in equations: 

(244) =^^(«;i+WiO J— l-wi 

+^^‘(^+|)p+®Pi(^»+^+|)+|pi' 

— i(A+|)(«>+wO-|-(«^+w/)J (246) 

(244a)=|[g(«;i+«;/)+|(6V-i*wO]-fwi' 

“ ^[^^i(®+^)p+^Pi+6(o+^i+|)pi' 

+y(A+0(tP+icO+|-(wi+WiOj (246a) 
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(2446) = j (Wi + WiO +hfiw+v}') 


(2466) 


(245) = - |(a*i)i+/i«)+|[z.(6+|)p+a(z,+6+|)pi 

+^3'i'— ^j/(A+£)(«?+MjO+^ (^Oi+Wioj (246c) 

(245a) = - - |[ii(c+|)p+^x 

+6^a+2,+|^2?/J— ^j/(^A,+£^(ic+ttjO+|-(«>i+Wi')J • (246<^ 

(2456)=|A»(«?i+^Oi0+/i/(w+«>0 (246e) 

For the joint expressions we have: 

(a) Fixed bases, 


{Kr+IQA'+^A->r^B'+^^^K^-El^ 

^jK^{R,-R,')^-FM^.^-FM^.b’, 
{K^+K^)B+^A-K^~K^^= -FMba-FMbc, 

{K*+Ki)B'+^A'-K^-(K,- jK,yi^'-jKJt, 

— — FMb'a' — FMb'c' f 
(6) Hinged bases, 

{Kt+K,)A-^^A'+^B+^^^K,-K^ 

+^jK^{R,-R^')=-FMaa—FMab^, 

+ C ®! — ~ — FMa’a — FMa'b'} 

(K^+lK^y+^^A-EJl- ^^Ri FMba-BMbc, 

^ — FMb'a* — SMb*c** 
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ILLUSTKATITB EXAMPLE 

The symmetrical bent shown in Fig. 190<! is subjected to a uniform 
lateral load of one kip per vertical foot. Assuming the legs to be 
fixed at the bases, determine the end moments. 



Solution : Applying eqs. (244), 

165-6fii-2fii'=12A.+8S-5'-338.67, 

16.B+62Bi-70Bi'=12A'-5+8B'-178.67, 

4jBi+4fi/=3B+3B'+192.00; 

from which 

544R=396A+ 12A'+365J?+77j&'— 4826.67, 
68Si = -6 (A- AO +218+305'+ 1712, 

688i' = 6 (A- A') +305+218' + 1552. 

Substituting in eqs. (247), 

1044A+452A'+355+675'=-8112, 

452A+ 1044A'+675+355'= +2853.33, 

- 152A- 120A'+ 11105-6345'= +6858.67, 

— 120A— 152A'— 6345+11105'=+25418.67; 
from which 

A=- 13.475, A'=5.642, 
5=26.170, 5'=37.163; 
and 

5=4.262, 5i' =44.159, 

5i=51.341, 54 a'=-18.625, B^>b-=Z2.9S8. 
The end moments become: 

Ma.i'=-13.475+2.821+18.625= 7.971, 

AfAB=2(- 13.475+13.085-4.262) +1.333=- 7.9T1 
Afa.i=2(26.170- 6.737-4.262)-1.333 =29.009, 
A(8<7=2(26.170+ 0.-51.341)+21.333=-29.009; 
M4/.t=5.642-6.737+18.625=17.530, 

(5.642+18.581 -32.988) = — 17.530; 
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Mb-^.=2(37.163 +2.821-32.988) = 13.992, 
Mb'c'=2(37.163+0-44.159) = -13.992; 

Mcb=2(13.085 -51.341)-21.333=-97.845; 
Mc'b'=2(18.581-44.159)=-51.156. 


PKOBLEMS 

71. Obtain the load constants q in the deflection expressions for a bracket 
loading on member BC of the bent shown in Fig. 191 (d). 

72. Determine the end moments for the bent shown in Fig. 190c, assuming the 
legs to be hinged at the bases. 


68. Symmetrical Monitor Bent with Symmetrical Vertical load- 
ing. — ^When sketching the deformations of the bent shown in Fig. 192, 




*1 
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it is convenient to consider the deflection of the legs CD and C'D', 
and that of members CB and O'B', independently. The relative 
displacements of the joints due to these two independent deflections 
are shown in (a) and (6). Because of the symmetry of loading, the 
deflection of the member AA' will be zero; that is, the joints A and 
A' will move downward the same distance. The deflection of the 
sloping roof members AB and A'B' is dependent only upon the 
deflection Ai of the legs, since the deflection A of members CB and 
C'B' produces no relative displacement of the ends. Denoting the 
deflection term of the member CB by R, and that of the leg CD by 
JZi, the corresponding term for the member AB becomes, as in the 
gabled bents, 

Bab jBi (a) 

The expression of B is obtained from the shear equation of the 
member BC: 

— Pzez=Q’, 

or, substituting the values of the end moments, 

\k^{B+ Q -2K^+ (.FMcB+FM^)+iP,+P,+P,}k- Pze,=0, 

B^liB+O+^KFMcB+FMBcH.iPi+P^+pB^-Pze,] . . (248) 

Similarly, for the expression of Ri, obtained from the shear equations 
of members CD and AB, we have: 

+ (Pi + P^h’^ A^]- 


Substituting the values of the end moments, and assuming fixed bases, 
3 ,3 (7 

J 

7K 7Kl(P^^B'¥FMB4)'h(Pi’\-Pfdh'^P2^^ • (249) 

Kt+p) 
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and, in the case of hinged bases, 






A+i£SV 8 


i 


2-K.(§+j0 


- + 2^21/50 + (Pi + -P2)^2 — P2^] • (249ct) 


If the loading is uniform, of intensity Wi, and Wz per linear foot in the 
respective spans, the load factors in the brackets of eqs. (248) and 
(249) reduce to the following: 


(J) 

(249)=2C'*®i^i^"i"^2^*) ifi) 


The joint expressions, before elimination of the deflection terms, 
are in the following forms: 

(a) Fixed bases, 


iK^+IQB+^A+^O+jm,-K^+FMi,j,^FMsc=0, 

(JC^+IQG+^B-K^-K^i+FMaB=0] 


(250) 


(6) Hinged bases, 

^^+K,y.+ ^B+ jKJSt+FM^^^+FM^s=0, 
(K,+K,)B+^A+^C+jK^i-E^+FMsj.+FMsc==0, 


. (250a) 


(^+lK,y+^B-K^- ^B^^-FMcb=0. 


InnirsTBATiTB Example 

The symmetrical bent shown in Fi^. 192c is carrying a uniform 
roof load of one Mp per horizontal foot. Assuming the legs to be 
fixed at the bases, determine the end moments. 
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12‘ ~ 12' 6* 12' — - 

1 1 Kip per ft 1 


■■ n - 1" 

u? ” -''X 

"T~ 

\ - 

C K*i B B* 2 

K*2 

D D' 

1 

12* 

.j_ 





Fig. 192c. 

Solution: Applying eqs. (248), (249), (a), (b) and (c), 
i2=|(5+C) + 108, 
Si=_ 0.3(A+B)+0.15C'-5.4; 
and substituting in eq. (150), 

1.34-0.25+0.6(7=30.6, 

- 0.24+ 1 .055+ 0.35(7= 120.6, 
0.64+0.355+1.95(7=109.2; 

from which 

4=27.94, 5=111.01, (7=27.47; 

and 

5=211.86, 5i= -42.96, 5^8=85.92. 

With these values, the end moments become: 

13.97- 12= 1.97, 

M^=2(27.94+55.50-85.92)+3=-1.96; 

Mba=2(111.01+13.97-85.92)-3=75.12, 

AfBe=111.01+13.73-211.86+12=-75.12; 

A/cb=27.48 +55.50 — 211.86— 12= — 140.88, 
Mcd=2 (27.48+42.96) = 140.88; 

Afp<;=2(13.74 +42.96)=1 13.40. 


PEOBLEMS 

73. Obtain the deflection expressions R and for the symmetrical bent with 
vertical monitor shown in Fig, 193. 
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74. Detennine the end moments for the bent shown in Pig. 192c, assuming the 
egs to be hinged at the bases. 

69. Three-legged Symmetric^ Hip Bent with Symmetrical Vertical 
loading. — ^The joint displacements of the symmetrically loaded bent 
n Fig. 194 are shown in {a) and (6). Assuming that the top members 




Fig. 194. 
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AB and AB% and tlie legs DE and D'E' deflect a distance A and Ai, 
respectively^ the corresponding deflections of the other members are 
then as indicated in the respective half of the figure. With the usual 
notations, for the deflections terms R we can write: 

Rds^Bi, 


Rbc — 



p t 

^DC 


The derivation for the expressions of R and R^ obtained from ver- 
tical and horizontal shear equations of the members, follows: 


-VA+Pi{li-e^)+{M^B+MBA)^(^, 


in which and Fp indicate the vertical shears or reactions at A and 
Df respectively. Noting that 

F^+Fp=Px+P,+Pa 


and substituting the values of the end moments, 

+£(2?’Mx*+Fil4A) -^(FMcd+FM^) 

+^*i(^~«i)+^-P3^3— (251) 

Likewise, from members DE and P(7, 

^(-S^Djy + Afa[p)=y[(McB + MBc) + Fc4~P2^2l .... (6) 
in which Fc, vertical shear at C, equals 

Substituting in eq. (6), 

'^(Mi)S'hMsD)^(MaB'^Msc)-^p2^2'^^(MDc'hMcD)-hP^(k~'^z)] . (c) 
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Substituting also tbe values of the end moments, the deflection 

expressions for the two conditions of support become: 

(а) Fixed bases, 

- y^jEl^+^K^B+^iFUBc+FMcB)- ^{FMa^+FM^) 

(252) 

(б) Hinged bases, 

P^-(7S+^s.+^k)B.= |x.B+|(k,- \ k.)o 

- |(^^4+|ifs)z?+|[(F’M^+FMcB)- ^{FMai>+FAdi^) 

— Pifii — ^^3(^3 — (252®) 

For the joint expressions we have: 

(a) Fixed bases, 

(JS:,+Ki)B+^C-K,R+jm^^-FMs^+FM^=0, 

{ k ^+ k ,) c +^ b +^ d +\ k ^+'^ k ,- 1 ^ 3)21 

•\-FMcB’\‘FMcD—^y 

(b) Hinged bases, 

iKr+K,)B+^C-KrB+^^r+FMB^+FM^=0, 
iK,+K,)C+^B+^D+^^K^+^K,- 

+ "b ^-34(72) == 0 , 

(if3+|i24)z?+^C7+|^-(f*+^ii^)s,+FM«;=0 
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70» Fotir-legged Symmetrical Hip Beat with. Syaunetrical Vertical 
Loading. — ^This case^ showa in Fig. 196, is very much similar to the 



(c) 



one discussed in Art. 66. As sketched in (a), the tops of the legs 
displace the same distance A. Then, indicating the deflection term 
of the legs BE and CD by JS, the corresponding term for the inclined 
roof member AB will again be given by the familiar expression 



The deflection expressions are similar to those given by eqs. (240). 
Rewritten for the slight changes in notation, we have: 

(a) Fixed bases, 

\k,C 

. . . (2406) 
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‘>“1*^+1^- f >-iw 


(6) Hinged bases, 

+^[{FMAB+FMBA) + {Pi+P^l 2 —P 2 e^ .... (240c) 

The joint expressions are in the following forms: 

{a) Fixed bases, 

+FM^b==0, 

{K^+K:,+IQB+^A+^C-^QK^-K^+FMBA+FMBa=0, 




(254) 


(,K*+K^)0+^B-KJ[t^FMcB=Q ; 

(6) Hinged bases, 

(^+K^A-\-^B+^K,R+FM^^.+FMj,s=Q, 

(k^a-Ik^+k^b+^a+^c+(^,-^)b+fm^^+fm^=o^ 

(k,+\k^G+^B- ^^R+FMcb=0. 


(254a) 


ILLUSTRATIVE EXAMPLE 

The s 3 Tnmetrical bent shown in Fig. 1956 is carrying a uniform 
vertical load of 1 kip per linear foot. Assuming the legs to be fixed 
at the bases, determine the end moments. 
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Fig. 1956. 
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Solution; Applying eqs. (240b) and (254), 

-35B=6A+4.5B- 0.750+432; 
79AL-2B+ 120=9432, 
-2A+296S+440=2664, 

12A+44B+ 138.50=2496 ; 

from which 

A=118.888, 5=9.085, 0=4.835; 

and 

iJ= -33.788, 5x8=135.152. 

Then 

Afxx' =59.444-48= 11.44, 

MxB=2(118.888 +4.542-135.152)+12=-11.44; 
Mflx=2 (9.085 +59.444 -135. 152) -12 =-145.25, 
Mbc= 9.085 +2.417+48 =59.50, 
^^,=2(9.085+33.788) =85.75; 

Mcs=4.835+4.542 -48=-38.62, 

Mci>=4.835 + 33.788=38.62; 

Ma,=2.417+33.788=36.20; 
Af,i)=2(4.542+33.788) =76.66. 


FBOBLEUS 

75. Obtain the deflection, expressions for tlie bent shown in Fig. 196, corre- 
sponding to fixed and hinged bases. 



76. Determine the end moments for the bent shown in Fig. 1956, assuming the 
legs to be hinged at the bases. 

71. Symmetrical Monitor Bent with TTusymmetrical loading. — 
Under the system of loading shown in Fig. 197, the bent will have 
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five unlaiown deflections; namelj", the deflection of AB or A'B' in the 
trapezoidal panel BAA'B' and the deflections of the remaining four 
members. The corresponding deflection terms can be indicated as 
follows: 


Bab=B, 

Raa'=\ jiR^'-R^) ~^R-f^{Ri+Ri'}, 

Rsc—Biy 

Rb'c'^Bi t 


Rcd — R21 
Rc' D'~R2' • 


(a) 


In deriving the deflection expressions, use will be made of the 
following relations: 

(1) The horizontal slu^ar at (7, in member CD, equals that at B, 

in member AB; 

(2) The horizontal sht'ar at O', in member C'D\ equals that at 

B', in member A'B'; 

(3) The vertical shcai* at (7, obtained from CB, equals the vertical 

reaction at D; 

(4) The vertical shear at O', obtained from C'B', equals the 

vertical reaction at Z?'; 

(6) The sum of the horizontal reactions at the bases D and D* 
equals the sum of the external lateral loads. 


694931 0 - 46-21 
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Accordingly: 

-F{f-c) + VJ,], 
+P,'e/-F'{f-c')-Vs-k], 

j-p^cB+MBc)-P,(k-ez)]=jiM^+Mj,,c'+EM,,.), 

|-[ (Adc'B' 4" Mb’ O') -\'Ps'(h — ^3^) ] = J (A^dc-\-Md'c’ ~I“ EMo) , 

'^{^icD'^'Mix^ + {Mc’d’~\~Mi)’c‘) — FiCi Fi'ci] 


in which Vb and Vb* indicate the vertical shears at B and B' , EMd 
and EMd' the moments due to the external forces — taken about D 
and D', respectively, and equal: 


l[iMBc+McB)+P.e,], j 

Vb' —j^(Mb'c''\~Mc’b') — Pi6^'] ;i 


(C) 


EMB=Fih+e)+F'ih+c')+Fi(.h-Ci) 

’i-Fi'ih — Cl') +P3e3+P2(4+4 — ^2)4 "Pi(4+4+^i) 

+ P2^ (^3 + ^2 + + €2') + P3' (I'-e/) , 

jEZWij/ =P(A+c) 4‘P^(A4 ‘C')+Pi(A — C i) -\-Fi{h — ci') 

— FzCz — P 2 ^( 4 ^"^ 2 — C2O — Pi{ 4 "l' 4 "l“^i — Cl) 

— P2(4+^2 + ^1 + C2)— ’PaC^*— C3). 

Substituting the values of Vb, Vb' and the end moments in eqs, (6), 
and assuming fixed bases, the deflection expressions become; 

2(^*5- \k^v- {k^^=\k,a+\(k^ 

“ y^K,+\lC)C!^pMoB+FMBc) + {FM^b+FMba) 

— ^{FMBc-\-FMcB)—F(;f—c)~ ^-FiCA— Ci) — PaCj— (255a) 
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+y^Kr- \k^B'- \QK,+iK^C<-^{FMc’n' +FMr>-a') 

+ {FM^,B'+FMa>^')-k{FMB'c+FMc-B')-P'iJ-o’) 
h 


-{F,'{h-c,')+P2%'+\Pz'ez'-, (2556) 

K,{R,+R,')-2jm,=- ^ iK^-t\{k,-z[k^C 
+^C'+FMBc+FMB-c-\iFMBa+FMaB) 

-\-Ej^li,'-\-j^Pi(li — 63 ) (255c) 


K,{R2+R,’) - 2 ^^: 3 fii'=- ^K,B'+y^K,-i^K^C' 
+^( 7 + FMoc+FMb-c'~ jiFMB-c'+FMc-u-) 


-\-EAlD~YPi^ — ^ 3 ^) > (25>')<i) 

2K,{R,+R,') =^K,{G^ O') + {FMcb+FMbc) + {FMcb' 

+FMB'c')-F^c,-F,'c,'+hi.F+F'+F,+F,') (255c) 

In tlie case of liinged bases, we have: 

- '^0-^HMcb+ {.FM^3+FMb.,) 


- ^f{FMBc+FMcB)-F{j-c)- {F,{k-c,) - P,e,- fP,e,-, (255/) 

+ {FMj,.b'+FMb'a‘)- f{FMB-c-+FMc'B') 
h 

-F'if-e')~ ^Fi'{h-Cy')+P.,'€2'+^P{e./-, 


(255ff) 
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2K^x^\K^QB->rC) + {FMBc+FMcB)-Pz(k-ez)-jEMo'] . (255A) 


2KJR^'=\K^{B'^-C') + {FM^.c'+FMc>B')+P^{l^-ez') 

(255i) 

^{Bz^Bz')=\K,{P+C')+HMcD+HMc-D'-F,C,-F,'ex' 

■\-h{F-\-F'+F^+F^') (255i) 


The joint expressions at A, A', B and B', for fixed and hinged bases, 
are in the folio wmg forms: 

{K^+K^)A+^A'+Y^+(^K,-K^ ' ■ 

+K^{B^AB^')-^{Bz'-Bz)\+FM^s-^FM^^'=^^ 

yK^+Kz)A’+Y^+Y^'+(^Kr-K^B+^K^{B,+B,>) 

+(jKz~fl-K^{Bz'-Bz)+FMs'B'+FM^r^=0, 

{Kz+Kz)B+y^+yO-K2B-KJB,+FMb^^FMsc=0, 

{Kz^-Kz)B'+^A'■{■^C'~KzB^'-K^+J{Bz-Bz')^ 

-\-FMb'c* — 0 . 

For the joint expressions at C and O', corresponding to the two con- 
ditions of support, we have: 

(a) Fixed bases, 

{Kz+IQC+^B-m^-KJBz:^FMcB+FMcn=0, 

(,Kz+IQ 0 'A-^B'-KzB,'-K^z'^FMc>b> 

(5) Hinged bases, 

(Kz+\lC)CJt^B-KzB^-^Bz^FMcB+HMcn=0 

■ (Kz-\\iC)C'+^B'^KzB,'-^Bz'+FMc'b’ 

+ 23 Mc-x)*= 0 . 
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72. Three-legged Symmetrical Hip Bent with Tin symmetrical 
Loading, — ^For the system of loading shown in Fig. 198, the deflection 



terms of the bent — corresponding to five unknown deflections — ^may 
be notated as follows: 


Rds—^u 

RaG^R2) 

Rd'E'^R/j 


Bb 


Sf+h)j. hj. 

— j — ^2”” 


T% (y'4~^) x> ^7?/ 

JXb*C* y ^2 — ^ 


n ^^(/+A)r> -i/D 

ItcD—j^yRi— Q j R2 

n ^ / ^ 1 x 5 / ^ 

tcc'D' — — 1~ — — y — *^ 2 . 


id) 


The five deflection expressions are derived from the following 
considerations: 

(1) Th6 horizontal shear at D, in member DE, equals that at C, 

in member BC; 

(2) The horizontal shear at Z?', in member D'E\ equals that at 

0\ in member B'C'; 
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(3) The sum of the vertical reactions at the left of joint A and 

at D equals the sum of the external vertical loads located 
between joints A and D; 

(4) The sum of the vertical reactions at the right of joint A and 

at Z)' equals the sum of the external vertical loads located 
between joints A and D'; 

(5) The sum of the horizontal reactions at the bases 7?, G and 

jE" equals the sum of the external lateral forces. 
Accordingly: 

=^(Msc+Mcs)-F,e2-F(/-c) + VM 
+JIM +/■/ (A-c/)]=^(Mb'c' +Mc-b') + F.W 

-F'(/-c')-VcU 

— r[ (Mod + Mdc) — Fiils — 4" Mb A ) “t" -Pi ) ] 

-P.+P.+P.. w 

j[{Mc'D' + + Pz' ih ““ ^aOl — Pi {li — ^i')] 

= P/ + P/ + P3', 

■"P1C1+ (Md'S' 

Substituting the values of the end moments, and noting that 

\{(MaB+Mr>o)+P^e^l 

in the case of fixed bases we have: 

\k^C- 1(^K^+{k^D-^{FMbc-¥FMob) 

~ — ^(,FA£cd-}-FMoc)— jFi(h—ei) 

-F(/-c)-Pje*-|p,e3, . 


. (257a) 
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=^.B'+1(k,- lK)c'-^^fU+{K)D' 

+ {FM^.a> + FMc'b') - {{FMb‘e- +FMB'n') 

- ^{FMcd-^-FMb'c-)- {F,'( h-e,')-F'(J-e/) 

+ P2W+^PzW, (2576) 

h 

2QKr+^^Ksy-2^KJt,+2^^^^K^,=:^KAA+B) 
-Ik,(.C+D) +^{FM^s+FMs^) - (FMcb+FM^^) 

-\-PiY^ih — 6i)-\-P3(h — — 4(-Pi + -P 2 +-P 8 ) (257c) 

- lK3(0'+D')+^f^{FM.,B'+FMB'^)-(.FMc'D'+FMo-c>) 
=p/f^(l,-e,'}-P,'(k-e,')+kiP/+P,'+P^') , . . . i257d) 

2K,iBi+Ri') +J^KJS,=^^^^K^+lK,iD+D')-Fc^ 

— Fi'Ci' -\- {FJ\^oB'\~P^^BD^ "I" (F]SPx>'B' "F-^il^JT'D') 
-UF+F'+Fi+Fi') (257c) 

If the bases are billed, eqs. (257a), (2576) and (257c) will change 
as follows: 

2^-^3R-2^£-^+Ki+^^3'^Rr+2^^^(K2+^^^^ 

==Ik2B+1(k,- ^K^O- \(^K,+^K^D+{FMBa+FMcB) 

- ^HMbb - ^{FMcb+FMbc) - {Piih-c^) 

-FU-C)-P2fi2- \Pze3 , 


( 257 /) 
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-|j£^'+^X,- \ k ) c '- |(|«+4^>' 


■\-(J'MB'a'-{-FMc'B’)- ^Mo's'-j^iF^cD'+FMo'c) 


iFiQi—Ci)—F'{J—e')+Piti-\-'fFi^i> • • • 

tl 3 

—FiCi+HMdi!-\-'HMd's'—KF+F'-\-Fi+Fi). . . . (267A) 
The joint expressions at B, B', 0 and C, for both fixed and hinged 
bases, are in the following forms: 

^FMba+FMbc=Q > (2580) 

f 

(K+Sjc+fa+f |(|k.-k)b.' 

^U+!ilQK,-K,')a,+FM„,+FMc„=-0, . . . 
®+S)0'+f B'+fz)'+|irjJ'- |(|i&-K.)B.' 

+.ii^(^K^K^+FMc;'+FMe.,,=0 . . 

At A, D and D', we have: 

(o) Fixed bases, 

(2Ki-hK,)A-^^(B+B')-K^(B+B')-K^2+FM^B 
+FM^'=0, 

(R+Baa+f I (25^ 

-f" FMjx!~^ FMifB^O, 

{l^+KdD'+^0'+^m'-(K,+^K,y^^ 

■^FMd'c' A'FMd'b'—^} 


(257ff) 


(2586) 

(258c) 

(258d) 
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(6) Hinged bases, 

+ FM^b + FAIab' = 0 , 

(x.+|iJ.)D+fCH-|K,B-(f+|x.)B., 

+^:^Kjt,+FMj^+HMoB=0, 

(x,+|x.)D'+fc'+|x,s'-(f+|jr.)s,' 


. . (258A) 


73. Four-legged Symmetrical Hip Bent with TInsymmetrical load- 
ing. — The deformations of the bent in Fig. 199 are similar to those 



shown in Fig. 191. The deflection terms of the bent, corresponding 
to three unknown deflections, may be listed as follows: 

Rab^Rj 

RbE ^RcD ^Rly 

Rb'b* ^Ri f 

h c/) 

•p ' T? \ 
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The three deflection expressions are derived from the following 
considerations: 

(1) The horizontal shear at B, obtained from AB, equals the 

sum of shears at B and C — obtained from BE and CD; 

(2) The horizontal shear at 5', obtained from A'B', equals the 

sum of shears at B' and C ' — obtained from B^E' and C'D'; 

(3) The sum of the horizontal reactions at the bases Z?, E^ E' 

and D' equals the sum of the external lateral loads. 

Thus 

4 * {Mc^D'AMd^C^—FiCi — Fi Cl] 

^-{F^-F'+Fi+Fi'). 

Substituting the values of the end moments, and noting that the 
vertical shears at B and B' equal 

Fb = — j[Mba + Mb' A* + Be + B'e' ~ Pi (Ji +4 — ^i) 

— ^'2(^2— 620 "^B2(Zi+4+62)], 

Vb' ^"^[Mba A'Mb'a' H-Bc+B'e' + P2 ( 4 62) 

+ B i(4+6i) + P2'(4+4 + 620]; 
for fixed bases we have: 

E{f c) ^^262 4" — '^{FMcd~\~FMdc) 

-jlFMsA+FMB’A'+Fc+F'c'-Pi(k+k-ei) 

— Pa'Q2 — ^2) — P2(^1+4+^)]> 




(259<i) 
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2(1-1)1225+7(2- f)K2'jR^' 

" 0 - r)f 2 ^>^+K*- S:- S+=®'- 

- Yh^sC'- {F^'ih-c^')~F'{f-c') + P,W+(FM^>^> 
+FMs'^,) - ^(FMa'o'+FMn'c) - ^IFMb^+FMb-a' +Fc 


+FV+P2(^--’62 ) + -Pi(^+^i) + -P2'(^+^i+0]> • • * (2596) 

2(K,+K,) (R^+B,') =§12,(5+50 +\k,{C+C') 

“h {FMcd~{'F^d(^ "h {FMc'd^'\'FMd^c'^ — F\Ci — Fi'ci' 
+h(F+F'+Fi+Fi') (259c) 

For hinged bases the expressions become: 

2122(1 - fjR-^f^(K,+K,)+^K,yi- jfK^,'=(z- 

- l^'+K^-^r §y-S- 'fKJS'- I£ k,0- If’.ft-.,) 

-F(f-e)-P^+iFAI^B+FMBA)-{HMcv- ^flFM^A 

4 “ FM.b'a* "t" Fc “I" F^c ^ — Pi (^1 4 " 4 — <^2) — F 2' (^2 — ^2) 

— P2(ZiH“^+^2)]j (259d) 

2(1- ^)K'^+|si(2- |)a.-[I(x.+ir^+K2- 

=(*- r)f ^'- |k=a+K 2- g - f ) k^'- 

- %K,C'- {Pr'ih-C^') -F'(f-c')+P 2 W 

+ (FMa’b'+FMb'a') - {hMo'o— ^[FMba+FMb’a'+Fc 

+PV+P2(4 — ^2) + Pi(62+ei) + P2'(4+^i+^20]> * • *, (259e) 

§(12,+125) (5i+5i 0 =|li[,(5+50 +|l2a(27+C'0+HM^e+HMc-,>. 

-5,Ci-5,'c/+/i(5+5'+5,+5,0 (259/) 

The joint expressions are in the following forms: 

(a) Joints A and A', fixed and hinged bases, 

(12i+12a)4+|i^'+f5+(2|l2i-122)5+^=12:(5i-5i0 

+ == 0> 

fKy+K2)A'+^A+^B'+(2fK,-K^ 

+7(|x,-5:,)(5i-5/)+Filf^.^+5ilfx-B^=0; 
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(b) Joints B, B', C and. O', fixed bases, 

{K2+Kz+IQB+^A+^C, K.H -K,B^ 

FMba ”h FAIbc^ 0 > 

(iK,+K,+K,W+Y^'+Y^'-K2R-jK,R, 
+(jK,-K,y^'-^FMB>A’+FMs>c' = 0 , 
(K,+Ks)C+y'B-KJR^+FMcb+FMcd=0, 
(K,+K,)C'+^B' -KJir'+FMc’3> +FMc'i>' = 0 ; 

(c) Joints B, B', C, C', hinged bases, 

(k,+k^^\k^+^a+^c-k,e- 

+ FA/Iba “h FMbc — 0 3 

(K,+K,+^K,')B'+^A'+§C'-KJt-K,^, 
+(jK,- ^yZ+FMs'A'+FMs'c'^O, 
(k,+^K,')c+^B-§R^+HMo:>+FMcb=0, 
(k,+^K,^C'+^B'~^Bi'+HMc>b’+FMc'b’=0. 


( 260 /) 


( 260 A) 



Chapter VII 

BENTS OF IRREGULAR OUTLINE 

74. Method of Approach. — The great advantage of slope deflection, 
as a method of solution of stresses in framed structures, is due to its 
simplicity of applicatioru It is a general method which can be applied 
to simple as well as complicated framings with* equal ease. The pro- 
cedure, repeatedly stated and amply illustrated by the solution of 
various problems in part II, consists of the following steps: 

1. Determine the number of unknown deflections in the* bent; 

2. Using the shear equations of membei’s, obtain an expression 

for each unknown deflection; 

3. Write the joint expression for each joint of the bent; 

4. From the expressions of steps 2 and 3 solve for the values of 

the deflections and deflection angles — by first eliminating 
the deflections (i. e., deflection terms B). 

The number of unknown deflections in a bent is readily determined 
by the simple formula 

u=n—2 (a) 

in which n indicates the number of members in a bay or panel under 
consideration, and u is the number of unknown deflections. Accord- 
ingly, the three-member rectangular bent shown in (a), Fig. 200, will 




(c) 



(d) 

Fig. 200. 
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have only one unknown deflectioii; the gable bent in (6), 2 unknown 
deflections; and the 6-niember arched bent in (c), 4 u nk nown deflec- 
tions. In the case of the five-legged bent in {d), since the adjacent 
bays have a common member, there will be a single unknown deflec- 
tion — the co mm on deflection of the upper five joints of the bent. 

If the framing is symmetrical and the loading synometrically ap- 
plied, the formula becomes 


n— 2 n—1 - 

orii=— 1 


according vrhether the panel is composed of an even or odd number of 
members. 

The deflection expressions are characteristic of a bent, their forms 
var3dng in accordance with the framing arrangement of the members. 
To obtain these expressions, the shears or reactions of members at 
certain joints of the bent are equated to the external loading. For 
rectangular panels, the derivation involving only horizontal reactions, 
the resulting equations are of rather simple form; while in nonrec- 
tangular panels, due to the necessitated use of both horizontal and 
vertical reactions, the expressions may become somewhat lengthy. 
However, except for the computation routine, the required work 
involves no difficulties. 

Since the cross-sectional outline of a building bent may vary in a 
great number of ways, no attempt will be made to cover the wide 
range of variation. The following examples will, however, further 
illustrate the general procedure of application. 

Fig. 201 shows a gable bent with two xmsymmetrical lean-tos. 
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According to eq. (a), the bent wfll have five unknown deflections: 
two from the upper panel CBAB'O', and one from each of the remain- 
ing three panels. In obtaining the corresponding five deflection 
expressions, the considerations are that: 

(а) Members AB and BO must have the same horizontal sheai* 

at B; 

(б) Members AB^ and B^C' must have the same horizontal 

shear at B'; 

(c) The sum of horizontal reactions of legs OF and BE equals the 
shear in BC\ 

id) The sum of horizontal reactions of legs C'G' and D'H' 
equals the shear mB' O'] and 

{e) The sum of horizontal reactions of legs EH and FG equals that 
of BE and OF. 

Accordingly: 

\{Msc+MaB) Pe+ Vb^, 

(/l+^) “H ^ + MbI^ — ^ (Msc + -Mcb) , 

(Afjs'c' 4" Afc'sO 7 

in which Vb and Vb* are the vertical reactions at B and B', and equal: 

FB-=|[MBx+MB.x+p(|+e)+P'(|+e')]- 

Except for tlie proper notation of deflection terms R, the joint 
expressions — obtained by summing up end moments of members 
meeting at each joint — ^need no further elaboration. These terms 
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for the various members of the bent may be indicated as follows: 
Rsc^^y Rb'C*^Ri) RdS^^2j Rj}'B'^^2y RFG~Ri> 

Rba ~ — Rab' "^(hiRi “f" h^Rz hR h^Rz hj^R^ / 

As a second example, consider the unsymmetrical gable bent in 
Fig. 202. In this case, there are only two unknown deflections ; namely, 



Fig. 202. 


the common deflection of joints B and (7 and that of joints B' and G\ 
The corresponding two deflection expressions may be developed by 
equating the horizontal shears just above joints B and B' to the sum 
of horizontal reactions of the two legs in the respective half of the 
bent. From the shear equation of member AB we have: 

Mab~\'Mba — P{cb — + — Hsf^O (d) 

in which Vb and Hbj respectively, indicate the vertical and horizontal 
reactions at B, Noting also that in the portion BAB' of the bent 

— P{1 — e ) — Pi€i-{-VBl-\-HB{fi^J)=^0, , . . (e) 
solving for and substituting in eq. (d), 


(f) 
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and^ from members BE and CD^ 

Hb = ^ (MbE "f d” ^ {At CD "f Mbc) (if) 

or 

j; 

— '^{AtBB~\~AfEB)~\~J^J,AtcD~{~A!li)c) ( 262 ) 

Similarly, from members in the right half of the bent we obtain: 


=j^^AlB'E'~hA{B>Bd’\~'j^J.AIc'D''i'Ati)'c') • • • ( 262 a) 

If the deflection terms of members BE and B'E^ be indicated by R 
and Eli respectively, for the corresponding terms of the remaining 
members of the bent we can write: 


T> ^Z? T> 

JtcD — 

Ra b = ^ 

m-iHR,), 


(tf\+kf 


( 263 ) 


694931 0 - 46 - 22 



PART IV. SUPPLEMENTARY CONSIDERATIONS 

75. Some Factors in Design Not Considered in Parts n and m. — 
The analysis of various frames in Part II was confined to stresses 
resulting from flexure only. Obviously, in most cases, this procedure 
constitutes the practical confine of design. In certain limited cases, 
however, it might be necessary — ^by supplementary analysis — to 
consider also the effect of the so-called factors of refinement and 
special features of framing. The former includes the deformations 
due to axial and shearing stresses, commonly referred to as ^'secondary 
stresses’’, while imder the latter heading we may list such consider- 
ations as displacement of foundations, slip or flexibility in connections 
and the effect of the width of supporting members at the joints. 
A brief treatment of these factors will now be given. 

Chapter I 

DISPLACEMENT OF FOUNDATIONS 

76. Three Components of Displacement. — ^The displacement at a 
footing may be considered as the resultant of a maximum of three 
component motions, flamely: 

(а) Horizontal spread, 

(б) Vertical settlement, and 

(c) Rotation. 

Sumlar to the analysis of frames involving side sway, here again, 
the application of fundamental slope-deflection formulas and the 
derivation of joint and deflection expressions will be greatly simplified 
if the probable deformations of the bent are first sketched on its 
cross-sectional outline. With this in view, it will be found more 
convenient to treat each of the three components of displacement 
separately. 

HORIZONTAL SPREAD 

77. Two-legged Bent.— The simplest study of the effect of horizontal 
spread at the foundations is presented by the two-legged rectangular 
bent shown in Fig. 203. The deflected outline of the bent, due to 
the displacement A of the base (7, is indicated by dotted lines. It is 
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Fig. 203. 


seen that when the base C moves a distance A to Ci, the upper joints 
A and B rotate through the respective deflection angles 6^ and Bb and 
displace horizontally a distance Ai. Accordingly, Ai is the unknown 
deflection of the leg AD, and that of BO is given by(A— Ai ). Denot- 
ing the deflection term of the former by jf?i, 


-n-l; 


then the corresponding term ot BO beco^ as 


Bbc — . 


, eSA 
IT 


ia) 


As usual, the deflection expression of Ri is obtained from the shear 
equations of the two legs. Thus, assuming first fixed connections 
at D and C, we have: 



,+MnA) + iMBc+McB)]=\{K,A+KJB) 



-2{Ki+Ki)R^+l2KiI^=Q .... 

... (6) 

from which 

"^“4 {Ky^K^) 'h{K,+K,)- • • • 

. . (264) 


The joint expressions at A and B are in the following fonns: 


Mab+Mad= {K+K^)A+fB-K^R^^o; 
Mba+Msc= iK+K,)B+^A-K2Ri+^-^K,=0.\ 
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Substituting the value of Bi from eq. (264), eqs. (c) become: 

r„,„ IaJK ZK^K, \_eEAK^K^ ] 

\K-rK, 4,^K,+K,)Jr^l2~ l^iKx+K,y 

r.. , .. ZKi 1„ , TK ZK,K, 1 . 6EAK,K, 

- 4(i£i+x,)T+L 2 ~ mp^)r~ h {K,+K,y] 

In the case of hinged connections at the bases, the deflection and 
joint expression become: 


u 3 {JK.iA.-\-KiB) I ZEhKi 

^*“2 {Ki+K.) 


\B 


ZEaKiKz 

-myfmj’ 

frr.Zr. lr,,rK ZK,K, 1, 

\E+^K, 4 (x,+Z,)_P+L 2 4(^:,+ii:,)J^ 

_ ZEAKiK. 

~ h(K^+K,y 

If the bent is symmetrical, that is Ki=K2, we will have: 
(o) Fixed bases, 

ZEaKi 


A=-B= 


hiK+2K,), 


fi,= 


ZEA 

IT’ 


,, _ ZEAKKi 
^^^~hiK+ 2 Kiy 


Mn 


ZEaKi{K+K,) 
h(,K+ 2 K 0 ’ 


(b) Hinged bases, 


A r> QEAKi 

■“ h( 2 K+ZKiy 

jf ^EA ^ 

,, _ BEAKKi 
^^^""h{ 2 K+ZKiy 


(264a) 


(265a) 


(266) 


(266a) 
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78. Three-legged Bent. — As a second example, consider the three- 
legged unsymmetrical bent shown in Fig. 204. The deformations of 



the bent, resulting from the horizontal displacement of the base D a 
distance A, and indicated by dotted lines on the diagram, are similar 
to those of the two-legged bent discussed above. The legs AF and 
BE will have the same deflection. Indicating it by Ai, the deflection 
of the leg CD will then equal (A— Ai). Once this relation is estab- 
lished, the deflection and joint expressions of the bent are derived in 
the usual maimer. Thus: 


7? -P _6-EAi_„ 

J^AF — ^ 7 

u ^ QEA 

Rcd — ^i) — "1 




^[(M^+My^)-l-(Mjsa-l-MsB) + (Mci) + Mz>cr)] = 0 ... (6) 


Substituting the values of the end moments in eq. (6) and solving 
for Bi, 

(a) Fixed bases, 


„ „3 {KiA+K^-\-KzO , &EAKz 

^‘”4 ^ KKx-^Kz+Kz) ■ • • 


. (267) 


(6) Hinged bases, 


„ _3 {K^A+KzB^K^ , 6F^AK3 

{K^+Kz-^Kz) -^h{Kz+Kz+Kz)- ‘ ' 


. (2670) 
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With these values, the joint expressions become: 


(a) Fixed bases, 

\k+k^- 


ZKx^ 


1. . [K_ ZK^K, 


mi+K,+K^), 

ZK,K3 ^ QEAK,Ki 
4:iKi+K,+K,r~hiK^+K2+K,)’ 


> 


FK ZK,K2 i f SZ/ 

U ~ 4 ^ m.^K2+K2)T\ 


+ 


ZK2K2 


i{K,+K2+K2) 


ZK,K2 


nA+ 


0 


J 

K, 


0= 


qeaiFzEs 


h{K^+K2+K2) 
ZK2K2 


HK,+K2+K2) 

(6) Hinged bases, 


> 


2 4(^i+i!:,+Z3). 

QE^KzQ 
h{K,+K2+K2) 


r- 3X3^ ^ &E^K2{Kr+K2) . 

h(Vj-Trj-Tr\f 


(268) 


[iT+j 




ZK^^ 


^{K,+K2+K2) 

ZKiKs ri ZEAK1K3 


>+[f- 


ZK,K. 

mi+K^+iQ 


> 


mi+K^+K^r-hiK^+K^+K^y 


ZK.^ 


+ 


mi+K2+K3) 

ZK2K3 


] 


s 


1 


" A{K^+K2+K3)f-h(K^+K2+K3) ’ 
ZKrKz , , rK, ZK2K3 

mi+K2+K3r'^\_2 4 (^, 

+ [i£4+fi23- 


ZEAK2K3 


mi+K2+K3)j 
~h{Kt+K,+K,) ■ 

If the displacement occurs at the base E, 


HK,+K2+K3)^ 


(268a) 


Eap — Rod 


_6£A, 

— JClnn J — = 


R, 


Mbs— — ^(A— Ai) =i2i 


(C) 


and the right sides of eqs. (268) and (268a) assume the following forms: 
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(а) Fixed bases, 

„ 6EaKiK, 

^■^-h{K^+K,+K,)’ 

^ 6EaK2(K,+K,) 

h{K^+K2+K,) ’ 

^ 6 EAK^K^ 

^'^-h(K,+K,+K^y 

(б) Hinged bases, 

« ZEAK 1 K 2 

^^-h(,K,+K,+K,y 

^ SEAK2(K,+K^) 

h(K^+K,+K,) ’ 
/I SEAK,Ks 

^°-h(Ki+K,+Kzy 


m 


79 . Gable Bent. — ^To examine the effect of horizontal spread in a 
gable bent, consider the uns 3 ntimietrical framing shown in Fig. 205. 



From the dotted outline of the deformation diagram it is noted that, 
due to displacement A of the base O', the l^s BO and B'O' deflect a 
distance Ax and A 2 , respectively. The relative displacement of joint 
B' with respect to joint B then equals (A— Ai— Aj). Denoting the 
deflection terms of members BO and B'O' respectively by Bi and R 2 , 
for the corresponding terms of AB and AB', in accordance with the 
discussion in Art. 51, we can write: 


Rab — ’Ji' (A — Ax — A 2 )- 


QbE^ bh 


(Bi+JJj)} 


fl fl 

r* ^ ^ ? 73 \ QclEA 

Bab' — - jf (^1 + Aj — A) (Ri +52) • 


. ( 269 ) 
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The deflection tenns thus established, the joint and deflection expres- 
sions are derived as in Art. 51. 

If the bent is symmetrical, as that shown in Fig. 206, the two legs 



will have the same deflection, that is Ai equalsA 2 . Then 

6EAi_ 


Rbc — ~Rb’C' 


h 


=Ru 


RAB=-RAB‘=jiA-2A^)=— - jR,; 


(a) 


and noting that the vertical reaction is zero, for the horizontal reaction 
we can write: 

Hb=1(.Mbc+Mcb)=j(M^b+Mba) (b) 


Substituting the values of end moments in (g), and solving for fij, 
we have: 


(а) Fixed bases, 

R,=- 

(б) Hinged bases, 

i?i=- 


3f(hKi-JK.) „ , ZEAhK, 

4:{h^K,+fK,) (h^Ki+fK^) ’ 


. . . (270) 


Zf(2hK,-JK,) p , 12EAhKi 

2i^h^Ki+fK2r^i4h^Ki+fK2)' • 


. . (270a) 


The joint expressions become: 
(a) Fixed bases, 



Z(hKi-fK,)nr>^ZBAKtK2{f+h) 

mKr+fK,)r (TO-h^^’ • 


. (271) 


(5) Hinged bases. 



r,_ZEAK^K,U+2h) 
^h^K^+fK^)T (Ih^Ki+fK,) 


. (271a) 
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VERTICAL SETTLEMENT 

80. Two-legged Bent. — To study the effect of the vertical com- 
ponent of settlement in a simple frame, the two-l^ged bent in Fig. 
203 is redrawn in Fig. 203a, with a new deformation outlme corre- 


A 

-A, Ar- 

K B 


h i 

/ 

1 

1 

K. Ka 

D C 

A 

P" 

/ 

t 

/ 

! 

. 

1 

crt" 


Fia. 203a 


spondiug to fixed bases and a vertical displacement A of the base C. 
It is seen that, when C moves to Ci, the top member AB deflects a 
Uke distance A and the joints A and B rotate and sway a distance Aj. 
Then 

■p p &EAi p 

n.AD — J^BC 

1 

3 


I QL,A+KB)-2(JS:^-^K,)R,=0-^ 
^_Z{K^A^KB). 

dCFTi+FTa) ' 


(6) 


and the joint expressions become: 

-R SKiK, 




6EAK 

'—f—’ 

6EAK 

'~T~' 


(272) 


If the bent is symmetrical, that is, Ki=Ks, we have: 
A= 


jy _ 24.EAK 

^ -l(6K+Ry 


P_ 3 , ISFAg 

4:^~li6K+Kiy 

— _6EAKR 
— ^i>^-^QK+Kiy 




AD- 


( 273 ) 



332 


EIGH) FRAMES 


In the case of hinged bases, when C moves vertically to Ci, the bent 

freely rotates about the base Z). Hence, except for stresses of negligible 

order, due to the spread of the bases a distance equaling the difference 

^2 

between the final and original base lengths (DCi—DC^yi s^pprox.), 
the members will remain unstrained. 

81. Three-legged Bent. — In a bent with more than two legs, 
however, vertical settlement will produce stresses regardless of the type 
of connections of the bases. The three-legged bent in Fig. 204a will 



Fig. 204a. 


serve for illustration. Due to the displacement of the base D a 
distance A to Di, the top member BC deflects downward a like dis- 
tance, while the joints Aj B and C rotate and sway a distance Aj. Then 

T> _ T> p 6EAi p 

JXaF — ^CD 1 1 


. . _6EA, W 

, ^AB — ^BC I 

and the deflection expressions become: 

(а) Fixed bases, 

p =1 {KiA+K,B+K ,C) . 

4 ' {Ki+K^+K^) ( 274 ) 

(б) Hinged bases, 

t> {KiA-\-K2B+KzC) 

2 {K,^-K^+Ki) 

In deriving the joint expressions, it is evident that the left sides of 
eqs. (268) and (268a) remain unchanged, while for the right sides or 
the displacement factors for both fixed and hinged bases we can write; 


Qa — 0 , Qb — Qc- 


QEAKi 

I 
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82. Gable Bent. — The behavior of a gable bent in vertical settlement 
is similar to that of a two-legged rectangular bent. If the bases are 
hinged, vertical displacement of one base will simply cause a free 
rotation of the frame about the other base. If the bases are fixed, 
however, the bent will deform in accordance with the dotted outline 
shown in Fig. 206a. Since the bent is symmetrical, when the base 


A 



(7' moves down a distance A to Oi, the joints B and 5' sway laterally 
a distance Ai, the sway of the latter joint being accompanied by a 
vertical displacement A which, in turn, causes similar deflections in 
the members AB and AB\ Thus 


Tt —T? _ 6^Ai _p ' 

ii'SC — -^1 ^ 

Tf -P 

JXjiB — J 


(a) 


and since B equals B', and the horizontal shears or reactions are zero, 


— 2iiL2i?i=0 j 


ib) 


With this value of Bi, the joint expressions at A and B become: 

l2EAKr 


2KiA+KiB= 


I 




(c) 
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from which 


and 


, QEli^(^Kx-\- 

l{ZKx+K,) ’ 

122?Ai?i 
l{ZKx+K^)’ 

T> 9EAKi . 

^^-li3Kx+K,y 


B= 


,, ZEAKiK, 

M^b=0. 


( 276 ) 


ROTATION 

83. Obviously, the rotation component of settlement produces ad- 
ditional stresses only in bents having fixed connections at the bases. 
The effect is somewhat similar to sway due to lateral loading; and, 
accordingly, the required deflection and joint expressions are di- 
rectly obtainable from the analysis of frames in Part II. The ap- 
plication will again be confined to the three typical bents used 
in the preceding discussions. 


84. Two-legged Bent. — Fig. 2036 represents the deformations of a 



two-le^ed bent resulting from rotation at one of the bases. Due to 
the relation of the base C through an angle 0, the upper joints A and 
B rotate and sway a distance Aj. Then we have: 


p p QEAi ry , 

— =^i, 


Mbo~K2(B-\-2EQ — Ri) , 

Mc^=Kj(^i+4Ee-Rxy 


(a) 
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„ _Z(.K^A+K^ , ZEQKi 


\k+k^ 4(2j;5i5cJ^+[- 


K ZK,K2 
2 4:(,Ki+K2) 


~ll> _ ZEQK 1 K 2 

f- iK^+K^y 


[f-4(f&>+[^+^-4ra> 


••(278) 


_EeK2(K2-2Ki) 

(K^+K^) ' 1 

85. Three-legged Bent. — In the case of the three-legged bent shown 
in Fig. 2045, due to the rotation of the base D through an angle 0, 

H hA, A,— j (- aH 1— 


^ hA, 


|a “ K 

1 

B 1 

1 

lo 

!k 

1 

1 

K* ! 

1 

1 

1 

><3 

i 

F 

1 

1 

e[ 

^d/ 


we have: 


Fio. 204&. 


— Rbx — Rcd= — ir^~R'^ > 1 


MoB=K 2 iC+ 2 EQ-By), (a) 

MBc=K^^+iEe-Biy, ' 

„ _Z{K,A^K2B+K20 , ZEQK, . 

mi+K^+K^) +(FCi+F:j+Xs) ^279) 

and the right sides or rotation factors of the joint eqs. (268) become: 

n ZEOKiKj 

^^-(K^+K^+KzY 

n ZEQKjKg , /•ocn'i 



^ EeK2(KB-2Ki-2K^ 

{K^+K2+K^) 
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86. Gable Bent. — Fig. 2066 represesents the deformations of a 

A 



Fig. 2066. 



for the deflection expressions of Ri and Bt, as in Art. 47, we can write; 

The joint expressions, before elimination of Ri and R 2 , are in the 
following forms: 


2KiA+^B+^B'==0, 

§A+{K,+K,)B-(K,-^K^yt,-^KA=0, (282) 

fiA+ (JZ,+K^)B'-(k,~K^,-^K^R,^ - 2EeK^. 
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ILLtrSTEATIVE EXAMPLE 

A steel gable bent of symmetrical framing, Fig. 207, is to be investi- 
gated for probable settlement of foundations. Assuming originally 
fixed connections at tbe bases, determine the end moments of the 
members resulting from the following motions at the base C': 

(a) Horizontal spread of 1 inch; 

(b) Vertical displacement of 1 inch; 

(c) Clockwise rotation of 0.01 radian. 


A 


B X*** ^ i 

K*i6 

C C‘ 

t. 

16 




■" tJU ' - . - - m 


Fig. 207 

Solution: (a) From eqs. (271), (270) and (f), 

B=0.0125EA, Bbc=0.0125EA, Rsb=0.0125EA. 

Then 

0.025.BA=-62.5 ft.-kips, 

iHB(7=0, 

Mcb=— 0.1 EA=— 250 ft.-kips. 

(6) From eqs. (276) 

MjB—Of 

MBo=—McB=^~nM ft.-kips. 

(c) Applying eqs. (281) and (282), 

^=_O.5712jE:0, Bbc=2.0558EQ, 

B= 1.9428jB0, BB’a'=2.6568Ee, 

B'= O.3428£'0; i?^=1.2OOO£’0. 

Then 

Mab= —^.200EB=— 80.0 ft.-kips, 

■ Mbc= -1.824.EJ0=— 45.6 ft.-kips, 
Mb'c'= -5.024£'e=— 125.6 ft.-kips, 
Mcb=-17.368£'©=-434.2 ft.-kips, 
Mc'b'— 24.232£0= 605.8 ft.-Mps. 



Chapter II 

SEMIRIGID FRAMING 

87. Slip in Connections of Framing. — By definition, a rigid frame 
is a framing in which the connections are rigid. Accordingly, when a 
rigid frame deforms in sustaining a given loading, each joint deflects 
and rotates as a unit; that is, the ends of aU members meeting at a 
joint rotate through the same deflection angle. Obviously, in a steel 
framing this condition of full rigidity will depend entirely upon the 
type of connections used. If, for example, the beams or gird^ are 
connected to the columns by adequate welding, then the condition of 
rigidity is satisfied. On the other hand, if the connections are com- 
posed of seat and relatively thin top angles, riveted or welded at the ' 
toes, then there will be only partial rigidity, resulting in some slip in 
the connection due to the yielding or ‘^opening’' of the top angles at the 
heels. A framing in which connections possess such flexibility is often 
called a semirigid framing. Due to the introduction of this ^^slip^' 
factor, the analysis of a semirigid frame is considerably more involved 
than that of a rigid frame. However, in deriving the fundamental 
moment expressions by slope deflection, there is but little deviation 
from the procedure previously outlined in Arts. 25 and 26. 

88. Fundamental Moment Expressions for Members in a Semirigid 
Framing. (1) Constant moment of inertia , — Slip in a joint is usually 
expressed as a function of the moment transmitted through the con- 
nection; and, in order to simpHfy the analysis, it is assumed that the 
relation is linear; that is, the slip angle varies in direct ratio with the 
moment developed by the connection. While, in reality, the relation 
is not strictly linear, laboratory tests* of seat-and-top-angle-type con- 
nections indicate that this assumption is justified within the ordinary 
workii^ range of str^. Accordingly, if Fig. 208 (a), indicates the 
deflection angle of a joint A to which a member AB is connected, and 
B'ji is the end deflection angle of the member when a moment M'^b is 
transmitted through the connection, then the relative rotation of the 
member with respect to the joint is given by the expression 

(a) 

•See, for example, Wilson and Moore, “Tests to netermine the Rigidity of Riveted Joints of Steel Struc- 
Ixires,” IJniv. of HI, Eng. Exp. Sta., BnL No. 104, 1917. 
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( 0 ) 

Fig. 208 . 

As in Art. 25, for the change in deflection angle between the two 
ends of the member, and the displacement of end B with respect to 
the tangent at A, we have: 

(0^-X^M'^) - (Ob- \bM'ba)==i^jM'^b-^M'ba+^P (283) 

72 72 




694931 0 - 46 - 23 
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Solving for the^'end moments M'a.b and M'ba, 

[2(1+2£K:Xs) 0-+ZEK\^)-{X+2EK\a)]M'^b 
=2£ZiL^2(l-f-3£^K^XB)0ji-l"0s — 3(l"l~2SliLXs)"j^ 

-6(1+2EK^b)^+^, (285) 


[2 i\+2EK\B) (1 +ZEK\jd - (1 +2EKKa)\M'ba 
=2EI^0--^ZEK\A)eB+eA-^{l+^EK\A)^ 

4-[2(1+3£K:x^)- 3(1+2£’ZX4)|J^; (285a) 


or, substituting a for 2EK'Ka, and 8 for 2EK\b, 


M\b= 


2£K[(2+3i3)«.4+ ^^-3(1+^) j] 


^®~(H-2a+2^+3a,8)i 

-|^[3(l+/S)i-Z]}, (286) 


M' 


BA- 


(l+2a+2j84-3 

22 


^ j2£K[(2+3«)^>fi+ ^^-3(1 + a) j] 


+"^P(2+3a)— 3(1 + Q:)a;] 


(286a) 


Eqs. (286) and (286a) are the fundamental slope-deflection expres- 
sions of moment for members with semirigid coimections. For an 
assumed degree of rigidity, the factors a and jS may be evaluated from 
the moment expression corresponding to fixed ends; namely, when 
and A equal zero. Then, assuming -also symmetrical loading 
and a==i?, we have: 




(l“|“3a) A. 

(l+4a+3a2)-J = 


1 + a 




AB> 


or, 


FM'jjj 1 

FM.A.B 


(287) 


in which FM^ab is the ^^fixed-end” moment of a member with semirigid 
connections. 


Since 


is the ratio of moment 


developed through 


a connection 


of partial rigidity to that of complete rigidity, we may call it ‘'ratio 
of rigidity.'' Indicating it by the values of a corresponding to 
different values of Qb are given in Table 11. 
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Table 11 


Qb 

% 

a 

1 

100 

0 

i 

75 


i 

50 

1 

i 

25 

3 

0 

0 

CO 


(2) Variable moment of inertia . — In the case of variable cross sec- 
tion, the moment expressions ma}’" be obtained from eqs. (58) and (59), 
Art. 26, by replacing and Bb by {6a—\aM'ab) and {Bb—XbM'ba)^ 
respectively. Thus 




(Xi — vl) -j 


pP(l—u—v) *’ 


JBA' 


’2(1 


-«) ( 0 B- KM' as) - f]| 


. ^l) 4 . 


(288) 


or, 




(289) 


Solving for M'ab and M'ba, 
M'Am’= 


2£'ii:[[2(l-»)g+/3]0x+2o20B- (2g+/3) jl- ^[(2g+/3)5,-2grl] 


4 (1 — «— »)^g+2 (1 — e))2a+2 (1 — ti)^)/3 + ajS 


2£22| [2(1— •u)p+a:]tfB+2«p5A— (22>+a) 

M / — ! 

BA. > 4/1 I *> / 1 r /I 


(290) 


'4(1— u— »)pg+2(l— »;ga-fa(l— «)^e+aj8 
o'2 

-jr{2jil{\ — tt) +d—i2p+ a)x^] 
~4:{i — u—v)pq^+2il—v)qa+2{l—u)pfi+a3 


(290c) 
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ILLUSTRATIVE EXAMPLES 

1. The symmetrical gable bent shown in Fig. Ill has fixed bases. 
The crown joint A is rigid, but the connections B and B' of roof mem- 
bers AB and AB' to the columns possess only 50 percent rigidity. 
Determine the end moments and compare with the corresponding 
values in Example 1 of Ait. 46. 


Fia 111. 

Solution: Applying eqs. (286) and noting that a at 5 equalsl, and 
0 and the deflection angle at A equal zero, 

M'^s=lEKeB-lKRj,^+\FM^s=^+\R + 16 ; 

8 

in wliich jB=i?Bc= — For the horizontal reaction H we have: 

ff=^(3S-4ff)=i(|-h2i2+84) ; (c) 

and the joint expression at £ is in the form 

^+|-2B+|fi-4-5S-|s-4=0 M 

From eqs. (c) and (d), 

5= 12, 5= 24 and Rab^ “i”48. 

Then 

2— 32+16= — 18; For a=o, Mab= — 10; 

AfB.i=-4-16-4=-24, Mba=-Z2, 

Mbc= -24+48=24; Mbc=32; 

— 12+48=36. AfcB=28. 
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A 



Fig. Ilia. — Comparative moment diagrams. 

2. Beam-to-column connections of the three-story symmetrical 
bent shown in Fig. 68a have only partial rigidity. Assuming the 
bases fixed, obtain the following: 

(a) Deflection and joint expressions, using the same rigidity factor, 
a, at all connections; 

(b) End moments resulting from numerical values given in Fig. 68, 
Art. 37, and corresponding to a=l. 
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Solution: (a) Since a equals zero for column members, the de- 
flection expressions remain the same as for rigid joints. Thus 


Rz=Bcd=jC+^ iF+F,+F^) . 


• («) 


Applying eq. (286), and noting that o:=jS, 6j,==6b, A— 0, the typical 
beam-moment equation takes the form 

6EK(1~{- a)6A ^EKd 4^ ZKA 


l+4o:+3a^ l+3a 2(l+a) 
Then the joint expressions become: 


[f- 

^ l4 

^2(l + a)J"^ 

K, 

4 

5= 

r^- 


3 X 3 1 

5- 

K 

14 

^ 4 

^2(1 + «)J 

4 

TK, 

A 

SK. 1 

ri_ 

K, 

L4' 

r 4 H 

‘ 2(l + a)J 

0 

4 • 


(5) Applying eqs. (293), 

0.7754-0.405=10, 

-0.404+1.955-0.80(7=22, 

-0.805+3.90C'=24,- 

from which 

4=23.388, 5=20.314, (7=10.320; 
and from eqs. (291), 

5i=39.026, 52=26.726, 53=9.616. 


(/) 


^9) 


Then for the end moments we have: 


<i!=l a=0 


Maa*^ 

8.770; 

9.954; 

Mba=- 

-11.229, 

-10.043, 

Mjbq^ — 

- 4.006, 

- 9.558, 


15.235; 

19.593; 


-19.997, 

-14.442, 

Mcd^ 

4.506, 

- 6.438, 

Mcc'^ 

15.480; 

20.868; 


■28.518. 

—17.568. 
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EFFECT OF WIDTH OF SUPPORTS 

89. Relation Between Moments at Center of Joint and Face of 
Support. — For convenience, the elastic curve of a framed member is 
generally assumed to extend continuously to the hypothetical joint 
centers of the supporting members. In reality, due to the abrupt 
change in cross section, the elastic curve ends at the face of the 
support; and, for a jGmite width of support, it will be more nearly 
correct to assume that there is no change in deflection angle and 
deflection within the support. This latter assumption wiU obviously 
result in a corresponding change in the moment expression at center 
of a joint, which is obtained from the fundamental relation 

-V\b^ ; (291) 

in which, referring to Fig. 209, 



Fig. 209. 


j4^B=moment at center Ai of support A; 

M^B=nionient at face of support A; 

6^ = distance from face of support to center of support A; 
i=distanc6 between faces of supports A and B; 

F’^B=shear couple corresponding to end moments Mab and Mba; and 
y'x=simple end reaction at face of support A due to external loading. 

By substituting in eq. (291) the values of Mab and Mba from moment 
equations previously derived, the corresponding expression for 
moment at center of a support is then readily obtained. Thus, in the 
case of semirigid framing, using end moment values for variable 
cross section, eqs. (290), we have: 
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Chapteb III 

AXIAL DEFORMATIONS 

90. Moments Due to Deformations of Axial Stresses. — If the axial 
stresses of a frame due to the principal bending moments are known, 
the so-called secondary moments resulting from axial deformations, 
or change in length of the various members under axial stress, are 
then conveniently obtained from the geometry of the deformation 
diagram. The application will be illustrated by some examples of 
typical bents. 

91. Two-legged Bent: (1) Symmeiriccd vertical loading and jram- 
ing . — ^Axial deformations of a simple two-legged bent, under sym- 
metrical vertical loading, are shown in Fig. 210. Indicating the 



average unit shortening of the top member and the legs by « and ci, 
respectively, it is seen that the top joints A and B move inward 

a distance -^6 and downward a distance A€i. Sincere represents the de- 
flection of the legs, the corresponding deflection term becomes 

..... (295) 

in which a indicates the average axial unit stress in member AB, 
Noting also that the deflection angles at A and B are equal and of 
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opposite sign, for fixed bases we have: 

^ _ T>_ fiZffijCi . 

,, _ SIcKK, 
A(2i^j+ii0' 

,, _ ZUK,{K+K^) 

If the bases are hinged, 

, _ QlffKi ' 

^~hiZKr+2K)> 

ZlcKKi 

^^^^~h{ZKi+2K)'. 


. ( 296 ) 


(296o) 


(2) Lateral or unsymmetrical vertical loading and unsj/mmetricd 
raming. — Fig. 210a shows the deformations of the bent for the 



general case, in which the strains and stiffnesses of the two l^s may 
differ. Again indicating the average unit strains of the members 
AB, AD and 5(7 by e, ei and <*, respectively, we have: 


5As=6jEj(ei+^)=6j((ri+(r2) ; 
Ai— A2=Ze; 

Rbc^6E^=R2; 


Rad— QE^=R2~\' QEeji’ 


( 297 ) 


The deflection relations thus determined, the joint and deflection 
expressions of the bent are then obtained in the usual manner. For 
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fixed bases we have: 

j. Z(KxA-hKS) &1 <jKx . 
* kiKi-ri^iV 


r 3Zx^ 1 4 4-r^- 

\K+K,- 4(i^,X7ZgP+L2 mi+K^)r 


C^^rrf . N I ^If^KiKo 


K+K,- 


HKi+K,) 


M 


K ZK^Ki - 

_2 4(Ai+ii2)_ 


In the case of hinged bases, eqs. (298) become: 

„ ZiKxA + KS ) QlffKi '. 

2{K,+K,) ' HKi+Kd’ 

Tk4-^K ~l 1 1 ZK\K2 ~lg 

L^+4^‘ mi+K,)r^l2 A{K,+K,)r 

~ 6 / -^(‘^1 + ’ 


K+iK,- 


ZKi^ 

4{K:+K,) 


ZK:K, -1,, 

r+l2-HE:+TQ}^ 




. ( 298 ) 


(298a) 


92. — Three-legged Bent: (1) Symmetrical vertical loading and 
symmetrical stiffnesses. — Fig. 211 shows the axial deformations of a 



Fig. 211. 


three-legged bent under symmetrical strains. In obtaining the deflec- 
tion terms R, it is noted that the deflection of member AB equals the 
difference in the strain shortening of the middle and end legs of the 
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12lKi(T . 

^2hK 

^~h{4.K+^Kiy 

■Af _ 

^l{4JC+ZKiy''^ 
<^hKK^ , 

h{4K+ZKi) 

l{4:K^-ZK,y’'^ 
ZhKi2KyZK,) , 

h{^K+ZK{) 

1{4:K+ZK,) 


( 299 ) 


bent; and that of AF is given by the total shortening of tbe top strut 
AB. Accordingly, we can write: 

■2'AB = 3£'^(€2 — — Vl), 

Assuming the bases fixed, 

^ 6lK\<r I ZhK , ^ 

^~h{K+Kyi{K^K,) 5 

,, _ ZlKKy K\ ~\ 

,, _ ZUKK, ZhK{K-^2K,), 

^^^^^~h{K+Ki) 2liK-irKi) ^‘^^-vi), 

^2l{K+ki) ~k{K+ki) • 

If the bases are assumed to be hinged, 


(dOOa) 


( 300 ) 


(2) Unsymmetrical Bent — In the general case of a bent with vary- 
ing stiffnesses, or unsymmetrical framing, as in Fig. 212, the joint 



Fig. 212 . 


deflections may be considered as the resultant displacements due to 
side sway and axial shortenings. In Fig. 212, if the middle leg be 
assumed to deflect laterally a distance A, the lateral displacements 
of joints A and C, resulting from sway A and strain shortenings h 
and Zi 64, will then become (A+Z^) and respectively. The 
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vertical deflections of the same joints with respect to joint B are 
similarly given by A(€2“~€i) Afe— €2). Indicating the umt axial 
strains by with the same sub mark as for the corresponding K, 
we can write: 


fi3jp=6jE^=J?2, 

fi^B=6jE^(«J— 6 i) = 6^(o- 2— ffi), 
-5«.'= 6i^(€3— * 2 ) =6^(<r3 — ffa) 


(301) 


Having established these relations, the value of the unknown 
is then obtained from the shear expressions of the three legs. Thus, 
for fixed bases, we have: 


„ _3 iKiA+K^+K,C} , HliK^<r,-lKia), 

{K,-\-K,+K^) ^h{K,+K,+K,y 

and for hinged bases, 

„„3 {K^A^K^-^K^C) . Q{kK^<T,-lK^<T) 

^*” 4 ' 4:(Kr+K^+K,) ^h{K,+K,+K,y 

The joint expressions are in the following forms: 

Fixed bases. 


(302) 

(302a) 


[■ 


K+K, 




4(ifi+iC2+^3)]^+[? A{K,+K^+K^) 

^^:^<7=6jii:((r2-<rj)+6^Xi<r 

h{K,+K^^K,) ’ 




> 




+ 


, QKAkKz<r,-lK,<j) 
h{K,+K,-yKz) ’ 


\k,+k,- 




^KiK^ 1 
mi+K^^Kz)} 


4{i5Li+X2 + jK3) 

+ h{Kx-^Ki+K^ ’ 


\B 
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Hinged bases, 

[K+^Kr 




4{Ki-j-Kt+K3_ 




ZK,Kt 


mi+K^+K^) 


> 


^K\Kz p_e^T^( \ \ 9^ TT I — IKi(t) 

' h{Ki+K2+Kz) ^ 




4(jBLi4“-K2+ijL3) 


Mf- 


ZK^Ki 


2 A{Ki-]rKi-\-K^ 


•} 


+ 


4 (£:ihS+^^)]^~ &\K{<r3- tri) + e^isCiCffs- <T2) 


I ZKidtiKzffi — lK.\(r) 

h{K,+K2+K3) ’ 

\J^+4^^z- 4^^K,+K2-\-K3)r+l2 mi+K2+K3)T 

~ -^\Kza^ 

, ZKziliKz^i — IKio) 

+' HK^+K,+Kz) ^ 

98. Gable Bent; (1) Symmetrical vertical loading and framing . — 
Fig. 213 shows the manner of joint displacement in a gable bent under 



symmetrical axial strains. It is to be noted that, due to shortening 

of top member AB by a horizontal distance the first displacement 

of joint B to position Bi is accompanied by a second displacement 
A yet to be determined. The latter displacement which is of the 
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same character as that due to flexure, produces a corresponding 
deflection in member AB. Thus we have: 


n _ sin 4) h_h-^ [ 

and, from the shear expressions of members AB and BC, 


(303) 


\{Msc+McB)=j{M^B+MB^) (a.) 

Substituting for the values of the end moments in eq. (a), the deflec- 
tion expression becomes: " 

Fixed bases. 


„ . 3/(Ag,-/ga) „ , Zm^<r ■ 

^-mK,+fK,f^h{h?K,^fK2y • 


. (304) 


Hinged bases, 

„ zmK,-jK^) „ , ZjHK,a 
^~2{4:h?K,+fK2) '^h{Ah?K^+S^KA ' ’ ' 


(304o) 


And for the joint expression at B, after eliminating R, we have: 
Fixed bases. 



Z {hK^-jK,)nr.^^lr. , ZjlKMhKr-JK^). 


. (305) 


Hinged bases. 


, 3 ,, Z(2hK^-fK2)nr. SlK2<r , ZfiK2<r{2hK,-JK2) 


(305o) 


(2) Symmetrical bent with unsymmetrical loading or strains . — . 
In the more general case of unsymmetrical loading, resulting in 
unequal strains for members symmetrically located with respect to 
the vertical axis of the bent, the joint displacements may again be 
considered as the resultant deflections due to bending sway and 
change in length of the members. These displacements are shown, 
on an exaggerated scale, in Fig. 214. Indicating the average axial 
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Fia. 214. 


strains for members AB, AB', BC and B'C respectively by e, «i 
and «/, and the corresponding unit st sses by o-, «•', <ti and oi, tL i 
deflection terms becon. 


Ab-C' = A'- j(€+0, 5b'V' = 6^-'^^(6+6') 

A ^i) I A' — A 

2 cos <i> "^2 sin <f> 

Rab= -Bab' = ^jW-c,) +‘L{R'-R). 


. . ( 306 ) 


694931 0 - 46 - 24 
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The deflection expressions, obtained as £a Art. 47 , are in the follow- 
ing forms: 

Fixed bases, 


ZIK 2 / 1 /\ I 12hKi^ _ , 


A 




/hK^,2K2\jj, m i?,, 

{jr+-i^)R - yrR- j^+[^ 2h J T +2/^ 

+-p-(o-+<^ ) — 

Hinged bases, 

{hK,,K2\j. hK^j.,_ 

V7^+2Ar “ yri? — 2/ r 

ZIK 2 , I , 12hKif , 

/AS:. , i?Ap, 3Zx , /SiSs SisTA 

V7^+2Ar “ 'p ~ iT'^'^v 4F " -^r 

, ZlKif , 12AjKi^ , 

^(o-i -‘^O- 


(307) 


(307a) 


Tbe joint expressions at B and B' are given in eqs. (136), (137), 
(142) and (143), with the following modified load constants; 

Fixed bases, 

<2a= _ a,)] 

^hKif f ^ ZlKo/ I /^ 

Hinged bases, 

<2*=-(2^'=(f-f')[^(v+O-^(<r/-cr0] 

QhKif f ^ ZIK2/ I 

p-(ffi — <ri) — 4^(®'+0- 


ILLTJSTEATIVE EXAMPLE 

The average unit axial stress in top members AB and AB' of the 
symmetrical bent shown in Fig. 1116, resulting from uniform vertical 
loading, is 1.5 kips per square inch. The relative stiffnesses K are 
as indicated in the figure, and the true K of the top members 
equals 4. Assuming the bases to be fixed, obtain the end moments 
due to the axial deformations. 
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Solution; Applying egs. (305), (304) and (303), 

5=4.5, iZBc=2.25, 5^s=4.5; 
and 

AfA5=4(2.25— 4.5) =— 9 inch kips; 

Mb^=4(4.5-4.5)=0; 

Afca=4X2(2.25— 4.5) = — 18 inch kips. 

94. Moments Due to Temperature Deformations. — Deformations 
resulting from temperatuie changes are similar to deformations due to 
axial stresses. In the case of uniform shrinkage (or expansion) of 
members, Figs. 210, 211 and 212 may also be used to illustrate tem- 
perature deformations for the three tjrpes of bents. Assuming €, €i 
and €2 to indicate the unit shortening of the members, the correspond- 
ing relations in Arts. 91, 92 and 93 then become directly applicable. 

In the case of temperature diJfferential, that is, when the tempera- 
ture of the two faces of the bent differs, the resultant deformation 
may be conveniently studied by separate consideration of its two com- 
ponents; first, the effect of axial shortening (or lengthening) of mem- 
bers due to one-half the temperature differential, analyzed as ex- 
plained above; second, the effect of relative shortening (or lengthen- 
ing) of the inside boundary line with respect to the outside line, 
resulting in joint rotations. Fig. 215 illustrates the deformations due 
to the latter effect in a simple two-legged bent. In (u), the tempera- 
ture differential is assumed to be for top member AB; in (6), for the 
two legs AD and BC; and in (c), the temperature differential is 
assumed to occur in the leg AD, Denoting the deflection angle at the 
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Fig. 215. 

upper ends of members AD and BG of the bent in Fig. 215 (J) by ^2, 
then, for the corresponding moment in member AB we have: 

Similarly, if the deflection angle at each end of member in {a) 
be denoted by ^1, the resulting moments in the two legs become: 
Fixed bases, 

— ^EKidif 
^DA ^ — 2EKidi ] 
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Hinged bases, 

D ~ — 3 EKidi . 

In Fig. 215(c), due to the deflection angle dn at upper end of member 
AD, the bent sways a distance A and the joint B rotates through an 
angle ^ 3 . As in the general case, the solution of the unknowns is 
obtained from joint and shear expressions of the bent. 

Assuming a linear temperature gradient, change in deflection angle 
per unit Itogth is given by the expression 


I — 3 ^^ 

in which € indicates unit elongation of a fiber per one degree change 
in temperature (or coeflBcient of expansion), d is the depth of the mem- 
ber and T the temperature differential (in degrees) between its two 
faces. Accordingly, for in Fig. 215(a) we have: 


^1= 


and B 2 in (6) equals 


2dAB 


T; 




'AD 


( 6 ) 

(c) 


depending on whether the connection is fixed or hinged at Z>. 



Chapter IV 

SHEARING DEFORMATIONS 

95. Effect of Shearmg Deformations. — ^In the derivation of funda- 
mental slope-deflection expressions in Part I, deflections due to the 
shearing forces on the cross sections of a member were neglected. 
As m the case of axial deformations, in an ordinary framing, stressed 
resulting from shearing deformations are of too little importance to 
require analysis. However, in some special framings, such as bomb- 
proof bents of reinforced concrete — ^where members of unusual depths 
and relatively shorter spans are used, and bent supports for turbo- 
generators where deflections are of primary importance, an investiga- 
tion including the effect of shearing deformations may be found 
justifiable. The derivation of the fundamental moment expression to 
include this effect is quite simple and it will be given both for mem- 
bers with constant cross section and variable cross section. 


96. Moment Expression for Members with Constant Cross Section. — 
The fundamental relation between shearing stress and shearing strain 
is given by 



in which r and 7 indicate the unit shearing stress and unit shearing 
strain, respectively, and G is the modulus of elasticity in shear. 
Accordingly, for the slope of the deflection curve due to shear we can 
write: 


dy r kS , 


(j) 


where S indicates the total sheai' on the section, Ae the cross-sectional 
area and 1 : is a cross-sectional constant for shear (for rectangular 
sections k=1.2). Then the shear deflection corresponding to a 
length dx becomes 




in which the product Sdx represents the shear area of a strip dx. For 
a member AB, Fig. 216, subjected to end moments and Mba 
and a load F, the shear S at any point along the span I equals 


^ (d) 
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in which indicates the shear due to the external loading, and the 
sign is positive (+) when the shear couple rotates in a clockwise 
direction. Substituting this value of S in eq. (c), 

dy=- j^(MAB+MBA)dx±-^Vj4x (e) 

the total deflection, Ag, of the member due to shear becomes 

y=A,= -^(M^5+MB^)+;^ I I ) 

■ (f) 

that is, the sum of dx strips of shear areas shoTm in (d) and (e), Fig. 
216. Noting also that 

. I E 

^0 2(l+/i)’ 

where I and r, respectively, indicate the moment of inertia and radius 
of gyration of the section and fx is Poisson's ratio, for eq. (f) we can 
write: 

A,= -^^^kr^(M^s+MsA); (308) 

or, letting #=2(l+#e)^, 

• (308g) 

Having obtained the value of the shear deflection the moment 
expressions are then derived as in Art. 25: 

I I A 

0A— 


A A,— 


%Er 


hM^BA 


or, substituting for A, its value from eq. (308a), 


ZEI g^j- 

and solving for the end moments M^b and Mba, 
2EK 


Mab — (i®+3fr®)0.i4' (P — ^U^Bb — 3AfI 
2.4.[f(32J — f)^“6tr^ 

Wpi^ ’ . • . . 

OWZT 

, 2Xp(2Z-3x)+6#r*] 

f(i*+12<r*) 


(t) 


^ JUT -^abi ^ j^j ^^BA jgfjr' * * * W 


(309) 

(309a) 
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It is to be noted that, if the loading is symmetrical, the last terms 

A 

of eqs. (309) and (309a) -^rill assume the familiar form of -j or the fixed 
end moment, FM, for members with constant cross section. 


97. Moment Expression for Members with Variable Cross Section. — 
In the case of variable cross section, the slope of the deflection curve 
due to shear, eq. (6), may be written in the form 


dy_ kS . 
dx’^mAcO^ 




in which Ac indicates the minimum cross-sectional area of the member 
and m is the ratio of the cross-sectional area, Acs, taken at any point 
X, to Ac', that is, 


Then 



(Z) 




and 

y=‘‘-~iaii^ 


—dx may be considered as the modified shear area of 

the member, corresponding to the modified moment area discussed 
in Art. 18. Let 

2 =modified area of the shear diagram for a unit shear and span 
_ of imity; 

Q=modified area of the shear diagram due to the external loading. 
Then, for the beam shown in Fig. 217, the shear deflection, eq. (310), 


becomes: 

(311) 

— - 

A,=^[— 2(Mds4--3^B.i)+Q] • •• • • • (311a) 


The Siear deflection thus defined, from the modified moment and 
shear areas shown in Fig. 217 we have: 


— 6b)=‘p1^ab — 

EI(A—l0ji) = —pP (1 —u)MjiB+gpPMs^XiAi 

+iT^[-l{M^+MBA)+Q] 

=—[pU‘(l —u) + 2^M^4- (SPP 

— 2fr*)Msx— (p) 
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(«) 


Fia. 217. 
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from which 


_EI [qPil—v) + qtj^dA.+ (.gvl^— gZA 

—u—v) + (p+2) 

[gljxi—vl) +'it7^Ai+qltr^Q 
l[pgl^{l—u—v) + (ji+g)gtr^]’ 

,, _ BI [pV{l—u)-\-itr^eB+ (puP—gtr^dA—plA 
I ' pgP(l—u—v) + (^+i)itr^ 

, [pl{l-ul-Xi) + qtT^Ai+pltr^'Q 
Z[pgZ2(l— “U— ») + (j>+g)gf7^] 

Eqs. (312) and (312a) represent the most general forms of slope- 
deflection expressions for end moments resulting from bending as 
well as shearing deformations in members with variable cross section. 


ILLUSTRATIVE EXAMPLE 

The loading per foot of width of a reinforced concrete bombproof 
bent is shown in Fig. 218. The depth of the top slab is 6 feet, that 


4k 4k 


i kip per ft. 


TfriniiTTiTniTi li'i'iTiTinTiTi I i'l f ri iniri’n i ;i i rrTrrmrrrnTrrrniTriTiJ 


A fi 

B B' 

. 

>* 



T?7m 1 VITI tlTITTm 1 f 1 tlTiTri'i f 1 ^ I'm ♦ i fl'M ♦ 1*14 :f1 ♦ f I ♦ ! * 1 fUl ♦ . ?rnTf> 

12 kip per ft. 

Q* r- 



Fig. 2ia • 

of the bottom slab 3 feet and the walls 4 feet. Assuming Poisson’s 
ratio equal to 0.2, obtain the end moments: 

(а) Considering shearing deformations; 

(б) Neglectii^ shearii^ deformations. 

Solution; id) For the ^ of the members, per foot of width, we have; 

^ _ 1X6^ _ 9 ^ 1X4^ _4 „ 1X3" 9_, 

^'^'~i2'X46“20’ ^^“12X12 9’“^^®' 12X40 160’ 

or, using their relative values, 

Kbb'=1,Eaa'=S,Kab=S (approx). 
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Since 5 a= — and Bb= — 6b', for members AA' and BB' the 
end moment expression, eq. (309), will assume the ordinary form 

ildTsa '= 2 jEK0s ■}" 2 jE^a 1 6 0 . 

In the case of member AB we have: 


r*=|; f=2(l+0.2)1.2=2.88; 


and 


M^b- 

Mba~ 


UE 

'190.08 

le^j 


(311.O40^+12O.965B)=26.18l£'i94+lO.18l£i9s, 
(311.0405+ 12O.960j=26.18lS?a+lO.18l£'(9^. 


190.08' 

Accordingly, the joint expressions at A and B become: 

42.181£'0^+1O.181£'0b= 133.33, 
lO.18lA:0^+28.181jEi9a= -160.00; 


from which 


£'0A=4.964, £05= -7.471; 


and 


(i) 


Maa > =16 X4.964-133.33=-53.91, 
JI/xb=26.181X4.964-10.181X7.471=53.90; 

M5.i=10.181X4.964-26.181X7.471 = -145.06, 
Ms5'=-2X7.471+160=145.06. 

12.4+4B= 133.33, 

4A+8.6B=-160.00; 

A=20.620, B= -28.527; 

M^^<=8(10.310)-133.33=-50.85, 

M^= 8 (20.620- 14.264) =50.85; 

AfB^=8(10.310— 28.527)=- 145.74, 
Mbb'=-14.264+160=145.74. 



ANSWERS TO PROBLEftK 


, 11^ 

48’S/ 

2. (a), 0; 

5 PZ® 

(c). ^=48*S?’ 

Ai=0. 

^ . . Pa^6. Pa6(&-a) . P6(P-6^) CT. 

2iET’ 3/P/ ’ 9/-E^/ V 


"Q/PT 


P/2 


P/2 


4. (®)»8^; 


16PP 


6 P/2 
192‘P/ 




13 P/2 


384'P/ 


. ,, W/2/i. W/2 . . W 2/_ _\ 

5. (a), -1^. W’4/i(3/+2/i)’ 8V 3/+2AP 

^‘^’384V® 


-5__12L\ 

Zl+2hJ 


3 P/2 _ 

(c), 48P/V5’ 

7. w,^’; W.T- 

8. (o), y and 0; (J), j| and ^ ; (c), ^w/® and ||- 

9. (a), 0; (6), Mc^= - |Pe; (c), Mcb=- |Pa; W, 

10. (a), ±f;(6),-^P/. 

11. (a), 0.259 PI; (6), 0.201 P/. 

12. (a), 150 inch-kips; (6), 93.75 inch-kips. 

f ^ 5wl* “wP 

38417' W. 384^/ 
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14. e.=-t 


pis 

: +0.0096^- 


15. (a), (8jK+i.94XjA+^jKB-i.29KB=0; 

( 6 ), (l6^K+K^B+4jKA+ijKC-KR=Q. 

16, (a), l,6K2A-jrl.5KzB—2{K2-hKs)R-\‘FAlAD'\'FMDA= — cF: 

(6) , iK 2 +Kz)B+HM^j,= -cF. 


2312’ 
wP 
’12 


17. (<i), MjiD 

nr 4.75 wF. j,, _ 5.J 

(6) , Mji,o=—!j- • Y2’ ^BC~ y 


18. (o) , Maf= FMasI Mba= ~2(K^K^ FMxB-hFMi 


Kr 


BAf 


MbB^ 0 y 
A^bb~ 9 . 


19. (a), 73=2.4, 7c=1.6, 7 d=2.0; 
(b)jBc=-0.25-JcB=-0.m7JoD=-Q.2;fBC=-0-25-, 

. (c), J?=6.423, C?=-18.914, Z?=9.740. 

20. *7=3.0, G=0; Mab=-7.5, Mba=-21, Mcb=30. 


21 . 



A 

B 

E 

F 

*/ 

Sab—Va 
Sas-' H« 

fBA-% 

fsr—Ho 

I 1 

1 1 


22. Joint At 

Ma-b=^- 

-26.40, 

Mab= 

26.25; 

Joint B: 

MbA= 

45.16, 

Mbc^~ 

-34.37, 

Mbe^' 

-10.94;. 

Joint D: 

Mba= 

21.45, 

MbS^’ 

-38.30, 

-Md<?== 

16.66; 
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Joint E: 

JSd-EB ^ — 9.60j 
55.10 j 
jUi^jsF^ — 37 .51^ 
^ISdjEjs ^ — 8.25 j 
Joint C: 

l^cB^ 9.82, 

0 j 


Joint F: 

A/i?'£= 12. /4, 

l^dpc = 0, ^ 


Joint 

A 

A1 

B 

B1 

C 

Cl 

Joint CoeflScient 

. 2 

2 

5 

5 

10 

10 

Coeffs. of Correction 

f Al= .05 
B =-.04 
- Bl= .12 

A = .05 
B = .12 
B1--.04 

A =~.10 
Al= .30 
Bl= .16 
: C =-.04 
; Cl« .12 

A = .30 
Al=-.10 
B = .16 
G = .12 
Cl=-.04 


B = .24 
Bl«-.08 
C = .16 

Load constant— 

0 

-5 

-22 

-17 

-24 

-24 


24. |[J^(1.5a^-aO+^'(1.5aB-a2)+^"Cl.5ac-l 


+^(1.6«c-a3) +^’(1.5a,-as)]=-i?’. 

25. -5.41;Mfl^=-25.83; 

Mbc=-12.08; Mcb=-11.16. 


26. J^ab — — 24. 

At right base: Rv=6; Bb=2. 
At left base: Ry=6;EB=4:. 


27. ia),Qof A=FMab- 


(nKi-K,)[m(,e+b)-b]P 
i2-m){K,+K,) * 


Orf-n- K2[m(e+b)—b]P. 

^ [m(e+6)— 6]P . 

^^^’^°^R~i2^m){K2+K3) 

28. — ilijf^2[>=14.54| 

Mzx7=-M,>a=-10.91. 

qa f^\ (-Pi'l~-p2)^ \(Ji^ \ W^Jj m 71/1* 

29. (a), ( 2 _m 3 )(Xg+X,) ^Wzh 
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83. 3395+295'+18C'-50^7'=4320, 

2695'+51.B-30a+46C"=-480, 
106(7- 155-335'- 16C"= -4800, 
74(7'-335+175'-16C7=-480. 


84. Table for truss shown in figure 104 



PaneL- 

(1) 

(2) 

(3) 


A 

B 

B 

C 

c 

^ m 

S 2 

*S 

jllllllllllQI^III^ 

0 

800 

222. 22 

226. 67 

0 

a 

-61. 54 

307. 70 

103. 22 

159. 14 

0 

R 

553. 85 


343. 37 


0 

M' 

-923. 08 

-553. 84 

-289. 0 

-238. 71 

0 

First 

Increments 

-Q 

0 

289.0 

553. 84 

0 

238. 71 

ce 

-22. 23 

111. 15 

232.0 

58. 0 

95. 48 

R 

55.58 


222, 33 


' fti 

0 

M" 

-44. 48 

88. 92 

69. 6 

-87. 0 

95. 48 

03 

o g| 
o S3 
o 

OQ 2 

P 

bH 

-Q 

0 

-69. 6 

-88. 92 i 

-95. 48 

87.0 

a 

5. 35 

-26. 76 

-41. 04 



R 

-13. 38 


—73. 8 


0 

M'" 

10. 7 



-8. 48 

34. 8 


-956. 86 

-486. 34 

-212. 63 

-334. 19 

130. 28 

Location of M 


Mba 

Mbc 

Mcb 

Mcd 


35. 


(ffi), 5 — 


ry . f(FMsc+FMcs+Pe) . 
4ih^K^+fK,f+ ^2ih^K,+fK,) ■■ 



Aik^K,+fK,)r 


= -FMsc 




(6),B= 


3mKr~JKs) jy, 2f 

2 (Ah^Ki+fK^r^Ah^Ki+fKs 


(HMsa+Pe) 



3(2hKi fK2)^n JJXf 

A{Ah?K^-VfK2)T~ 


K2TiK,-m) 

AFi^K^+fKs 


(HM«7+P«). 


6M931 0 - 46 - 25 
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36.(a),Mxj,= -<i.25, 
— 20.50j 

(&), 


32 

87. Mx5=-3.56, Msc=21.03, Mcs= 12.04, 
Ads'c*^ — 10.74, A'Ic'b' — — 22.33. 

38. (a), q^===^(FAlBc-\~ PAI cb-t ) 2 ^= 0 ; 

— Cs= ■” FAIsc'h *” Qs' == ^^2' 

(6),2=|[™^-+f(2y+A)} /=^; 

- -HMb,7+ ^2+ «'2', - <2b' = «'2+ k'- 

39. (ffi), g_=^{FMBC'\'F^^c^-\--jl^(b — e), 

g'=0; 

— Qb= — wFa1/bc+ ^2j "" $5' = ^^2* 

(^)> 2=^-^-^-^8C+j^^ft+«— &) 

2- V2/ A/’ 

— Cb= — HMac-Vk'^''^' i ) — 6b' = ^^2"I"^2^- 

40. M4b= 17.33; 
iVyg4=36.85; 

Mb'jl= 15.52-, 

Mcb=-117.13; 

^£c'b' “ 38.47 . 

41 s- ^fm-hKr) ^ ._Jf^K,0 ._ . 


[Zi+Kr 


Z{hKi-my 

'4.{h^K,^fK,) 




-K, ,ZjKAhK,-jK2) 
2 + 4.{h?K^^fK,) 


']<7=0, 


r., .K^.J. zfK/ , riir2 , 3y^2(Aifi-yfi:2)"]p 

i^^+Y+^^-4.m^+fK,)r+l-2 + _r 

=—FMcd- 

... „ ZKiK,-hK,) Jf , ZfK,C . 

W’^~4(A^Xi+/ir2) ■^4(A^iiCx+/i?2) ’ 

„ 3(Alf,-yZ,)nff I 1 m2QiK,-jK,)-\p n 

J^iix+ii2 4(A^£Cj+^ijC^)J^+L2 + Hmt+fK^) 

K^.Z^ ZfK,^ nC, ZJK,QiKi-Mnry 

L WK;W^)S^L2^WK:+fKdJ 

= — JEfil4<7X). 
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42. MAi,= -9.00; 

Mbc=Z2.7S; 

M«7.=-10.75, 

]\dcD^ — 10.75 1 
il42)c~ — 5.375. 

43. (a), 

^Q^=-^FMcr,+l(M+FMsyy); . 

— Qc'—^ iM-[-FMcD-\-FMDc)- 
(J>)i Qa=Qb=Qb^=0] 

-Qc=\iM-HMcz>); 

— Qa' (.M-\- HMcd) . 

44. Mj,b=4:A1; 

Mac =-16.42; MB'fl'=-11.01; 

Mcb =-25.35, Mc'b'=-11.21, 

Mcd = — 20.71, Mc'd’— — 34.51, 

Mcc’ = -46.06; Mcc =45.72 ; 

Mflc =-85.94. M2 ,-c'= -74.84. 

45. (o) 1. q,—^FMBA—jiFMAB+FMBA)+^(f—c+^^l 

2. g==-j(J’M^B+i^Ms.i)+j[/-c+f(A+c^ 
iZ'=|(A+c)J’. 

2. 2=[|(l+r)+T^]’^'2'=i^2+^V 

(<j) 1. 2=|(i?’M^+i?’Mci,)+(l-|y,-2'=0. 

2. 2=Jsm«,+ (^- c)(i+|y; 2'= 

(d) 1. 2='|«’; a'^o. 

/5 , aAXr / bh^ 

2- 2=(8+p>'"*2-p'"' 

46. Af^a= 17.51; 

Mbo=-23A7’, Mj,.c'=-11.97; 

Mc^=^ — 102.96; Mc'b'^ — 53.61. 
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47. (o), 2=0; QA—Qa—QB'—^', 

_wV/ 3g» ,\ 

K, 


— Qc' °° 4(gg 

(5), 2=0; Q^=eB=&'=0; 
^_«>AiY 5iiL( 


ZKflioh^ 
&{E^+K,)' 


> 


- _ StKflJoh^ 

*“ *“ r^f-TT > \ • 


48. Mab=2.QB] 


Mba=-Z5M] 

J^^b^a =28.93^ 

AfOT = 11.87, 

]\dc*B*^ — 18.78, 

'hd.QB =“"10.52, 

= 1 1 .78, 

'hd.QQf — 1 .35 j 

Mc*c “7.00 j 

Jkfxx? ^ — 6.20 1 

]^D*c‘ =4.94. 


49. Q of fi, fixed and lunged bases,— ■^; 

^ _ m{K^-iQP . ^ _ m{K^-K,)P 

lAWi+J5:3)+8i*z,]’ MaKi+iir,) +2/^:,] > 

^ _ U{hKi-2fK,)P . ^ _ mhK,-JK2)P 

[h\ZKy+K,) +8/ii:j’ [hKZKt+Kz) +2fK,]' 

60. ilf4B= -20.95 ,• 

MB^=-37.04; 

Jlfw =46.53; 

Jlic*=0; 

ikf J3 J5 = ~ 0 . 

61. (1) (a) and (6), 

2182 — 0^ 2183=A^‘ 

(2) (<^), 

gi 82 = 0 ; ^m—FMBD’\'FMjOB~\~F{Jh — c). 
(6),2i8i=|HMBB+i?(l-|); 

gl82 = 0; gi83=-H3/BZ>+i^(^~-c). 
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62. Mas =-23.668; 

McA =‘ 

Mbd =36.768; 

Mca* == 

Ma’b'=-2.71&-, 

Mcs = 

l^s'D'— — 0.274; 

Mds 


-3</jjc7 




53. 

Joint A, as given by eq. (192) ; 

T XT \ rr 3 {Ki Tt? I P^Tir ^ — uKi) a 

(1936) 


'^4‘K,+n\K,+K,r-'^’ 


)} 


1 3 nKjKg A 

'^'^4:K,+n%KA+K,)^ 


(1946) 


j?" \ pT ^ 

,3 nKsCKj—nKt) 

^4 K2+n’‘(K,+K,r 

jj 3 2K2A-\-{2iKi — nK^B—nK^O^ 

^~2 4K2+nHK,+Ks) ’ 

Joint A, as given by eq. (192ci); 

r^,Z^ 3 (2K2-nK,r 3 WK^-nE^ 1, 

L'^"+4^“4'4K2+n“(iii:4+i!:s)J ■''L2 " 2 4ii:2+7i*(i£4+Xs)J ^ 


0 


j 3 nK5{2K2 — 

3 ^ I 3 ^ 3 

, 3 7iKs{^^2 ^-Kt) Z? rni/T 

+T4K2+n’‘iKA+K,r^ 


(193c) 


” 1^1 3 A 

■J^+2 ^K^+n^iEU+Kd^ 


on 


(194c) 


64. ^=34.31, 5= -2.40, <7= -4.54, 
i2=17.69, SB«=i?ci>— “3.84. 

M4s= 30.84 ; Mcc=8.61 ; 

Mfl^=-5.87, Miw=13.15; 

MflK= 12.88, 

Mflc=-7.01; Mm= 15.29. 

56. (a), JB— 1(.4+5)+^^» 


(195) 


p Z KaB-^K^G , hi{F-\-Fi) ^'lQfi^ 

^^“4 Ka+K, '^ZiKA+KiV 
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(|K+la)4-iaB-f 


_Fh , h{F^F,)Ki 
- 2 + 2(^+X-5) ' 


rs^ . ^ 3 3 KJSs r,_ht(F+F{)Kt 

2{K4.+K,) 

Q)), B and joint equation at A same as in (a); 

3 K^-^KjO I 2ihi(F-\-F^ 


K,+K, + K^+K, 


I 3 ”j» yd ^ -KliTt ^ 

L4^'+4^~4^+Z,J^ 4^*-^ iKi+Kr 


_Fh . 

~T+“X+^ 


4 — i^+Kr~ • 

66. A=40.8, j5«95.2, (7=181.33; 

B=119, Bi=S00.93; 

Jl^iB~“61"2; 

~ 6.8j 

Mss= -179.06, 

M«j=185.86; 

Mci>= -228.93; 

M^Do—iAjsa—d. 

67. (a), 2B,= (JfM,u,+iPMBx)(^^+^)+(^ 

2b'/= 


2A(£:,+£5)J 


M. 


. (197) 

(1986) 

(1996) 

(196o) 

(198c) 

(199c) 


(219) 
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to-.= (™^+™«^)(iE~4i)+(4E”s)''^' 

I F/^ 1 (IN ^hiKi 

'^l\4K2'*4nMl^+Ks) 

M. 

58. .4=— 0.154, .4'=22.998, 5=24,794, 5'=18.580, 

(7=15.837, 0"=7.649; 

5=23.916, 5'=43.749, 5i=35.954, 5 b.*.=16.121; 

Mas=—IIM6; Ma'b‘= -22.922; 

Ms4=— 10.398, Mb'x'=— 27.340, 


2Ai 

■A(ii:4+iiC5)_ 

2Ai 


(219a) 


Mbs= -22.320, 
Mbc=32.713,- 
Mcd=— 28.234; 
Mbc=- 68.070; 
Mbb=-47.114; 


Mb'E' 

=4.918, 


=22.405; 


=-16.944; 


= -24.592; 


= -13.662. 


59. (a). Fixed bases: 5 expression as given by eq. (208), 
Bi expression as given by eq. (208a), 
Joint A exp, as given by eq. (211), 
Joint A' exp. as given by eq. (211a), 

Joint B, 




+ 


^—^-^')KsO+QB,=0; : 


4Ai' 


(21 Id) 


Joint C, 



3hKt 
4 hiCi 

_1 




SAiiTj 


4A^di 




; ; (21 le) 


(6), Hinged bases: B expression as given by eq. (213), 
Bi expression as given by eq. (213a), 
A expression as given by eq. (216), 
A' expression.as given by eq. (216a), 
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Joint Bf 



• ®i6i) 

Joint (7, 





ShKsKs 

8aih2 





(216e) 


60.A=30.570, ^'=1.429, 5=22.569, (7=12.057; 

5=49.676, 5, =17.895, 5,i/jf-=33.786; 

Af^B=-31.28; M4 ^s-=-16.71; 

23 .35 ; 

Msa= -47.29, Mbc =-47.48; 

Mot= 18.69, Mas = -26.44 ;1 

Ma7=28.60; Ma.^.=-114.14. 


61. (a), (ac+65r2)5= 

+|.K+6(i&-f>)](7-^K.D 

-|[(FMxB+5ikfa^)+(|-e)p], (2215) 


(.ac+hKi)Bi=^(K2-^^-aE^ 

(6),(|+6iC.)B=|[Ks-|K.)+SB.]B 
-|[(PM^+PMa.,)+(|-e)p] , . 


. ... (221c) 


(2226) 
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- ^^{FM^b+FMba) +(|-«)^'] (222c) 

62. .4=0, B=3.2795, 0^= -10.3487, I>=18.0540,* 

B=-8,9705, Si=9.2740, S4b=-1.2140, Bcf=6.9555; 
Mab=- 0.43; Mba=- 2.07; 

Mcb= -12.07, Mbb= 35.12; 

il4(ny= —34.61, ^M^bd — — 0.99; 

46.68; 24.26. ^ 

63. The change is made by merely omitting/i from the expressions. 

64. ^=1.93, S=-5.50, (7=-11.93, Z)=17.09, 

B'=-2.22, (7'=-1.58, P'=-0.96; 
fi=- 12.44, Bi=7.87, Bcf= 5.90, 
fl^=-0.61, Si=-3.47, fii'=-1.40, jBo/y.=-1.06; 
M.4 j»=-0.21; Mba =-3.92; Msm=-1.86; 

— 8.95, ]\dc'B'— ^.12, 36.88; 

Mcr— — 35.67, Mc'b'— — 1.06, 
il4(7i)=44.62; ikfo'z)'— — 2.06; 2l4f2)'g'=1.76; 

ii^j52>=2.70; ikf^'2>'=3.68; 

.34ji'cf’= “"23.73 ; ^^0.52. 

65. No changes. (Changes in joint expressions only.) 

66. i4=- 19.91, B=2.80, <7=38.96, D=103.37, 

B'=75.36, (7'=54.68, Z?'=57.68; 

22=32.80, Bi=224.68, Bcji>=168.52, 

^AJB= -37.94, 5'= 109.55, B, '=128.98, Bc'f'=96.73; 

2l2^jB=20.18; il^^^=30.08; "“27.44; 

Mct=18.24, Mc'b<= - 68.76, Mz>£=- 121.24; 

110.08, — 14.72, 214/)' j'=— 84.92; 

Mcd— 01.07) 212c''b'=83.52; Msb—^bc—Mb'c’—^s^d’—O. 

67. (a), 2 in eq. (237) =0, 

(237ffl)= (2^il4jB'r'"t"'P'.^y'B') — B'c', 

(237J) =j^(i?a2c,-l-/’M,c-l-/’e) ; 

(6), 2 ill ®<1* (237) =0, 

(237c) f 

(2d7d) ==y^ ^ ^ (SMcy + Pc) • 
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68. .4=20.32, 5=-74.04, B'=-5.76, C'=-43.02, £>=-22.13 
B— 101.91, Bi=— 33.01, B'=-68.50, Bcy=-26.46, 
B^b=— 38.41. 

M.ib=21.72; Ms/,/=33.36; Mcb=87.48, Mm=87.76; 

ilf«7=25.44; Mi>i=43.52; il4,.= -33.12, Mto=9.90; 

Mei,= -54.09; M;,-b'==169.18. 

69. 2 ( 240 ) = — , 

2(240ffl) = — (P6-\SMb^ , 


2(241) = - 


{ 


<‘+IS) 

2(241a) = —FMsa 


(Pe + Bil/crs) > 


/ - i§\ (P^+PMi»P+P-McB), 


2(242)=- 


I 

^^(Pe+HMsc), 




q{242d) = “-HMbc" 


■(‘+1^1) 


(P c-^-SMbc) . 


70. 41=157.34, 
B=63.75, 
Ma.i'=S0.67; 


B=-62.64, 
Bab=210.56, 
Mbc= 148.26. 


71. (a), 2 m eq. (244) =-^^{FMcB+Pe)-(FMBc+FMcB)-Pe, 

(244a) |.^(i?Mcs+Pe), 

i24^b)=Pe+FMBc+FMcBi 
(6), 2 ill eq. (246) =— ^j(Pe)— fiMBCf— Pe, 

(245a)=— ^j(Pe), 

(2466)=Pe+j3M«j. 
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72. .4=-32.189, .^'=-0.478, 5=118.208, B'=143.792; 
5=48.618, 5i=314.970, 5/=302.030, 54 a.=-74.50, 
5A'a'=100.382; 

Ma^'=42.072, Mb4=105.659, 

34'^#^=57.928, ikfB'j4'=86.342. 

73. 5=|(5+0)+-L[(2PMcb+5Mbc) + (Pi+P^^ . (248a) 


„ 3 3 G 

Bi (fixed) 47, ,f ZA • 

V V /*X/ 

{(4+5) ^ 

5i (hinged) 




(2496) 


(249c) 


74. 4=90.77, 5=188.41, ^7=37.44; 

5=277.39, 5j=— 101.58, 5^5=203.16; 

33.38; 
il4^= ““ 58 .2 6 ; 

Mot= -157.75. 

75. (a) Fixed bases, 

-|W+^(5ML,5+5M5^+(Pi+Ps)^-Ps«*]. . . . (240d!) 
(5) Hinged bases, 

-(|^>+4?^^+f>4^+l3^-2ra5®'> 

-^,0+^(FM^B+FMB^)+iPi+P2)k-P2fi2] . . . (240e) 


76. 4=143.71, B=-4kZM, 

5=27.48, 5^=175.38; 

C'=7.05; 

Mxx'=23.85; Mba=-164.08, 

M«7=79.01, 
Mcb=27.21; ^55=85.07. 
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Table 12.— BEAM COEFFICIENTS FOR BEAMS OF VARYING 
MOMENT OF INERTIA. 


SYMMETRICAL STRAIGHT HAUNCHES 



i 



i' 


'S 

Haunch at 
left support 

Values of b 

ts o. 

1 

> 

1.00 

0.60 

0.30 



0.12 

0.10 



0.05 

0.04 



Haunc 

right 

port 

0.50 

f u 

0.333 

0. 354 

0.380 

0.394 

0.403 

0.410 

0.416 

0.422 

0. 430 

0.434 

0.439 

0.446 

0.455 

V 

IP 

0.500 

0.389 

0.279 

0.232 

0.203 

0.184 

0.170 

0.154 

0. 136 

0. 126 

0.115 

0.102 

0.086 

g 


/ u 

0.333 

0.358 

0.387 

0.402 

0.412 

0.420 

0.425 

0.431 

0.440 

0.444 

0.449 

0. 455 

0.462 

V 

IP 

0.500 

0.411 

0.324 

0.286 

0,263 

a 248 

0.236 

0.223 

0.209 

0. 201 

0.192 

0.182 

0. 169 

q 

0.35 

f u 

0.333 

0. 358 

0.3 S 7 

0,402 

0.412 

0.419 

0.424 

0.430 

0.437 

0.441 

0.446 

0.450 

0.457 

V 

IP 

0.500 

0.422 

0.346 

0.312 

0.292 

0.279 

0.269 

0.258 

0.245 

0.238 

0.230 

0.221 

0. 210 

q 

0.30 

i u 

0.333 

0. 357 

0.385 

0.400 

0.408 

0.415 

0.419 

0. 425 

0. 431 

0.434 

0. 438 

0.443 

0.448 

a 

IP 

0.500 

0.433 

0.368 

0.339 

0.322 

0.310 

0.302 

0.292 

0.282 

0.276 

0.269 

0.261 

0.252 

q 

0.25 

f " 

0.333 

0.356 

0.382 

0.394 

0.402 

0.407 

0.412 

0.416 

0.422 

0.425 

0.42 S 

0. 432 

0.436 

V 

IP 

0.500 

0.444 

0.390 

0.366 

0. 352 

0.342 

0.335 

0.327 

0.318 

0.313 

0.307 

0.301 

0.293 

q 

0.20 

/ ^ 

0.333 

0.354 

0.376 

0.387 

0.393 

0.398 

0. 401 

0.405 

0.409 

0.412 

0.415 

0.418 

0.422 

V 

\p 

0.500 

0.455 

0.412 

0.392 

0.381 

0.374 

0.358 

a 362 

0.354 

0.350 

0.346 

0.341 

0.334 

q 

0.15 

fit 

0. 333 

0.350 

0.368 

0. 377 

0.382 

0.3 S 5 

0.388 

0.391 

0.394 

0.396 

0.398 

0.401 

0.404 

V 

IP 

0.500 

0.466 

0.434 

0.420 

0.411 

0.405 

0.401 

0.396 

0.391 

0.388 

0.384 

0.380 

0.376 

q 
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Tablb 1Z.—BEAM COEFFICIENTS FOB BEAMS OF VARYING 
MOMENT OF INERTIA. 

VNSYMMSTSICAL STlUZeST SA-tTNOB 
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Table 14.— LOAD COEFFICIENTS FOR BEAMS 
WITH SYMMETRICAL STRAIGHT HA UNCHE3. 

XTNJFORM LOAD 


Total load^ W 



I’ Ai=CWl^ 


Total LoQd*W 


1 

- al — 

r 

— t — 

i— ol — 


Loai coefficients C 


Values of b 






Table 15.— WAD COEFFICIENTS FOR BEAMS 
WITH SYMMETRICAL STRAIGHT HAUNCHES. 

CONCENTRATED LOAD 
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Table 16.~L0^D COEFFICIENTS FOR BEAMS 
WITH UNSYMMETRICAL STRAIGHT HAUNCH. 
UNIFORM LOAD 


Totol Load»W 



Totol L 0 Qd»W 


1 r 

1 — 

■ — at — ^ 
n 




694931 O 


46 - 26 
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Table IT.—LO^D COEFFICIENTS FOB BEAMS 
WITH UNSYMMETRICAL STRAIGHT HAUNCH. 
CONCENTRATED LOAD 




















Table 18 .— FIXED-END MOMENTS .{FM). 
SEAMS OE CONSTANT CSOSS SECTION. 









AfJPlSJNlJlA. 











Table 26— FIXED-END MOMENTS (FM). 

BEAMS OF CONSTANT CROSS SECTtON. 








O) ru 
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Table 21.— HINGED-END MOMENTS (HM). 
BEAMS OE CONSTANT CROSS SECTION. 
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properties of 8 
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Gable Bents 146 
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definition of 22 

tables of 392 

Hip Bents. 287 
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three-legged 311 
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Lean-to Bents 234 

gabled. (See Gable Bents.) 
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symmetrical, with symmetrical vertical loading 234 

symmetrica}, with symmetrical horizontsd loading 238 

symmetrical, with unsymmetrical vertical loading 247 

symmetrical, with unsymmetrical horizontal loading. 242 

Load Constant 91 

moment area, properties of 2 

moment distribution method 83 

Moment Expression 44, 47, 49 

abbreviated form of 53 

for members in a semirigid framing 338, 341 

for effect of shearing deformations. 360, 363 
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MomeBts: Page 

due to deformations of axial stresses 348 

due to temperature changes 357 

due to a temperature differential 357 
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fixed-end 19 
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sign of 15 

Monitor Bents 297 
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symmetrical, with unsymmetrical loading 306 
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Rigid Frames. (See Bents.) 

Rectangular Bents 88 

multi-story 88 

side sway of, neglected 86 

single-story 94 

solution of, by approximations 80 

solution of, by moment distribution method 83 
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direct method of solution for 67 

effect of a.xial deformations of 343, 348 

horizontal spread of foundations of 324 

lateral loading 60 

rotation of foundations of 334 

symmetrical vertical loading of 16, 56, 68 

vertical settlement of foundations of 33 1 

unsymmetrical, with symmetrical vertical loading 70 

three-legged: 

direct method of solution for. 71 

effect of* axial deformations of 350, 351 

horizontal spread of foundations of 327 

rotation of foundations of 335 

symmetrical vertical-loading of 71 

variable moments of inertia of members of 61 

vertical settlement of foundations of 332 

with semirigid framing 343 

with single lean-to 251 

Secondary Stresses 324 

Semirigid Framing : 338 

Shear: sign of 12 

Shear Expression 59 

Shearing Deformations. 360 

Side sway: frames without - 78 

Slip in Connections 338 

Slope Deflection 44 

Solution by Approximations T 72 

Stiffness Ratio 53 

Temperature: 

effect of 857 

moments due to uniform. 357 

moments due to differential - 375 
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